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Public summary

m We propose a zero-inflated Poisson mixed effects model to account for the correlation among repeated measurements
and identify subgroups in heterogeneous populations.

m Based on the K-means algorithm, we develop an iterative algorithm to estimate subject partitions and group-wise coeffi-
cients, with the number of groups determined by cross-validation using the averaging method.

m Compared with existing methods, our method is easier to implement and has a lower computational burden. The pro-
posed estimator is consistent and asymptotically normal under mild conditions.
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Abstract: Zero-inflated Poisson (ZIP) regression model is widely used for count data with excess zeros. In this paper, we
propose a zero-inflated Poisson mixed effects model to account for the correlation among repeated measurements and
identify subgroups in heterogeneous populations. We develop an iterative algorithm to estimate the subgroup assignments
and corresponding regression coefficients for all individuals, with the number of subgroups determined by the averaging
cross-validation (CVA) method. Under mild assumptions, the proposed estimator exhibits consistency and asymptotically
follows a normal distribution. The effectiveness of our method is demonstrated through extensive simulation studies and

an application to a real dataset.
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1 Introduction

Zero-inflated count panel data are frequently encountered in
clinical and public health research, with examples including
alcohol consumption', blood product units administered post-
surgery” and spatial epidemiology®’. These measurements
and studies offer valuable insights into the progression of tar-
geted diseases and the long-term effects of interventions. The
zero-inflated Poisson (ZIP) regression proposed by Lambert!"
is commonly used to handle an excessive number of zeros for
count data, where the count response variables are assumed
independently and identically follow a mixture of a Poisson
distribution and a distribution with a point mass of one at
zero. In a repeated measures design, where the assumption of
independence and identical distribution is clearly violated,
Hall™ proposed a ZIP model with random effects and demon-
strated via the whitefly data that ignoring the correlation
among repeated observations on the same subject can seri-
ously affect the validity of statistical inference. Later, Zhu et
al.”l considered potential heterogeneity and proposed a zero-
inflated count model with heterogeneous random effects,
modeling their variance as a function of covariates to account
for random effects heterogeneity. Ghosh et al.”’ extended the
ZIP models to include a broad class of distributions (e.g.
power series distributions) and presented a Bayesian estima-
tion approach. Considerable attention has been given to mod-
eling correlations among repeated zero-inflated count data’-*".

In recent decades, subgroup analysis has attracted consider-
able attention because of its ability to uncover meaningful
subgroups within diverse populations and thus enhance pre-
dictive accuracy. By using a Bayesian random partition
model"” to inform the subgroup structure, Barcella et al.'"
proposed a Dirichlet process (DP) mixture of the ZIP distribu-

tion. However, they assumed that the subjects in the same
subgroup follow identical ZIP distributions and that Markov
Chain Monte Carlo (MCMC) algorithms are adopted for es-
timation. Moreover, their method requires specifying the
number of mixture components and the underlying distribu-
tion of the data*"!, which is rather complicated in practice.
Commonly used methods in subgroup analysis, such as K-
means clustering, hierarchical clustering, and spectral cluster-
ing with various linkage methods!'", are also effective and
popular, but are typically applied only in low-dimensional
scenarios. Previously, Ma and Huang™' proposed a concave
pairwise fusion approach to estimate group-wise regression
coefficients and the number of groups simultaneously by im-
posing penalties. They utilized the alternating direction meth-
od of multipliers (ADMM)"! algorithm to optimize the ob-
jective function. Chen et al.'! applied the pairwise fusion ap-
proach to identify group-specific intercepts in the Poisson
part, with the mixing probability not depending on covariates.
However, this method cannot be extended to a ZIP model
with random effects straightforward because of the introduc-
tion of integrals within the likelihood function, which would
significantly increase the computational complexity of the
ADMM algorithm.

In this paper, we propose a ZIP mixed effects model for the
zero-inflated count panel data, accounting for the correlation
among repeated measurements and simultaneously partition-
ing the subjects into a finite number of groups, with subjects
in the same group sharing the same regression coefficients.
Since the introduction of random effects leads to integrals in
the calculation, the pairwise fusion approach is computation-
ally intensive. Therefore, we present an iterative algorithm to
obtain our estimator, referring to Ref. [18]. Given the group-
ing parameters, the remaining parameters are convenient for
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estimation via the maximum likelihood estimate (MLE). On
the other hand, given parameters related to the distribution,
we estimate the grouping parameters based on the log-
likelihood of each individual. To determine the number of
clusters, we apply cross-validation with the averaging (CVA)
method proposed by Wang!"”, which has been shown to be
consistent in selecting the number of clusters when they are
properly separated into subgroups. Compared with the
ADMM algorithm, the proposed algorithm has a much lower
computational burden, and can directly utilize the R package
glmmTMB"" to solve the MLE. We further establish the stat-
istical properties of our estimator in an asymptotic frame-
work where N (the number of subjects) and T (the number of
repeated measurements) tend to infinity simultaneously, but it
is allowed for N to grow substantially faster than 7. The es-
timators are shown to be consistent and asymptotically nor-
mal under the condition that N = o(T") for some v >0 and
some additional assumptions. Unlike many large-7 panel
studies, such as Refs. [21, 22], we do not impose identical
distributions or stationarity over the time series dimension,
conditional on the unobserved effects. Furthermore, as illus-
trated in the simulation studies, the homogeneous regression
coefficient estimates are consistent without strong restric-
tions on the growth rate of N relative to 7.

The rest of the paper is organized as follows. In Section 2,
we introduce the ZIP mixed effects model for zero-inflated
count panel data. An iterative algorithm is developed to es-
timate regression coefficients and a CVA criterion is adopted
for selecting the number of groups. In Section 3, we study the
asymptotic properties of the proposed estimators. In Section
4, we evaluate the performance of the proposed estimators
through various simulation settings. In Section 5, we apply
ZIP mixed effects models to a real panel dataset. Some con-
cluding remarks are given in Section 6. In the Appendix, we
present the details of the technical proof in Section 3, along
with additional results for Sections 4 and 5.

2  Methodology

2.1 Model

For panel data, let y;; be the response of interest, x;;, w;; be p-
dimensional and g-dimensional vectors containing covariate
information for subject i at time j, respectively, where
i=1,---,N and j=1,---,T. Assuming that, conditional on
the random effects (77,,£;) we have

with probability p,; 0
with probability 1 - p,;.

Yol & {Poisson(/l,»,),
The above model can be interpreted as a combination of a
point mass of one at zero and a Poisson distribution with
mean A,;. The probability p;; allows the model to account for
extra zeros in the data, and thus captures the zero-inflated
phenomenon more effectively.

Suppose that the covariates associated with 4,; are x;; and
the covariates associated with p,; are w;;, where x;; and w;
can be identical or partially identical. Let the models for A
and p,; be specified as follows:

-2

log(4;) = x[a; + ¢,

. . 2
10g1t(171.f) = wijﬂ +1:,

where logit(p;;) = log(p,;/(1 - p;;)), @, is the regression para-
meter for the Poisson part that can be heterogeneous among
subjects while parameter f is common to all subjects. To
avoid potential identifiability issues'’*! and simplify the prob-
lem, this paper only considers the heterogeneity of @,. Ran-
dom effects (7,,&)" are assumed to be independent and
identically follow a bivariate normal distribution
N(0,0,a,b,p), with a>0,b>0 and —1 <p <1, which are
incorporated to account for the correlation among repeated
measurements®. Let @ = (87,a,b,p)" represents the vector of
common parameters, which does not change over i. We posit
that subjects can be categorized into K distinct groups, with
subjects sharing a common group parameter within the same
group (i.e., @; = @; only when subjects i and j belong to the
same group). To facilitate this classification, we introduce the
label k; € {1,---,K}, which signifies that subject i belongs to
group k when k; = k. Consequently, we denote the grouping
parameter y = {k,, -+ ,ky} and define G, = {i : k, = k} as the set
of subjects belonging to group k. Under such subgroup alloc-
ation y, we further define @, = ,,.

2.2 Estimation algorithm

Define Y, = (y,,---,¥r)" as a T-dimensional response vector,
Xi=@y,,x0)", Wi=(w,,---,wy)" as T X p, T Xq covari-
ate matrices, respectively. The joint probability mass func-
tion of Y, under (1) and (2) is

PY|X, W, a;,, )=
[ [ Pon.£1X, W, ., 0)dndé, =
J‘f ﬁ {]I{ -0} CXP(W,-T,-.B +1,) +exp(—exp(xja;, + &) +
) Vi = 1 +expw/B+n,)
exp(—exp(x/a;, +&)) exp(y; (X, +§&))
L +expw;B+1n,) Vii!

L, €12)dn dz,
3)

where f(1,,£1%) represents the probability density function of
a bivariate normal distribution centered at the origin with cov-
a  abp
abp b*
Given K, the negative log-likelihood as the objective func-
tion is given as follows,

Ly; >0

ariance matrix 2 =

0@, 0,7) == ) log(P(YV|X, W,,,0). (4)

i=1

The estimators are therefore defined as the solution of the fol-
lowing minimization problem:

(@, ,0,0,%) = argmin Q(a,,-- ,y,0,7),

(@p,.ak.0yy)

)

where the minimum is taken over all possible groupings
vy =1{ki,---,ky} of the N subjects into K groups, common
parameters @, and group-specific parameters «.

We propose the following iterative algorithm (Algorithm 1)
to solve (5) with a given K. In Step 3, the MLE is calculated
by minimizing the negative log-likelihood function, with the
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Algorithm 1. Two-stage estimation procedure.

1:Set 7O = (K7, k), K € (1,2, K} as the initial estimate of ¥,
and r=0.

2: repeat

3: For the given ¥, compute

@™V, %D D) = argmin Q(ay, . ax.0,7").
(@1,+,ak,0)

4: Compute for all i € {1,---,N},

K™D = argmin —log(P(Y;1X;, Wi,a{",00*D)).
ke(1,2,-+-,K}

S: Setr=rt+1.

6: until The stopping criteria of the algorithm are met.

random effects integrated via the Laplace approximation. We
implement this calculation by using the R package
glmmTMB™. To ease the computation, we treat 2" as a diag-
onal matrix in the applications in Section 4 and Section 5. For
generality, we do not impose this assumption in the sub-
sequent proofs. To obtain the initial cluster assignment, we
first estimate @},--- , @}, and @ from

N
(@, ,@,,0") =argmin— > log(P(Y,X,, W,,@,6)).

ay,an,0 -
15N i—1

Then we use K-means to divide a7}, --,a; into K groups,
with corresponding assignment y© = {k\”, -+, k{'}.

2.3 Determining the number of groups

The proposed algorithm proceeds with a prespecified number
of groups, which is unknown in practice. In this paper, we
adopt the cross-validation with averaging (CVA) method pro-
posed by Wang!, as its selection consistency has been
proven. This method has also been applied by Zhang et al.*"
in the context of quantile regression for panel data, and Ito
and Sugasawa™ employed the same strategy to estimate the
number of groups in grouped generalized estimating equa-
tions for longitudinal data.

The CVA focuses on the instability of clustering under
given K. In the mth replication with m=1,---,M, we ran-
domly divide N subjects into three disjoint subsets Z,, Z,,
and Z,, where Z,, Z, are regarded as training datasets, and
each of them contains n = [N/3] subjects. We first apply the
proposed method to the two training datasets to obtain
&, ,&0,0"; &, ,&7,0% Then we obtain the optim-
al grouping assignment in Z;:

kY = argmin—log(P(Y/|X,, W,

ke{1,2,-- K}

@”,0%), iez,jel(l,2).
Based on two derived assignments, we introduce the function
$.,(K) to measure the grouping instability,

§,(K) = Z TR = K0} + TR = A2) = 1.

i.jezs

If subjects i, j in the testing dataset are classified into the
same group based on one training data, but are classified into
different groups based on another training data, we have
HI{k" = K"} +I{k” =k} =1} = 1, which implies that the

-3

corresponding grouping results are unstable. We calculate the
average values of $.(K) over M replications and denote it as

M
3K), ie., S(K)=M" Z $,(K). Then the minimizer of S(K)

is selected as the number of groups.

3 Asymptotic properties
Let
l{@,8) = (1/T)log P(Y|X,,W,,@,0),

a(k,0) = argmaxZ]I{k[ = KJE[/(a,0)],

i=1

N
a(k,0) = argmaxZ]I{lAci(Q) =k}l (a,®),
@ i=1

where k; represents the true group label, k(@) denotes the es-
timated group label of subject i under @. We denote the true
value of the parameter for the kth group as @°, @). Note that
a(k,0") = @!. Finally, for matrix M, ||[M|| denotes its spec-
tral norm, and we use M > 0 to denote that M is positive def-
inite. To state our first theorem, we make the following as-
sumption.

Assumption 1.

( 1) The parameter space @ for @ and parameter space A
for a; are compact sets. N,T tend jointly to infinity and the

number of groups K is finite.
(i) M sup|[E[li(a, O)]ll = O(1)

! .0
o _ ol (.,8)
three derivatives of [; mlaxsrg)E[ll 00
dl(a,0)

maXSUPE[HW”z] =0(1) ’

1 .0

, and similarly for the first

I’l=0(1) and

mininf mineig(— r>0, where

mineig(M) is the minimum eigenvalue of M; There exists

r+o,(1),

0>0

ol, ;
s.t. maxE[Ila—‘(&(ki, 0),0)|'1=0(T™), ©O€0.
i o

In Assumption 1( 1), we set the parameter spaces to be
compact, which is also imposed in Refs. [22, 25]. Addition-
ally, we assume that the number of groups, K, is finite as both
N and T approach infinity. Assumption 1(ii) is similar to
Assumption 3 in Ref. [22]. We require some moments to be
bounded and strict concavity of the log-likelihood as a func-

ol
tion of @. We assume that maxE[IIa—C;((y(k,-,@),@)ll“] =
o(T*), which specifically holds if

N al, _ 6l, _ . )
||;(£(a(k,,0),9)—E[%(o/(kh@)’@)])” o (VT

and {(X;,W)) :1<i< N} are i.i.d. across i. For the consist-
ency of @, we can relax this assumption and alternatively as-
ol;
sume that E[|| 2 (@(k;,6), O)I'] = o(1).
Theorem 1. Suppose Assumption 1 holds, we have
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60,
1 N
AR AN A P
~ 2 10(k(8).6) - ;| = 0.
i=1

The proof is provided in Appendix A.1. Theorem 1 shows
the consistency of regression coefficient estimators @ and &.
To obtain the asymptotic distributions of @ and &(k(@),6),
we need the following additional assumption.

Assumption 2.

(1) N=0o(T?).

N

K}, lim— > I{k =k} =

Nooo

(ii) For all ke ({l, m. >0, and

i=1 ~
there exists C > 0 such that min||e} — || > C for all k # k, k,
k. k

ke{l,2,--- K}
(iii) Denote
&L, 101,
E[Z aaam — aaam] da’

az/ 71 >l
':E[_a@a@T] [ 600aT] [Z aaaaT (90'897]’

s; converges to the random variables S; uniformly as 7 tends
to infinity. And there exist

= lim —ZH,, H >0,

Nl~>oo
—J&—ZEM !

% —NI;‘ILNZE[

&ram 1

R = lim 5 Z E[aaaav

Here we omit references to the evaluation points @° and «@; .

Assumption 2( 1) restricts the growth rate of N to ensure
the classification consistency of the grouping variables, with
¢ defined in Assumption 1. We do not assume that N and T
are of the same order as those in Refs. [21, 26], and that § can
be greater than 1. Assumption 2(il) is typically imposed in
the literature on the grouping approach in panel data models,
e.g., Refs. [18, 25]. It ensures that the K groups are well sep-
arated so that the parameters @ and k; can be identifiable.
Assumption 2(iii) aims to provide several concrete asymptot-
ic symbols.

Theorem 2. Supposing that Assumptions 1 and 2 hold, we
have

P( sup [k(6)—k|>0)=0,(VNT™),

i€{1,2,~,N}
VN6 -0") -5 N(O,H'SH™),
VN(@(k,0)-a?) -5 N(O0,Z'Q.2"),
where Q, =R H'SH 'R, .
The proof of Theorem 2 is provided in Appendix A.l.

Under Assumption 2( i), we have NT7 =o0,(1), which
means that each subject can be classified into the right sub-

group with a probability approaching 1.

4 Simulation studies

To further investigate the performance of the proposed meth-
od, we conduct two simulation experiments. As mentioned in
Section 3, the proposed estimators possess the Oracle prop-
erty and exhibit asymptotic normality under the stated as-
sumptions. First, we design a simulation experiment to assess
the performance of the estimators across varying N and 7.
Subsequently, we alter the distance among clusters to ob-
serve how the performance of our method is affected when
the clusters are relatively close.

We set p=g=3, and the covariates (x;,;,x;,)" and
(W1, w,;j2)" are generated independently from the bivariate
standard normal  distribution, let x;=(1,x;,,%;,)",
w;; = (1,w;;,,w;;»)". The true value covariance for random ef-
fects is set as X = diag(1/8,1/8). For the sake of computa-
tional convenience, we fix p to be 0“7, while the remaining
parameters are all unknown. The response variable is then
generated according to the ZIP model (1) with

log(4;;) = x;a’k, +&,
logit(p;) =w B+

We evaluate the performance of the estimation of @, and 8
via the squared error loss defined as SEL, = Y, [l&. —a’|P,
SELg = ||B— PI*. The classification accuracy is assessed by
N Y Itk, = k;}). We compare the proposed estimators with
those obtained via the K-means method (treat @ as individual-
specific and divide the groups based on their distance), and
also present results based on the true group assignment (Or-
acle). Our method is denoted as G-ZIPm.

Example 1. In this example, we study the effect of sample
size on the estimator. We set N=180 or 270 and 7=20 or 30.
For the true grouping assignment, we let k=1 for
i=1,---,N/3, k;=2 for i=N/3+1,---,2N/3 and k, =3 for
i=2N/3+1,---,N. Here we set

ﬂo :(1’_1a1)T’ afl) = (13_1’1)T7
o =(-1,-1,1)", & = (0,1,-1)".
Table 1 displays the selection probabilities of K. We ob-

Table 1. Selection probabilities (%) of the number of groups (K) ob-
tained from the CVA based on 100 Monte Carlo replications for different
methods.

K
(N,T) Method
2 3 4 5 6
G-ZIPm 24 76 0 0 0
(180,20)
K-means 2 0 3 13 82
G-ZIPm 20 80 0 0 0
(180,30)
K-means 0 1 4 33 62
G-ZIPm 6 94 0 0 0
(270,20)
K-means 0 6 5 25 64
G-ZIPm 5 95 0 0 0
(270,30)
K-means 13 26 17 22 22
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Table 2. Mean and variance (shown in parentheses) of S EL, and S ELg over 500 Monte Carlo replications and multiplied by 100. We compare our estim-

ator (G-ZIPm) with the results obtained from K-means and those obtained with correctly specified groups (Oracle).

G-ZIPm K-means Oracle
N,T
-1 SELy SELg SELy SELg SEL, SELg
(180,20) 3.223(0.086) 1.462(0.017) 53.869(147.474) 1.80(0.034) 2.762(0.051) 1.368(0.014)
(180,30) 1.949(0.019) 0.924(0.006) 7.045(1.333) 1.105(0.011) 1.843(0.020) 0.855(0.005)
(270,20) 2.066(0.028) 0.951(0.008) 16.232(3.485) 1.119(0.009) 1.857(0.025) 0.910(0.007)
(270,30) 1.256(0.009) 0.634(0.003) 2.587(0.079) 0.616(0.003) 1.238(0.009) 0.623(0.003)
Table 3. Average values of classification accuracy (%) over 500 Monte Then we set
Carlo replications for different methods. B =0,-1,1)7, a)=(0.5,-0.5,0.5"u,
~N.T) Method @) =(-0.5,-0.5,0.5)"u, a) =(0,0.5,-0.5)"y,
' G-ZIPm K-means ) )
where p = 1,2,3 for three different settings.
(180,20) 95.90 82.38
From Table 4, we observe that CVA performs poorly when
(180,30) 98.75 94.94 u =1, indicating that identifying the true number of clusters
(270,20) 96.01 87.59 becomes challenging when the clusters are not well-separated.
(270,30) 98.75 96.14 When p =2 or 3, our method can select the true number of
groups with a probability close to 1. In contrast, the CVA
serve that as the sample size increases, the probability of se- combined with the K-means method can identify K to some
lecting the correct number of groups increases. Moreover, extent only when p=3. Tables 5 and 6 demonstrate that u
when the sample sizes are large, such as (N,T) = (270,30), significantly impacts the estimation of regression coefficients
the adopted CVA strategy can select the true K with a prob- and group classification accuracy when K =3. Specifically,
ability of almost 1. In comparison, the K-means method when p =1, the SEL, and S EL, obtained from our method
struggles to identify the true number of groups accurately are much larger than those obtained when the assignments are
under these settings. Table 2 lists the average values of SEL, correctly specified. However, when u =3, the accuracy ap-

and S EL, on the basis of real group number, i.e. K =3. As N proaches 1 and S EL,, S EL, approach to those of the Oracle
and T increase, both SEL, and S EL, decrease and approach method. Across all the settings, the K-means method per-

the results obtained with the Oracle method. The SEL, ob- ~ forms worse than our method does, particularly when p is
tained via K-means Only approaches our method’s results small. These results hlgh]]ght the ﬂexlblllty and robustness of
when N and T are large, but it is much worse than our res- our method in handling varying levels of cluster separation.
ults. Table 3 presents the classification accuracy with K =3, In the aforementioned simulations, the subjects are alloc-
showing that the accuracy of our estimator approaches 1 as N
and T grows. Collectively, Tables 1-3 illustrate the good per- Table 4. Selection probabilities (%) of the number of groups (K) ob-
formance of the proposed method. These findings highlight tained from the CVA based on 100 Monte Carlo replications for different
that our method significantly outperforms K-means, particu- methods.
larly when N and T are not sufficiently large. K

Under the settings of Example 1, we compared the per- K Method 5 3 4 5 6
formance? ,Of our ‘method with that of the pairwise fusion GZIPm 38 3 16 0 3
method"*"", focusing on the RMSE and the selection of the 1
number of groups K. More details are presented in Appendix K-means 17 12 19 14 38
A2.1. 5 G-ZIPm 6 94 0 0 0

Example 2. In this example, we study the performance of K-means 0 6 5 25 64
the proposed estimator when clusters are not well-separated. G-ZIPm 0 100 0 0 0
We let (N,T)=(270,20) and k,=1 fori=1,--- ,N/3, k=2 3

K-means 17 83 0 0 0

for i=N/3+1,---,2N/3 and k;,=3 for i=2N/3+1,---,N.

Table 5. The comparative results between our estimator (G-ZIPm) and two other methods: K-means and the approach with correctly specified subgroups
(Oracle). Mean and variance (shown in parentheses) of SEL, and SELg over 500 Monte Carlo replications and multiplied by 100.

G-ZIPm K-means Oracle
g SELy SELg SELy SELg SEL, SELg
1 8.304(0.407) 1.675(0.018) 414.519(916.4438) 6.527(0.056) 2.097(0.013) 1.117(0.010)
2 2.066(0.028) 0.951(0.008) 16.232(3.485) 1.119(0.009) 1.857(0.025) 0.910(0.007)
3 1.766(0.031) 0.885(0.006) 42.909(208.376) 1.044(0.010) 1.582(0.029) 0.884(0.005)
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Table 6. Average values of accuracy of classification (%) over 500
Monte Carlo replications for different methods.

u
Method

1 2 3
G-ZIPm 81.92 96.01 98.06
K-means 38.12 87.59 93.07

ated evenly into groups. To better assess the performance of
CVA in selecting the number of groups, we conduct addition-
al simulations under different group structures. The detailed
results are documented in Appendix A.2.2.

5 Empirical example

We apply the proposed approach to the dataset on gender dif-
ferences in alcohol-related problem across two years™, which
was measured by the Rutgers Alcohol Problem Index
RAPI™!. This dataset is derived from an intervention study
aimed at a large sample of heavy-drinking college students.
After filtering out incomplete data, we obtain a balanced data-
set of N =561 individuals, consisting of 213 men and 348
women, with 7 =5 measurements. Each individual was
measured at the same time point for 6 consecutive months.
The histogram of RAPI outcomes shown in Fig. | reveals an
obvious zero-inflated phenomenon.

According to Ref. [28], we apply our model (1) with the
following links for 4;; and p;;,

log(4;;) = a0 + ., - Gender; + «,,, - Time ;+
a,,; - Gender; X Time, + &,
logit(p;;) = B, + B, - Gender, + 3, - Time +
B - Gender, X Time; +17,.

Here Gender=1 signifies male, whereas Gender =0
signifies female. Using the CVA strategy, we initially select
the number of groups, K, from the candidates {2,3,---,6}.
The CVA value for each K is shown in Fig. Al in Appendix
A3, and the CVA value is minimized at K=5. Con-
sequently, we proceed with the proposed algorithm by setting
K =5 to estimate the regression coefficients for each group.
The estimated common coefficients, B =(-3.210,-0.523,
0.017,0.016)7, suggest that males are more likely to have a
RAPI score greater than zero, and the likelihood of RAPI be-
ing zero increases over time, which is consistent with the con-
clusion in Ref. [8]. Additionally, we present the estimated a
of each group in Table 7.

The estimated regression coefficients in the five groups diff
substantially from each other. To visualize the difference, we
investigate the average predicted RAPI for each groupin com-
parison with the sample mean of the RAPI in Fig. 2. The av-
erage predicted RAPI in each group is computed from 1000
outcomes generated from the fitted model. We also derive
maximum likelihood estimates (ignoring heterogeneity), sub-
stitute them into groups estimated by G-ZIPm, and obtain
corresponding RAPI predictions from 1000 replications.
These are added to the RAPI prediction graph in Fig. 2, using
dotted lines. The grouping results obtained via pairwise meth-
ods are shown in Fig. A2 in Appendix A.3.
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RAPI count distribution

600

400

Counts

200

0 20 40

RAPI

60

Fig. 1. Histogram of RAPI data.

Table 7. Group size and regression coefficients in each group for the

Poisson part.
Group
1 2 3 4 5
Group size 114 106 79 163 99
Intercept 2.448 0.799 1.530 0.918 2222
Gender 0.240 0.652 1.104 0.239 -0.794
Time -0.015 -0.129 0.051 0.005 —0.088
GenderxTime -0.026 —-0.020 —-0.040 -0.013 0.141
Averaged RAPI for different groups
20
o Group
é group 1
B group 2
B0 [~] group 3
8
o
5
0

0 5 10 15
Time (Month)

Fig. 2. Plot of average predicted RAPI obtained via GZIP-m (solid line),
average predicted RAPI obtained by ignoring heterogeneity (dotted line),
and sample mean of RAPI (dashed line) in each group.

In Table 7, we observe that Gender has a positive influ-
ence on RAPI within Groups 1-4, suggesting that males tend
to have higher RAPI scores than females do. However, in
Group 5, we find that @, <0, which contradicts common ex-
pectations. This highlights the importance of accounting for
unobserved heterogeneity and conducting subgroup analysis
to achieve personalized and accurate results. Furthermore, as
shown in Fig. 2, the RAPI predictions derived without ac-
counting for heterogeneity exhibit substantial deviations from
the sample mean, thereby entirely violating the underlying
distribution pattern. It indicates that subgroup analysis of this
alcohol data is highly necessary. Our model provides a good
fit, with five distinct groups clearly identified. The average
predicted RAPI values align closely with the sample means in
Groups 1, 2, 4, and 5. The suboptimal results in Group 3 may
be attributed to either a small sample size or exceptionally
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high RAPI values that deviate from the assumptions of the
zero-inflated Poisson model. Fig. 2 presents the effects of the
intervention on different groups of individuals. We note that
as time progresses, the RAPI for Groups 1 and 2 decreases
significantly, whereas the RAPI for Group 3 gradually in-
creases, with no significant changes observed in the other
groups.

6 Conclusions

In this paper, we propose a zero-inflated Poisson mixed ef-
fects model to account for potential heterogeneity among the
subjects. We develop an iterative algorithm based on likeli-
hood for partitioning individuals, and determine the number
of subgroups via CVA. We also investigate the asymptotic
properties of the obtained estimators. The proposed method
performs well in both simulations and real data application.

The proposed method can be extended in several benefi-
cial ways. For example, extending the proposed method to an
unbalanced panel data setting is straightforward. In this con-
text, we need to impose restrictions uniformly on the number
of measurements for each individual (7;) to ensure the con-
sistency of the estimates. When the dimension of the covari-
ates is large, it would be better to conduct variable selection
by introducing a penalty function in the estimation
equation””. Another future line of research is to relax the as-
sumption that the number of groups (K) is finite.
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>l(a,0)
dada™ ’

v(e,0) = 1(@,0) = M_ a(k,8) =

argmaxZ]I k(0) = k}l(a,0), a(k,0) = arg maxZ]I {k; = KIE[L(a, ®)], where ,(0) is the estimated group label of subject i un-

i=1 i=1

der @

To show consistency of 6, we first establish the following technical lemma.

Lemma Al. Under the Assumption 1, we have

— Il k(@)@ k,O)| = )V@e@ Al

Z a( )—a( 0,(——— \/_ (A1)
1< .

ii‘fﬁZ"@(kf(g)’@)‘@(kf’g)"z:0"“)' (A2)

Proof. According to definition of a(k, @) we have Z (k. 6), 0) < Zl(a’(k (0),0),0). Expand them to second order at
a(k;,0) and choose a,(@) between a@(k;, @) and a(k,(0),®) such that !

> @(k(6).6),6) =

A 1, . A
Z [l(@(k..0).0) +v(a(k,0),0) (a(k(©).0) - &k, 0)+ 5 (a(k(0),0) - &k, 0)) v/(a(0),0)(a(k(0),0) - &k, 0))]

i

by Taylor expansion, then we have

%} Z(@(fc,-(@),@) -k, 0))" (-v!(a,(0),0))(&(k(6),6) - a(k,8)) < % Z v(@(k,0),0) (&(k(0),0)-a(k,0)).  (A3)

By Assumption 1(ii), there exists r > 0 such that

mininf min eig[-v{(a,0)] = r+o,(1).

i a0

1 . A .
So 7§ 2(@(k(0),0) - a(k;,0)) (-vi(a(0),0)(&(k(0),0)-ak,0)) > %A, where A = %H&(k,-(@),@)—&(k,-,@)”z. By the

Cauchy inequality,

2 ~ TAlL = 1 ~ 2
A< Zvi(a(k[,@),a) (@(k.0).0) - 3(k.6),6)) < 2 \/ — Z (@, 6),0)]P - VA. (A4)

From the definition of a(k;,®) and Assumption 1(ii), we know E[v(a@(k;,0),0)] =

= Z (@, 0).0)" = op(

1
Then A = op(— , that is (A1).
VNT? )

1
To prove (A2), we denote Z(O) = —Z [lv(a(k,©),0)|F. We are going to show that if —(5—

0. By Assumption 1(ii), we see

1
VNT? ) ' (A3
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SUP,., Z(0) = 0,(1), as mentioned in Supplemental Material of Ref. [22]: For any v >0, € >0, there exists M >0 such that

P(supew [|———= 26 ) [| > M \/supg., Z(O) ) < =. O is a compact set, so there exists a finite cover of @ = B, U---U B,, where B, is an

92(0)

1
open ball with center @, and diameter r, < — \/_ Then, sup,.,Z(0) < max,Z(0,)+sup,||——— ||— \v. Since a>v=

00 2M
a— \/_— Vv > —, we can get P(sup,., Z(0) > v) < 6/2+P(max Z(0,) > ) < € for N, T large enough.
32(9)
Therefore it’s sufficient to prove —o— = O,(/SUpe, Z(6)).

920) _ 2 Z (@ (k,0),0)"
00 N 00

i=1

vi(a(k,0),0).

v (@(k,0),0) _ dak,8)"
We have 90 = 96
GBI Y 1(@,0)]/0y,0 = 0

J€G;

vi(@(k,0),0)+v(@(k,0),0)" From the definition of @&k,®), we have

. Derivative of this function with respect to @, we obtain

-1 T

oa(k,0)

=E
0o

> i@k, 0),0) (A6)

J€Gy;

E| > v(@(k,0),6)

JEGk;

By Assumption 1(ii) and the Cauchy inequality, we have

I ,
As we discussed above, supg, v Z la(k(0),0)—ak,0)|" =o,(1).
Proof of Theorem 1. From (A2), \';le then verify using a Taylor expansion that

supl—Zl(a(k(@) ).6)- —Zl(a(k,,@) 0)l=0,(1).

6O

By Assumption 1( ii), referencing the proof of the asymptotic properties of MLE, we have
l il-(c‘v(k» 0,),0,) < i il(d’(k- 9"),6"
N 2,800 =g 2 Ha. 60,00,
0, € U,, where U, is a closed ball with center @° and diameter r. Then we have
IS . 1 ¢ R
5 D @(k(6,).0,).6,) < < > 1(@(k(6).6").6") +0,(1).
P p

Therefore, 6 € U,. Due to the arbitrariness of r, it is known that & -0,
Expanding a(k,,0) at @, we obtain

k., 8) - @k, 0" = 0,16 - 0°II") = 0,(1).
Combined with (A2), the second part of Theorem 1 is satisfied.

Denote @(k,0) = argmaxZ]I {k: = k}l.(a,0), where k: denotes the estimated group label under 0. & is differentiable with re-

@

al(a(k,,0), 0)

spect to ©. We note that a(k, ) = a(k,) and Z 6

i=1

Lemma A2. Under Assumption 1, we have

1 0l@k,6),0) 1 - 0l@k,0),8) (.1
NZ 26 _N; 06 7\ wr= ) (A7)

Proof. Under the conditions of Theorem 1, expanding ;1,-(&’(/%,»,@),@), around a(k;, @), we obtain
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1 < 0@k, 0),0) 1 n0l(@k,0),0) 1< o a A
N ae TN ae =w D (@k.6).8)@(k.6)-atk.6)-

i=1 i=1 i=1

datk, 07 . S (1
50 V,-((Y(k,,@),@)} + 0[7[ NTz‘i) - OF[ NT? ] :

In the last equality, we have employed the expression @(k;, @) = &(k,, @), along with Assumption 1(2), Lemma A1, and (A5). It
follows that (A7) is satisfied.

Finally, we provide the proof of Theorem 2 based on the above conclusions.

Proof of Theorem 2. To prove the theorem, we first show the asymptotic normality of 6, and then show the oracle property
and asymptotic normality of &.

(1) We have
d(@k,0).0) ol(@k.0).6) d@k.0)6) o@k.6).6)
00 00 00 - 00 -
ol(@(k,),0)

Then, according to Lemma A2 we expand at @° to obtain the following equation,

96
ol(@(k, 6°).6") (@k.0).0)) » o (] 1
NZ 96 aer'*’ Z a6 ](9 @)“’”[ NT”J’

al; (a'(k,, 0),0)
gy 3, .0

where @ lies between @° and @, and further expand c’)@T around ©° using that @ is consistent. By (A6),

. 1Y 1
@:@0+H1N2si+o”[ N7 |

i=1
Under Assumption 2(iil), according to CLT, we get the asymptotic normality of 6.
(ii) We construct inequality as

—Z {k(0) # kMla(k,, 6) - a(k,,O)II]<—lea(k(9) 6)-a(k,e) —0,,( (A8)

VN Tﬁ)
where last equality we’ve used Lemma A1. Expanding @(k,,©) at ©°, we have
(k.. 0) - &(k, 0" = 0,(10 - O°II") = 0,(1).
According to the classification of groups and the triangle inequality,

la(k(0),0) - a(k, 0" > |&(k(8),0) - &k (6),0"),
l&(k(0),0) - @k, 0")| > ||k, 8°) — @(k(8),0)|| - |ak(6),0) — a(k(6),0)| = 1{k(O) # k} - C - ||ak(6),0) - ak(6),6"),

A Al A 1 . &
and summing the two inequalities show that ||@(k(©),0) — a(k;, 0°)|| > —I[{k,(@) # k;} - C. Therefore we obtain

—ZI[k(@)ik}Ila(k,,@) q(k,,0)||2>%]1{ sup [k(8)—k|>0}- ( C2+0,,(1)) (A9)

i€fl, N}
Combining (A8) and (A9), we obtain the first part of Theorem 2,

P( sup [k(O)—k|>0)=0o(VNT™).

i€{1,2,+,N}

Define E, as the event {E, : /Aq-(@) =k;,¥i=1,---,N}. From the above results, we can see that P(E,) = 1. Considering the consist-
ency of @, on E|,we have

VN(@(k(),0) - a(k,,0") = VN(a(k(0),0) - a(k,0)) + VN(a(k,0) - a(k,0) = 0,(VNT>) + % VN6 -0"),

where @ lies between @° and 0. By the asymptotic normality of 0 we've proved, we can get the asymptotic normality of & as
mentioned in Theorem 2.

A.2 Additional results in Section 4
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A.2.1 Comparison with the pairwise fusion method

Chen et al.' proposed a pairwise fusion method™”! for subgroup analysis of zero-inflated data. In this section, we apply this meth-
od in our context and compare it with our proposed approach (G-ZIPm). The objective function of the pairwise fusion method is
given as

0(e,0) = Zl(a‘,em > pullles—a)7), (A10)
I<i<j<N
where @ = (a/,--- )", l(a;,0) =(1/T)log P(Y||X;,W,,a,,0). And p,(-,7) is the SCAD penalty function with a tuning paramet-
er 7> 00", We minimize the modified Bayesian information criterion (mBIC) proposed by Ref. [31] to determine the tuning
parameters.

mBIC = - Zl(a,,0)+C,, "Rp+q+3),

i=

where C, = clog(log(np+g+3)), and c is set to 50 in this simulation. We adopt the ADMM!"“! algorithm to optimize the object-
ive function. Specifically, we first recast (A10) as the equivalent constrained objective function:

0(,0,8) = Zl(a,,@>+ D s,

1<i<j<N (All)
subjectto @, —a; -6, =0,
where 6 = {67,i < j}". Thus the augmented Lagrangian is
L(@,6,6,0) = Zl(a’l,@)+ > pdle—aln+ > A -a, 6‘/)+ D Nl —a;-6,IP, (A12)
I<i<j<N I<i<j<N I<1<;<N

where A= {A],,i < j}" are Lagrange multipliers and p > 0 is a pre-specified penalty parameter and Boyd et al."”! showed that the

ADMM algorithm converges for any arbitrary choice of p. In this simulation, we fix p = 1, and x = 3.7. We update the estimates
sequentially at the (/+ 1)th iteration step, as follows:

(@™",0"") = argmin L(,0,6",1"),
)
5 = argmin (@), 6,5, (A13)

/l(”l) /l(l) +p(a,(l+l) (I+l) 6(I+1))

The Newton—Raphson method is used to solve the global minimizer of thefirst step of (A13). Define ST (x,7) = (1 —7/l|x|).x.
For the second step in (A13), for k> 1/p+1, 6" can be updated via the following explicit solution:

S T(uﬁ(j:‘:),r/p) if lug "l < 7+ 7/p;
ST, kt/(k—1
gov = ) ST T DOD 4 o <t < s
1-1/((k=1)p)
u'’ if [Jaag, || > k73
where u)" = """ —a""" + p~' A7) In the simulation, we found that the pairwise fusion method is highly sensitive to initial values

in the context of our study. To find a resonable initial value, we consider the ridge fusion criterion given by

Ly(@.0) = Zl(a,,@)+— D lla-a,

I<i<j<N

where A" is the tuning parameter having a small value and we set 4* = 0.001 in simulstions. Ma et al." selected initial values by
adopting this strategy. To obtain better results, we further perform a simple grouping of e, dividing it into G groups (G = [ VN1)
via the k-means method, and the maximum likelihood estimate (MLE) a®,0® calculated based on this group structure as the ini-
tial values.

To accelerate the ADMM algorithm, we apply a k-nearest neighbors method to reduce the number of fusion terms as Ma et
al.t” and Shao et al.®”! did. Then the objective function can be written as:
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0@,0)=->"l(@.0)+ > Ipla,-al,

1<i<j<N

where I}, indicates whether subject j is in i’s k-nearest neighbors, and we set k =20 (k > VN) in the simulations.
Under the settings of Example 1, we compared the performance of our method with that of the pairwise fusion method. The

N
following tables report the mean and standard deviation (s.d.) of the RMSE, where RMSE(a) = ZII&i—aftllz/(Np),

i=1
RMSE(B) = +/IIB-B°I’/q, the selection probabilities of the number of groups and the average execution time per repetition (the

running time of our method includes the time for selecting K using CVA). Table A1 presents the estimated values of K obtained
using different methods. Our proposed method consistently achieves a higher probability of selecting the correct K across all ex-
perimental settings than does the pairwise fusion approach. The estimated values of K derived from the pairwise fusion method
tend to be overestimated, which is likely due to the random effects incorporated into our model’s framework. Table A2 presents
the RMSE and average running time results. We observe that while the RMSE(B) of the pairwise fusion method are comparable
to ours, our RMSE (@) is lower than that of the pairwise fusion approach. Moreover, our method achieves a significantly shorter
average running time than the pairwise fusion framework. Additionally, it should be noted that the pairwise method exhibits high
sensitivity to initialization. To address this, its initial values are derived from ridge regression and k-means clustering®*!, which
are closer to the true values compared with the initial values of our method. Despite employing acceleration strategies to exped-
ite convergence, the pairwise method still underperforms our algorithm and incurs a longer average running time.

A.2.2 Performance of CVA

To better measure the performance of CVA in selecting group number K, we supplement a set of simulations under different
group structures. In all the following scenarios, we set the frequency of observation 7' =20, and g° = (1,-1,1)", @) =(1,-1,1)",
a)=(-1,-1,1)", & =(0,1,-1)", a=b=1/8, p=0. The following scenarios are considered:

Scenario 1: k, =1 fori=1,---,130, k; =2 for i = 131,---,260 and k; = 3 for i =261,---,270.

Scenario 2: kK, =1 fori=1,---,260, k;, =2 for i = 261,---,520 and k, = 3 for i = 521,---,540.

Scenario 3: k, =1 fori=1,---,54, k; =2 for i =55,---,135 and k; = 3 for i = 136,---,270.

Scenario 4: kK, =1 fori=1,---,90, k;, =2 for i =91,---,180 and k;, = 3 for i = 181,---,270.

Except for Scenario 2, which has 540 observed individuals, all the other scenarios have 270 observed individuals. Scenario 1
represents a relatively unbalanced data where the size of group 3 is less than 5% of the total sample size. An extreme case in
which there exists a group whose members are not assigned to a training set or testing set may occur in scenario 1 as the size of
Group 3 is too small. In Scenario 3, the number of individuals in each group is moderate. Scenario 4 follows our previous setup,
with all groups having an equal number of individuals. Based on 100 Monte Carlo replications, we obtained selection probabilit-
ies of each K, which are reported in Table A3.

From Table A3, we can observe that when each group has a moderate number of individuals, the CVA performs favorably, be-

Table Al. The estimated values of K obtained by different methods in 100 Monte Carlo replications.

K K
(N,T) Method (N,T) Method

2 3 4 5 6 2 3 4 5 6
G-ZIPm 24 76 0 0 0 G-ZIPm 6 94 0 0 0

(180,20) (270,20)
Pairwise 0 43 54 3 0 Pairwise 0 23 52 24 1
G-ZIPm 20 80 0 0 0 G-ZIPm 5 95 0 0 0

(180,30) (270,30)
Pairwise 0 82 18 0 0 Pairwise 0 72 25 3 0

Table A2. Average time per repetition, mean, and standard deviation (shown in parentheses) of the RMSE(«) and RMSE(B) over 100 Monte Carlo

replications.
(N,T) Method RMSE(@) RMSE(B) Time (min) (N,T) Method RMSE(@) RMSE(B) Time (min)
G-ZIPm 0.148(0.036)  0.064(0.027) 16.512 G-ZIPm 0.147(0.026)  0.050(0.024) 13.982
(180,20) (270,20)
Pairwise ~ 0.423(0.077)  0.075(0.036) 29.554 Pairwise ~ 0.414(0.057)  0.054(0.028) 34.305
G-ZIPm 0.084(0.030)  0.052(0.022) 19.347 G-ZIPm 0.081(0.025)  0.042(0.018) 15.632
(180,30) (270,30)
Pairwise ~ 0.280(0.053)  0.050(0.021) 24.435 Pairwise  0.279(0.047)  0.042(0.019) 40.355
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Table A3. Selection probabilities (%) of the number of groups (K) obtained from the CVA based on 100 Monte Carlo replications in different scenarios.

K K
Scenarios Scenarios
2 3 4 5 6 2 3 4 5 6
1 31 62 4 0 3 3 13 87 0 0 0
2 9 91 0 0 0 4 6 94 0 0 0

ing able to select the correct number of groups with a high probability. In Scenario 1, approximately one-third of the participants
incorrectly identified the number of groups as 2. This is due to the extremely small size of the Group 3. However, in Scenario 2,
where the group size proportions were identical to those in Scenario 1 and N was doubled compared with those in Scenario 1,
our method surprisingly excelled by accurately identifying the correct K. This illustrates that when N is sufficiently large, our
method can effectively avoid the occurrence of extreme situations and provide accurate estimates of K even for extremely unbal-
anced data. In special cases where the sample size N is small and the group assignment is imbalanced, CVA indeed has deficien-
cies in selecting K. In such circumstances, we can adopt the information criterion proposed by Liu et al.t to determine the num-
ber of groups, which can serve as a research direction for future studies.

A.3 Additional results in Section 5

Instability for different K Averaged RAPI for different groups
12000 s
11000
o 10
<
z 4
2 3
§ 10000 3
= o
o
a 5
9000
8000 ’
2 3 4 5 6 0 5 10 15 20 25
K Time (Month)
Fig. Al. 5(K) values for different number of clusters. Fig. A2. Plot of average RAPI predictions derived from the pairwise fu-

sion method (solid line) and sample mean of RAPI (dashed line).

In Fig. A1, we present the CVA values for the candidate values of K. Fig. A2 illustrates the grouping results of real data under
the pairwise fusion approach. The average predicted RAPI in each group is computed from 1000 outcomes generated from the
fitted model. The number of groups K is estimated as 5, and the group structures obtained from pairwise fusion and G-ZIPm are
similar. Compared with the results obtained by G-ZIPm, the predicted RAPI values here exhibit a larger bias from the sample
mean of RAPI in Group 3, with notably similar predictions between Group 1 and Group 5, indicating poor estimation
performance.
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