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The theoretical properties of the varying coefficient SEIR model including identifiability and asymptotic properties under discussion.

Public summary

m This study provides a rigorous theoretical foundation for an attenuation-rate-based varying coefficient SEIR model, en-
abling systematic assessment of epidemic suppression under government interventions.

m Theoretical analysis addressed three fundamental challenges: parameter identifiability, consistency of estimators, and
asymptotic normality, providing statistical guarantees for reliable epidemic inference.

m Empirical validation using COVID-19 data of 2020 demonstrated the model’s practical applicability, with simulated
daily case trajectories closely matching real-world observations.
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Abstract: In recent years, various infectious diseases, including coronavirus disease 2019 (COVID-19), have occurred
many times around the world, which makes the statistical modeling and analysis of the epidemic particularly important.
The modeling and inference of epidemics under government control measures are still worthy of research in this field. In
this work, we establish the theoretical foundation for the varying coefficient SEIR model with an attenuation rate, which is
built to assess precisely the attenuation stages of the epidemic under control measures. For the model, we discuss the iden-
tifiability of the model parameters, analyze the consistency and asymptotic normality of the parameter estimates, and
provide the corresponding proofs. Finally, we apply the model to COVID-19 outbreaks in 2020 and simulate daily new
cases with the inferred parameters. The simulated case number curve is close to the real data, indicating the usability of the model.
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1 Introduction

Epidemic models have long been a central focus in the study
of dynamic system modeling. The classical mathematical
frameworks, particularly the susceptible-infected-recovered
(SIR) model™ and susceptible-exposed-infected-recovered
(SEIR) model®, along with their various extensions”, have
been widely applied to characterize the transmission dynam-
ics of infectious diseases. The emergence of coronavirus dis-
ease 2019 (COVID-19) significantly accelerated the develop-
ment and analysis of epidemic models globally. Since 2020,
the virus and its variants have spread widely around the
world, leading to a large number of confirmed cases". The
high transmission rate and evolving nature of the virus pose
substantial challenges for disease control and patient care!'*'!l.
Given the profound social and economic impacts of the
COVID-19 pandemic, extensive research has been conducted
across medical and nursing domains. Statistical modeling ap-
proaches have focused particularly on estimating key epi-
demiological parameters, including the transmission rate, re-
covery duration, and other characteristics across different re-
gions!"*"". To analyze the trend of epidemic development over
time!"-*"), statistical models, as well as classical epidemic mo-
dels, have been employed at various stages of the outbreak.
With the spread of the epidemic around the world, govern-
ments of various countries and regions have implemented tar-
geted control measures to varying degrees, including restrict-
ing transportation, closing schools and businesses, and, in
some cases, locking down entire cities, such measures aimed
at curbing the transmission of the virus. In addition to govern-
mental actions, public health initiatives emphasize individual

behavioral modifications, particularly through reduced social
interactions and widespread adoption of face mask usage.
Empirical evidence suggests that these containment strategies
significantly attenuated the impact of the pandemic. Building
proper models to quantify the causal effects of containment
measures on COVID-19 transmission dynamics is valuable.
In 2024, Ref. [21] proposed a novel SEIR model incorporat-
ing time-varying coefficients, which quantifies the effective-
ness of government control measures by considering the at-
tenuation rate of disease transmission. The purpose of this
model is to capture the evolving epidemic trajectory follow-
ing the implementation of containment measures and to eval-
uate the effects of the control measures in different cities. The
effectiveness of both the model and the algorithm was valid-
ated through simulation studies and an analysis of real data
spanning 136 Chinese cities.

While the original work demonstrated the model's empiric-
al performance, it remained silent on the underlying theoretic-
al foundations. Therefore, in this paper, we establish the the-
oretical basis for the varying coefficient SEIR (VCSEIR)
model, focusing on the identifiability of the model, the con-
sistency of parameter estimation, and the asymptotic normal-
ity of the parameter estimates. To complement these theoret-
ical advancements, we further demonstrate the model's ro-
bustness through extended applications to broader empirical
datasets, showcasing its fitting capabilities across various epi-
demic scenarios.

The remainder of this paper is organized as follows. In Sec-
tion 2, we provide a detailed introduction to the VCSEIR
model and the iterative algorithm used for estimating the
model parameters. In Section 3, we present the theorems that
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establish the theoretical properties of the model. Section 4
demonstrates the application of the model and algorithm to
the 2020 COVID-19 outbreak in various countries and re-
gions. The proofs of the theorems are provided in the Sup-
porting Information.

2 Model

In this section, we introduce the VCSEIR model proposed by
Ref. [21]. The model was built on the basis of the work of
Ref. [3], with a new parameter defined as the attenuation rate
over time, the model aims to infer the attenuation stage of the
epidemic.

The original SEIR model® employs a four-compartment
structure: susceptible, exposed, infected, and recovered com-
partments to simulate disease progression through infection,
incubation, and recovery phases. However, this conventional
framework has limitations in modeling COVID-19 transmis-
sion dynamics, particularly given the heightened transmissib-
ility of the virus and the substantial proportion of mild and
asymptomatic cases that are difficult to diagnose. Therefore,
to address these empirical challenges, the VCSEIR model re-
places the traditional infected compartment with distinct con-
firmed and unconfirmed case categories. Unconfirmed cases
have milder symptoms and are therefore not recorded in the
official surveillance systems, and the model reasonably as-
sumes that unconfirmed cases have lower infectivity weights
than confirmed cases do.

Within the framework of epidemic modeling, the transmis-
sion rate constitutes a fundamental parameter, representing
the average number of individuals with whom a single infec-
ted person can transmit the disease within a given time peri-
od, typically one day. This parameter serves as an indicator of
the transmission speed. Most epidemiological studies main-
tain constant transmission rates throughout the study period;
such an approach proves both reasonable and efficient during
the free transmission phase of the epidemic outbreak.
However, the assumption of a fixed transmission rate be-
comes less valid once local governments implement response
measures. It is anticipated that, following the initial free
spread of the disease, the transmission rate will decrease over
time as government control measures and public protection
against the outbreak take effect. Considering that different
transmission rates over time might solve this problem, it
would also introduce unnecessary model complexity and po-
tential overfitting concerns. A more parsimonious solution
would be parameterizing the transmission rate as a continu-
ous function of time.

Therefore, in analyzing large-scale epidemics, the model
divides the outbreak into two distinct phases: the initial free
transmission phase and the subsequent intervention phase,
with particular emphasis on the latter. The free transmission
phase is assumed to have a fixed transmission rate §,, which
also serves as the initial transmission rate for the intervention
phase. As containment measures are implemented and pro-
gressively strengthened, the transmission rate in the interven-
tion phase gradually decreases over time. This dynamic re-
duction in transmission probability directly modulates the ef-
fective reproductive number R, where R represents the aver-
age number of susceptible individuals who acquire infection
from a single infectious case within a susceptible population.

-2

Through this mechanism, the model achieves the public
health objective of epidemic containment via transmission
suppression.

On the basis of the above description, the VCSEIR model
M is set as follows:

as _ﬂOSI’T” B uB,S 't

dr N N

dE _BSI'T N HBSI'T  E

dt = N N z’ (1)
dIr  E I

YL

dr Z D

dr E F

— =(l-a)=-—.

o 1-97-5

The model preserves S and E as the number of people in
the susceptible and exposed groups, which is consistent with
the classic model. I” and /* are the confirmed population and
unconfirmed population respectively. N denotes the total re-
gional population. S, represents the initial transmission rate,
which is set as a constant. The model sets parameter 7 as the
attenuation rate quantifying the daily reduction in transmis-
sion probability; such a setting gives the transmission rate of
a confirmed case at time ¢ as 5,7'. @ represents the case con-
firmation rate among infected individuals, and u represents
the relative reduction rate in the transmission rate of uncon-
firmed cases relative to that of confirmed cases. Z and D are
the mean latent period and the average infectious duration of
cases, respectively.

The solutions of the above simultaneous nonlinear equa-
tions are obtained via the fourth-order Runge—Kutta method.
Notably, the right-hand side terms in Eq. (1) are numerically
implemented through Poisson-distributed sampling, follow-
ing established methodologies in epidemic modeling™*!. The
Poisson sampling mechanism was designed not only to cap-
ture the discrete nature of disease transmission events but also
to provide robustness to the numerical solutions, making the
model better able to cope with potential data fluctuations and
measurement uncertainties.

Next, we briefly introduce the Ensemble Adjustment Kal-
man Filter (EAKF) algorithm™-*4, which was used to estim-
ate the unobservable variables of the model.

As defined in Ref. [21], the unobservable variables in the
model can be categorized into two components: the state vari-
ables X=(S,E,I'I")", and the global parameters 6=
(a,7,u,Z,D)". These components exhibit different temporal
characteristics: while the state variables dynamically evolve
throughout the epidemic timeline, the global parameters re-
main time-invariant. Therefore, although independent estim-
ates are obtained for both the state variables and the global
parameters at each time point ¢, the final estimation of the
global parameters is achieved through temporal averaging
across all time points.

The core idea of EAKEF is to assume that the prior and like-
lihood of the parameters are in accordance with the Gaussian
distribution. After generating a certain number of ensemble
members as samples, the Bayesian rule is applied to these en-
semble members to obtain the posterior estimation, and then
the algorithm sets the mean of posterior estimation over the
ensemble members as the prior estimation of the next stage
and iterates until the result converges. Since all state vari-
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ables and global parameters in our framework are inherently
unobservable, in the actual operation, we need to use the ob-
servations, i.e. daily confirmed case counts, to participate in
the iteration. Specifically, for the observation o, we have
2 N 2 .
1,0bs - ,prior

O prior + o+

t,0bs t,prior

a
(05 B
tpost

2 2 O opst
0-1,0bs + 0-1,prior
2
O obs © ~
0.2 + 0_2 Otprior - Ol.prior .

t,0bs t,prior

2

ﬁgrim is the prior estimation of the £th ensemble mem-
L (£)
21 O
. _ =1 Y1 prior
ber at time f, 0,y = ————

Here, o

(&)

, and o, is the correspond-

ing posterior estimation. o are the variances set

for the observations and the prior estimation, respectively.
Next, for any unobservable variable w, let
O — )0 S (0 ©
wo =w o+ (0 —o,vpm),

1,post t,prior 2 ,post
t,prior

and o?

t,prior

3)
i,[p)nm and wj,, are the prior and posterior estimation
for the £th ensemble member at time ¢, and ¢ is the sample
covariance of {w, .} and {0,:.}. More details of EAKF can
be found in Refs. [3, 21, 23], so we omit them.

Finally, we explain the reporting delay introduced into the
model. Empirical epidemic data reveal that there are inherent
delays between case confirmation and official reporting.
Therefore, we formally define the “reporting delay” ¢, as the
temporal interval spanning from case confirmation to inclu-
sion. In the inference of real data, we shift the new cases re-
ported each day back by ¢, days before including them in the
daily reported case count. Following the established methodo-
logy in Ref. [23], we parameterize the reporting delay distri-
bution via a gamma distribution, where its parameters are em-
pirically predefined.

where w

3 Theoretical results

3.1 Identifiability

In this section, we establish the theoretical foundation of our
model. The first property we consider is the identifiability of
the model structure. Before discussing our model, we first in-
troduce the definition of identifiability for a dynamical system.

Let X(f) = {X,(9),---, Xc(?)}" be a set of n-dimensional vari-
ables, where K is the number of variables in X(#) (noticed
that K =4 in our model). Then, consider the ordinary differ-
ential equation model with unknown parameters

{ X@)y =F[,X(®),0], Vtelt,t];

X(1)=x,, @
where 0 = {0,(¢),---,0,(r)}" represents a set of unknown para-
meters, F is a vector of known differentiable functions, and
X(1,) =x, is the initial value of the variables. We claim that
the model structure is globally identifiable at 6* if the equa-
tions in @ that arise from the equivalence

X(1,0) =X(t,0) vt 5)

have the only solution 6 = 6".
The global identifiability is defined as above, but it is often
difficult to satisfy in practice. Therefore, we introduce the

-3

local identifiability as follows. For Eq. (5), if 8 =6" results
when 0 is restricted to an open neighborhood of 6, then the
model structure is locally identifiable.

Now, for the VCSEIR model, we present the conclusion of
local identifiability as follows.

Theorem 1. If the derivatives of the state variables
(S,E,I')I") exist and are continuous, then the VCSEIR
model is locally identifiable.

3.2 Asymptotic property

Next, we consider the asymptotic properties of the model,
which include consistency and asymptotic normality. The es-
tablishment of consistency ensures that the difference
between the parameter estimates and the real parameters de-
creases as the sample size increases. In other words, as the
sample size increases, the parameter estimates converge to the
true values. On the other hand, the establishment of asymptot-
ic normality guarantees that the parameter estimates con-
verge to the real parameters in a normal distribution form,
thereby improving the accuracy and reliability of the paramet-
er estimation.

Define X,(1) =S (0), X,(t) = E(0), X5(1) = I'(1), X,(t) = I"(D),
then X(¥) = (X,(?), X,(?), X5(?),X,(¢)). Note that in the
VCSEIR model, the real number of people in each group
Y(0) = (Y, (0), Y,(2),Y5(1), Y,(¢)) is not directly determined by
the state variables X(#), but rather is determined via a ran-
dom sample from a Poisson distribution, i.e.,

Xk(t[)yk(’i)e_xk(’i)

Y @) X)) = ——————,
FEU) | X(8) 0]

i=1,2,.n, k=12 K,

where the number of state variables K = 4. The measurement
error £(1) = Y() —X(?) = (&,(1), (1), E(1), E,(2)) are independ-
ent and have a mean of 0.

In practical modeling, when the number of observations is
large, the data provides more information than the prior distri-
bution does, and the parameter estimation obtained by the
EAKF algorithm is approximately the result obtained via
maximum likelihood estimation. Therefore, we consider only
the properties of the maximum likelihood estimation of the
parameters. The theoretical foundation for the estimation of
the maximum likelihood for similar models has been relat-
ively well developed, and our work mainly refers to the proof
in Refs. [22, 25].

Denote the parameter vector as 8 = (a,7,4,Z,D)" and satis-
fy 6 € ®,, where b =5 is the number of global parameters and
0, is the parameter space. Maximizing the likelihood func-
tion is equivalent to minimizing the negative log-likelihood.
Let X(z,6) be the numerical solution of X(z,6) given by 6
from the numerical method, then:

O =arg I‘}gn [—ln ﬁ ﬁf(yk(ti) | X, (t,-,ﬁ))} =

=1 k=1

n X ~X,.(1;.0) Yi(ti)
. € K Xk (tng) _
argmin [— Z Z In B sy

i=1 k=1

n K
argmin Z Z [%..0) - Y.(t)In X, (1,,0) + In Y, 2)!]. (6)
(e
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Assuming that X is continuously differentiable with re-
spect to 8 and is not 0, solving Eq. (6) can be equivalent to
solving Eq. (7).

62 ZK: [Xk (t.,0)- Y (t)InX, (1.,0) + In Yk(t,)!]

=1 k=1

06

which is equivalent to

ShN V(1) |0X.(1.0)
ZZ[I f(k(r,-,o)] w0 ®)

Then, we can transform the problem into solving

) [Ket6)-10) % =0, ©)

=1 k=1

As a consequence, we can approximately consider that

é = arg Tgelé):l 2 ZK: [XA (tH 0) =Y, (ti)]z . (10)
i=1 k=1

The problem is subsequently transformed into a nonlinear
least squares theoretical property analysis with time-varying
coefficients. Before discussing the problem in detail, we first
present some assumptions. Define I = [t,,,] as the time peri-
od we consider. Let E represent the expectation on both ¢ and
k, and let E, be the expectation on ¢. We give the following.

Assumption 1. 6 € A, where A is a compact subset in R’
with a diameter of R,.

Assumption 2. Q=({X(#0):rcl,0c A}
bounded convex subset in R*.

Assumption 3. For any 7€/, ¢, <Y(t) < c,, where ¢, and
¢, are two constants satisfying —oo < ¢, < ¢, < +00.

Assumption 4. The numerical method for solving Eq. (1)
is of order p.

Assumption 5. All the p-order partial derivatives of
F(2,X, 0) with respect to ¢ and X exist and are continuous.

Assumption 6. For any 0 € A, E,[X(t,0) - X(£,0,) =0 if

and only if 6 = 6,.
0X(t,0)
Assumption 7. 9 an

is a closed

0°X(t,0)
06006"

tinuous, and are uniformly bounded for all 7 € / and 6 € A.
0X(t,6)

08

exist and are continuous, and are uniformly

exist and are con-

Assumption 8. For the numerical solution X(;, 9),
and #X(1,0)

00007
bounded for all r€ 7 and 0 € A.

Assumption 9. Let 0 <c¢; <c¢, <o be two constants. Let
the joint density function of (#,Y) be ¢(t,y), then for any
(I»Y) € [tl’tn] X [cl’cz], (&) < ¢(I,Y) < Cy.

Assumption 10. The real parameter 6, is an interior point
of A.

X OX\| ' (X o 9X
Assumption 11. V,:{E,( )} E,( 2 )

: ao0r)f ©\a0 2o
0X 0X ) . ) )
{E,(% ﬁ)} is positive definite at 6,, where E,[g(?)] is
the expectation of the function g(z).
Assumptions 1-5 are general requirements for the exist-
ence of numerical solutions to ordinary differential equation

models. Since we use the fourth-order Runge—Kutta method
to obtain the solution, the order of the numerical method is
actually 4. Assumption 6 is the condition for identifiability
and consistency. Since we have already proven that the para-
meter is locally identifiable at 6, in Theorem 1, the condition
is sufficient for Assumption 6. Assumptions 7-10 are the con-
ditions required for consistency and Assumption 11 is an ex-
tra condition required for asymptotic normality. These as-
sumptions are common assumptions about the theoretical
basis of ODE models, and similar assumptions can be found
in Ref. [25].

On the basis of the above assumption, the consistency of
the model parameter estimation can be established. We give:

Theorem 2. If there exists a constant A >0 such that the
step length of the solution is s = O(n™), then under Assump-
tions 1-10, § converges in probability to 6,.

Next, we further consider the asymptotic normality of the
model parameter estimation:

Theorem 3. If a constant 4> 1 exists such that the step
length of the solution is s = O(n™), assuming that Assump-
tions 1-11 are satisfied, we have

«/ﬁ(é—ao)i)N(o,V),

T -1
0X(t,6,) 0X(1,6,)
here V = E[Y (1) - X(1,6,)]’{E, E, .
where [Y(1)—X(z,6,)] { [ 20, 26,
At this point, we have presented the consistency and
asymptotic normality of the model estimates.

4 Real data application

In this section, to demonstrate the performance of the
VCSEIR model, we used the model to analyze the 2020
COVID-19 data from different countries and regions. The
daily COVID-19 case data for all analyzed regions were
sourced from the World Health Organization (WHO)
COVID-19 Dashboard (https://covid19.who.int).

Different countries in Asia experienced several outbreaks
in 2020, during which local governments implemented strict
control measures. For the COVID-19 data from Asia, we se-
lected three cities—Beijing, China; Seoul, South Korea; and
Tokyo, Japan—to illustrate the inference results and show the
model performance. In contrast, European nations predomin-
antly released nationally aggregated datasets, necessitating
country-scale analyses. Accordingly, we utilized nationwide
data from Germany and Italy, two European countries that ex-
perienced significant pandemic waves during the study
period.

For all the areas considered, we set the initial transmission
rate to be 1.12, which is the same as the transmission rate es-
timated in the free transmission phase (consistent with Ref.
[3]). Since the VCSEIR model focuses primarily on the peri-
od following the implementation of government control
measures, we list the timelines of these measures in the selec-
ted regions. The Chinese, Japanese, and South Korean gov-
ernments imposed strict control measures on January 23,
April 7, and August 16, 2020, respectively, in response to
outbreaks in these countries. For the European outbreak in the
first quarter of 2020, Germany and Italy implemented strict
control measures on March 16 and March 9, respectively.
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During the inference process, the base value of the trans-
mission rate for the attenuation stage is set to 1.12, which is
consistent with the transmission rate of the free spread stage
reported in previous studies®. Table 1 presents the global
parameter estimates for all the regions and countries under
consideration.

Table 1 shows that the estimated attenuation rates for Ger-
many and Italy are significantly higher than those for the re-
gions in Asia. This suggests that the control measures imple-
mented by local governments in Europe required more time to
take effect, resulting in prolonged outbreaks. In fact, out-
breaks in 2020 lasted longer in European countries than
across Asia.

In addition, under the framework of the VCSEIR model, if
Assumptions 1-11 hold, we can approximate the variance of
the parameter estimates via Theorem 3. Importantly, in real

data applications, both the real parameter 6, and the latent
state variables Y(¢#) are unobservable. Therefore, we use the
estimated parameter § to represent 6,. For k=1,2,3,4. The
state variable gap Y,(f) — X,(¢) is estimated on the basis of the
difference between the observed and estimated daily new con-
firmed cases, o,—0,. The final estimated variance is also
shown in Table 1, which can serve as a reference for the ef-
fectiveness of parameter estimation. Notably, since the epi-
demic data for Germany and Italy span a longer time period,
the larger sample sizes result in smaller variances of the para-
meter estimates than those of other regions.

Using the inferred parameters in Table 1, we can estimate
the daily case numbers within the framework of the VCSEIR
model. In Fig. 1, we present the fitted curve of the daily re-
ported count estimated compared with the actual observed
values. Fig. 2 displays the corresponding fitting curve for the

Table 1. Estimated parameters for selected countries and regions via the VCSEIR model. The variances of the parameter estimates obtained according to

Theorem 3 are shown in parentheses.

City or nation s Jii VA a b
Beijing 0.719(0.0005) 0.505(0.0704) 3.346(0.0585) 0.472(0.0039) 3.265(0.1595)
Seoul 0.709(0.0007) 0.536(0.0655) 3.158(0.0713) 0.569(0.0054) 2.894(0.1528)
Tokyo 0.689(0.0007) 0.532(0.0673) 3.089(0.0775) 0.552(0.0054) 3.061(0.2243)
Germany 0.794(0.0002) 0.532(0.0574) 3.239(0.0333) 0.463(0.0024) 3.071(0.0883)
Italy 0.783(0.0002) 0.576(0.0566) 3.125(0.0171) 0.569(0.0013) 3.144(0.0523)
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Fig. 1. The daily reported case count for different countries and regions (dotted green line) and the fitted curves of the daily reported count estimated by

the VCSEIR model (solid red line).
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Fig. 2. The cumulative reported case counts over time for different countries and regions (bar) and the corresponding fitted curves of the cumulative re-

ported count estimated by the VCSEIR model (solid red line).

cumulative number of confirmed cases. Figs. 1 and 2 show
that the daily case numbers estimated by the model closely
align with the real data. These results highlight the strong per-
formance and reliability of the VCSEIR model.

5 Conclusions

In this paper, we refine the VCSEIR model within the frame-
work of epidemic inference by establishing a rigorous theor-
etical foundation. This includes the identification of the mod-
el parameters, as well as the consistency and asymptotic nor-
mality of parameter estimation. Additionally, we have
demonstrated the fitting performance of the VCSEIR model
on data from different regions. These achievements ensure
that the parameters of the model are not misidentified and in-
crease the accuracy of parameter estimation, which is crucial
for further statistical inference of the model parameters.

In summary, our work contributes to the extrapolation and
estimation of the development of the attenuation stage of the
epidemic. However, it should be noted that our model as-
sumes that the parameters in the attenuation stage remain con-
stant over time. While this assumption simplifies the model, it
may lead to some deviation from the actual situation, as local
governments may implement more stringent control meas-
ures over time. Detecting the change points of parameters in
the attenuation stage could help address this issue. Similar ap-
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proaches can be found in Ref. [26]. Precisely detecting
change points in pandemic control measures will be a key fo-
cus of future research. On the other hand, aside from con-
firmed infection status, factors such as the age, gender, and
other characteristics of infected patients may influence their
transmission rate. Further subgroup stratification of the af-
fected population could contribute to more accurate pandem-
ic modeling, and this will be another important direction for
further investigation.

Supporting information

The supporting information for this article can be found on-
line at https://doi.org/10.52396/JUSTC-2025-0014. 1t  in-
cludes corresponding proofs of all the theorems in the article.
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