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The analysis of the asymptotic normality of the anomalous edges number.

Public summary

m Random network models with fixed topologies outperform those with free topologies in modeling real-world networks.
In this paper, given a fixed graph, we propose a random graph framework in which vertices and edges are deterministic,
but community labels are treated as random variables.

m As the graph size tends to infinity, we establish the asymptotic normality of the number of anomalous edges in our ran-
dom graphs.

m This paper provides a rigorous criterion to assess whether detected communities are statistically distinguishable from
random fluctuations. If the observed number of anomalous edges in a network significantly deviates from the asymptot-
ic distribution predicted under exchangeability, it suggests the presence of non-random community structure.
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Abstract: Community structures are a common feature of many social networks. Anomalous edges are those edges that
fall between distinct communities. According to a given network with two communities, random graphs are generated by
assuming that the communities of vertices are exchangeable. In this paper, under some restriction conditions, the asymptot-
ic normality of the number of anomalous edges in such random graphs is established as the graph size tends to infinity,
where the method of transforming weak convergence into conditional weak convergence on the basis of stochastic mono-
tonicity is utilized.
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1 Introduction

The issue of community structure in social networks has been
the focus of considerable attention for over twenty years! .
There is no agreed-upon definition of a community in the net-
work; the most widely accepted informal definition says that
the vertices in networks are often found to cluster into tightly
knit groups with a high density of within-group edges and a
lower density of between-group edges'. A large number of
real-world networks can be observed, where the individuals
and the connections between them are abstracted by vertices
and edges in the theoretical analysis, respectively. However,
information on community structure is always absent. To ad-
dress such problems, numerous techniques have been de-
veloped in the existing literature (see, for example, Refs. [5,
6] and references therein).

The stochastic block model (SBM)“ ' is arguably the
simplest statistical network model with communities, which
has attracted much attention from network analysis and data
science. Many statistical network analyses using SBM and its
various variants assume that the size of each community is of
the same order, which is beneficial for theoretical studies
(see, e.g., Refs. [4, 11]). However, many researches have ob-
served that the distributions of community sizes follow power
laws in the large networks!'>"*l. This means that community
sizes can vary different, and most of them are very small!* ",
Moreover, SBM and its variants still ignore many other fea-
tures of the real-world networks (see, e.g., Ref. [16]). For in-
stance, many other network models have a common
feature—exchangeability, which is enforced for models on
graphs of a given size!”. Using exchangeability, sparse

graphs are studied in Ref. [18], which inspire a novel statistic-
al model"” to find the connections and reveal the structure in
sparse graphs. In addition, Ref. [20] proposed an exchangeab-
ility-aware sum-product network model, which is based on
explicit modeling of distributions over partially exchangeable.

Recent empirical studies”-*? demonstrate that random net-
work models with fixed topologies outperform those with free
topologies in modeling real-world networks. Here, fixed topo-
logy refers to models that preserve specific network proper-
ties, such as edge information, while allowing other attributes,
such as vertex communities and edge signs, to be randomized.
Building on this approach, we propose a random graph frame-
work in which vertices and edges are deterministic, but com-
munity labels are treated as random variables. Specifically,
our model generates new graphs by shuffling community as-
signments of vertices within an observed graph, while retain-
ing its structural backbone. Assuming full exchangeability of
all vertex community labels is often unrealistic. As high-
lighted in Ref. [23], social networks exhibit structural regular-
ities—including degree distributions, degree assortativity, and
homophily —that correlate with community organization.
Thus, we introduce a more nuanced assumption: community
labels of vertices with identical degrees are statistically ex-
changeable. This constraint aligns with observed patterns in
network structure while maintaining computational and theor-
etical tractability.

The anomalous edges are edges that connect between dis-
tinct communities in a graph. When the vertices in a real-
world network are clustered into different communities, the
number of anomalous edges should be “small”. To measure
what is the appropriate level of smallness, our main concern
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here is to study the limiting behavior of such edges as the
graph size tends to infinity.

The rest of the paper is organized as follows. In Section 2,
we describe formally the generation of an exchangeable ran-
dom graph on the basis of a given graph with communities,
and give a definition for the anomalous edges in it. In Section
3, we show the asymptomatic normality of the number of
such edges under some mild conditions.

2 The number of anomalous edges

We first introduce some necessary notations as follows. For
any two vectors @ = (a,,a,, - ,a,) and b = (b,,b,,---,b,), let
us denote a < b if b;—a; >0 for all 1 <i<n. For any real x,
let sgn(x) be the sign function. For a matrix 4, denote by A, ;
the (i, j)-entry of 4. For any event A4, let I(A) be the indicator
of A. We also write « for the distributional equality.

For simplicity, in this paper we consider a fixed simple, un-
directed graph G, =G(n,E,W) with only two communities,
where [n] :={1,2,---,n} is the vertex set, E C [n]* is the edge
set, and W € {—1,1}" is the vector of vertex labels represent-
ing the communities. More precisely, W, = 1 if vertex i is in
the first community, and W, = —1 otherwise. By convention,
we say that vertex i is negative if W, = —1. For any two dis-
tinct vertices i,j € [n], define /; =1 if there is an edge
between i and j, and 0, otherwise. Then the degree of vertex
i € [n] can be defined as

d = Z lijs

J#F

where we always assume that /; = 0, i.e., self-loops are not al-
lowed in G,. We let d,,,, = max,, d; denote the maximum de-
gree of vertices, and d_ = max,,, d;./(W, = —1) the maximum
degree of negative vertices. To avoid meaningless situations,
we always assume that each vertex in G, has degree greater
than 1. We say that the edge between i and j is anomalous if it
exists and W, # W,.

Recall that a sequence of random variables is said to be ex-
changeable, if their joint distribution is the same for any per-
mutation of these random variables®". To associate a random
graph with the fixed graph G,, we now assume that the ver-
tex labels are exchangeable random variables for the same de-
grees. More precisely, this random graph has the distribution
G, =G,(n,E,X), where the label vector X is uniformly dis-
tributed over a (disjoint) composition of uniform permuta-
tions, given by

X([n]) := (X(1) o+ 0 X(dne))([n]). (D

That is, X(d) is a random vector uniformly distributed over
permutations of the set of vertices with degree d, for any
d=1,2,-- ,dp..

Let X; € {—1,1} be the vertex label of vertex i in a random
graph with distribution G, (for simplicity, we abuse the nota-
tion G, for a random graph from now on). Then the number
of anomalous edges in the random graph G, canbe ex-
pressed as

-2

U = % Z 11 (XX, =—1). 2

i,jeln]

In the next section, we shall consider the asymptotic nor-
mality of U” under some mild conditions, as n — oco.

3 Asymptotic normality

In this section, we show the asymptotic normality for the
number of anomalous edges in G, under several regularity
conditions.

Since {X,X,},,; is a non-independent sequence, the asymp-
totic distribution of sums of permutation-based random vari-
ables is usually complicated to investigate. Fortunately, we
show below that the vertex labels are distributed as independ-
ent Rademacher random variables when the size of each com-
munity is given. So the distribution of our graph is a condi-
tional distribution of a simple graph with independence. To
describe more precisely, we define a new random graph
G,=G,(n,E,Y) with the same support as G,, where
Y ={Y,,---,Y,} is an independent sequence with the probabil-
ity mass function

PY,=-D)=1-PY,=1)=p,;, i€V,

where V, ={i:i € [n],d;, =d} is a set of vertices with the same
my . .
degree d, the success rate p, = — with n, and m, being the

n
numbers of vertices with degree d and negative vertices with
degree d, respectively. Similar to (2), the number of anomal-
ous edges in G, is

1
V=2 DAY, =-1).

i,jeln]

The relation between random graphs G, and G, is given in
the following.

Lemma 1. Let M, be the number of negative vertices with
degree d in G,, vectors M = {M,}*-, and m = {m,}?_,. By con-
ditioning on that M = m, we have

U” = (V"M =m).
Proof. For any degree d, let y ={y,}.y, be a vector with

entries y; € {—1,1}. Recalling that (1), (X;).cy, is a uniform ran-
dom permutation on V,, we have

P(X)ier, =¥) =

(u(, )
ma

On the other hand, we have
P((Yiev, =y, M, = m,)
P(M, =m,)

_pdzp)rr ]
()i 1=

P((Y)iev, = YIMy = my) =

Therefore, we have L(UY") = L(V\"|M, =m,) for any degree
d, where U and V" are the number of anomalous edges in-
cident to vertices with degree d in G, and G,, respectively.

Since Y; is independent for different degrees, we have
LU™y=L(V"|M =m), which completes the proof of

CSTR: 32290.14.JUSTC-2025-0013
DOI: 10.52396/JUSTC-2025-0013
JUSTC, 2025, 55(X):


https://cstr.cn/32290.14.JUSTC-2025-0013
https://cstr.cn/32290.14.JUSTC-2025-0013
https://cstr.cn/32290.14.JUSTC-2025-0013
https://cstr.cn/32290.14.JUSTC-2025-0013
https://cstr.cn/32290.14.JUSTC-2025-0013
https://doi.org/10.52396/JUSTC-2025-0013
https://doi.org/10.52396/JUSTC-2025-0013
https://doi.org/10.52396/JUSTC-2025-0013
https://doi.org/10.52396/JUSTC-2025-0013
https://doi.org/10.52396/JUSTC-2025-0013

Zzsrg "

Tian et al.

Lemma 1.

The above lemma provides a much easier way to analyze
the distribution of the number of anomalous edges in G,.
However, in general, weak convergence does not lead to con-
ditional weak convergence, so we need to introduce a restric-
tion condition as follows.

Definition 1. Let /" and M be random vectors in R? and R”,
respectively. If P(V <v|M =m,) > P(V < v|M =m,) holds for
any v€R’ and m, <m,, we say that V is stochastically in-
creasing with respect to M. In contrast, we say that V is
stochastically decreasing with respect to M, if the inequality
has a reverse direction, i.e.,

P(VZvIM =m,) <P(V 2v|M =m,).

Furthermore, we say that V' is stochastically monotone if it is
either stochastically increasing or decreasing.

Roughly speaking, the stochastic increasing property
defined above captures the relationship wherein the elements
of a random vector V' exhibit a tendency to increase as the
corresponding elements of another random vector V increase.

Let T be the number of edges with @ negative endpoints
in G, for @ =0,1,2. Then we have the following.

Lemma 2. The random vector (73", T\" + T\") is stochastic-
ally increasing with respect to M, where M is the number of
negative vertices in G,,.

Proof. Let m = (my,---,m, ) and m = (m,,---,m, ) be two
vectors, where integers 0<m,<m,<n-1 for all
d=0,---,d_. Consider two graphs G = n,E,(X)).,) and
G =(E, (X)) with vertex labels X;, X, € {—1,1}, such that
ZiEVd B =m,, Zisvd B,=m,; for all d=0,-- ,d_, where
B, = %, E - ﬂ For the random permutation 7 and
r=1,2, we further dzeﬁne

R = I{Buy+Byy 2 1), R = 1,1{By+Byy2r).
]

i,jeln i,jeln]

Then R, and R, stand for the numbers of edges with at least r
negative vertices in G and (G, respectively. It thus follows by
Lemma 1 that

(R\,R,) 4 (Tén),le + Té")|M =m),
and
(R.R,) = (T, T+ T"|\M = ).

Note that R, and R, are random variables defined on the
same probability space. To prove the desired stochastic
monotonicity, it is now sufficient to show R, < R,. Moreover,
in fact, we only need to consider the special case that
m,=m,+1 and m, =m, for d=2,---,d_. Since 7 restricted
to V, is a uniform random permutation, without loss of gener-
ality we can further assume that X, = -1, )?io — 1 for some
eV, and X, = )7, otherwise. Then we now have that

I,I{B,,+ B, >r} <I,I{B,,+B,, >rl. (3)
In fact, if 7(i) # i, and 7(j) # i,, it is clear that (3) holds. Oth-
erwise, if either 7 or j is the same as i, (say i =i, and j # i),
and the above inequality reduces to

I,I{B, > r} < I,I{B, > r},

which is also clearly true. Therefore, we have R, <R, for
r=1,2.

Although the number of anomalous edges is not stochastic-
ally monotone with respect to the number of negative ver-
tices, by Lemma 2 we know that (T\",T" + T\") satisfies the
property of stochastic monotonicity with respect to M. Based
on this property, we can now transform the weak conver-
gence into the conditional weak convergence, see e.g., Refs.
[25, 26].

To show the asymptotic behavior of the anomalous edges,
we require some mild assumptions as follows.

Assumption 1. The degree of negative vertices is not lar-
ger than some given integer d_ < 0.

Assumption 2. It holds that sup,., d; = o(n).

Assumption 3. For d,,d,,d; =0,--- ,d_, define V, ,, =V, X
V.,. We assume that both partial sums

Uy, 1= % Z Ly Viaras *= %Z(Zl‘/)( Z li/’)

(L.)EVa, dy ieVyy  JjeVa, J'€Vay

converge to a limit as n — oo. Separately, we also require that
ng/n and p, = m,/n, converge as n — oo,

Assumption 1 implies that the number of negative vertices
in G, is bounded, or the connection to other vertices is very
sparse. This constraint is critical for Theorem 2.2 of Ref. [26],
which fails to hold if the dimension d_ of M® is unbounded.
Assumption 2 further restricts all vertex degrees to a bounded
range, ensuring that the graph exhibits sparse density. This as-
sumption is commonly valid in the scale-free networks (see,
e.g., Ref. [27, Chapter 8]). Assumption 3 is a technical condi-
tion. This condition guarantees the existence of limiting cov-
ariance terms of the statistic 7 for @ =0,1,2, which de-
pends on fixed structural components of the graph. For ex-
ample, U, 4, denoting the number of edges between vertices
with degrees d, and d,, requires this assumption to ensure
asymptotic convergence. Collectively, these assumptions bal-
ance generality with tractability, enabling rigorous analysis of
anomalous edge distributions under sparsity constraints.

To state our first result, we need more notation as follows.
For any i € [n], let

8, =4p,(1—-pg),
L
f(@) =5 ) 3 @py =1,

Jeln]

. L
b, (D) = —s; Z Ejpd,-

Jjelnl

Si .
Let h,(i)= —51{1 eV,} for a fixed degree d. Define a
(dmax + 3) X (dmax + 3) matrix X" 5 where
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5= (004 Y L),

i€[n] i,jeln]
2(1’2 = Z(an) = Ztl (D1, () = Z ’12 57s f
i€[n] i,j€ln]
= (YR 0+ Y L)
2= £ Ligg it
i€[n] i,jeln]
Z(ln;m 2(3”:{11 = Ztl 1 (Dhy(D), 4

i€[n]

Egm = Zg:)a.z = ; Z L, (Dhy(D),

(n) 20
23+.1 34d = Z hd(l)’
ie[n]
(n) —
E%ﬂ/ 34 0’
dj=0,.d.

Define a random vector T = (T",T\"), where T is the
number of edges with @ negative vertices, @ = 1,2. Note that
V® = T" . Then, for normalized vectors

= 1 ~ 1
T(n) [P p— (T(n) _ ETW), M(n) = (M(n) _ EM(")),
Vn Vn

we have the following asymptotic joint normality.
Theorem 1. If Assumptions 1, 2 and 3 hold, we have that
as n— oo,

T, M™) 5 NO,%),

where the limiting covariance matrix X = lim,_, Z®.

Proof. Our proof is divided into the following three steps.
For simplicity, we omit the index 7 most of the time.

Step 1. Similarly to the Hoeffding decomposition, we be-
gin by decomposing the centered versions of T,’s. Note that
Y, are independent for i = 1,--- ,n, and

EY)=r,=1-2p,, Var(Y)=s'=4p,(1-p,).

Y;r and Z :=

random variable with success rate p., for any negative vertex
i. Then

~ 1-Y, . .
Write y, .= — Note that Z; is a Bernoulli

1
T,=>1,Z(1-Z) and T,= 5 Dz,

ijeln) i,jeln]

denote the number of edges with 1 and 2 negative vertices, re-
spectively. For any i, j € [n], let

. L Ly
4,0, j) = _Zsisj’ bo(i, J) = = 55
We can now decompose
-B(T,) =T, +T,,, %)

where

T, = Zt(yl(l)yn T,.= Z (A J)

i€[n] i.jeln

The proof of Eq. (5) is as follows. We first consider 7.

Define Z; = 1-Z, for any i € [n]. We thus have Z ~ Ber(p,)
with p, =1-p, . Note that
7 _1—Y, B l(Y )= S; K—ri_ 1 v
i~ Pa; = ) P4 = F i r) = ) s, = 2sii’
and similarly,
, , 1 s; Y- I =
Zi_pd,:l_Zi_(l_pd,)zz(Yi_ri):E' s, = =57,
Therefore,
—ET =) 1,Z(1-Z)= Y l;ps(1-p,) =

i,j€ln] i,j€ln]

D NZ = p)Z = P,) = 2pu Pl + 2D, + Zipa) =

i.jeln]

Z li/‘( - isisj.y-;‘?f - %Sip;j?i + %S,fpd,z) =

i.jeln]

2.3

i.jeln]

Tl,] + T1.2~

ss YY + = si(ZpL,, - 1)7,] =

Similarly, for @ =2 we have

1 1
T,-BT, =) 51,27~ ) slipapy =

i,jeln] i.jeln]

1
5 Z I;I(Z = p,)(Z; - Pu,) - 21711,]?4, +Zpy,+Z;pyl=

i.jeln]

% Z l//(%sisj?f?/ - %Sxpu,?: - %S/Pa,?,) =

i.jeln]

) Z i\ =SS YY sipd,?i) =Ty + T,

i.jeln

Therefore, it holds (5).
Recall that M, is the number of negative vertices with de-
greed, d=0,---,d_. Define pg, = M, - EM, and

L1 2,12 5222

(n) . _ (n) (n) (n) (n) (n) Vi
B" := %(T” T TS, TO, MY, M)

with its covariance matrix [ € R+,
Step 2. We show the asymptotic normality of B®. Note
that

M, =M,~BM,= ) i€ V)(Z~p,) = ) h(D)Y.
i€[n] i€[n]
By independence of y,, the variance of p7, is

Var(M,) = Var( Zh(z)Y =—Var(z Z th(z)

i€[n] i€Vy i€Vy i€[n]
(6)

Under Assumption 3, we have the three results as follows:
(i) there exists a matrix I' such that

limI*® =T. (7)

n—oco

(ii) for a,=1,2and d=0,--- ,d
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SUp D =0, Sup—£,() >0, sup~ Za,z(z/)w
n

ie[n] ie[n] i€[n]

/GIn]
®)
(1ii)
1 | VN s
E(%T"ﬁ) = 3 e E(WMd) = 3(Lasans)
(€))
We now prove (7). For @,f=1,2 and d=0,---,d_, by (5)
and (6), we have the covariances
1 1 .
~CoV(T,. Ty) = ~ ;rﬂ,mrﬁ,l(z), (10)
1 1 S
~CoW(T,.Tye) = ~ Z}n;(w)tﬁza,ﬁ, (11
i,j€ln
Leov(r,, it = . Dt (Dhi()
L Cov(To. M) =~ 2t Dh,(i), (12)
Lcovat, i) = = 3 1)
—Cov = i
7 s My " L. 1), (13)
1 1 .
—Cov(T,,, Tﬁ,z) = -Cov(T,,,M,) =0, (14)
n n

while all other covariances are zero. By Assumption 3, we
have that U,, and V,,. are convergent for
d\,d,,d;=0,---,d_. We show that Egs. (10)—(14) is conver-
gent by Assumption 3 in the following. For Eq. (10), we have

taa (@) =5, Z Lifo(pa)
jeln]

for some functions f,. Note that s =0 ford, =d_+1,--- ,d,.,

the covariances satisfy

—Cov(TM,Tﬁl)— Z Z "ﬁ(m,)Z = P,

Z pu(1=pF(),
where Ii
o=, e[ Zeet)

-Z[Zﬁ(m )Zz,,][Zfﬂ(p,h) D zu]

ieVy, \ d2=0 J€Va, JeVay

Ly S S b S D =

iVy, =0 d3=0 j€Va,  J'€Vay

Z Z Lo (P0) J5(Pa) Vidray-

With the above results, by Assumption 3 we can claim that

—Cov( T,,,T;,) is convergent as n — co. Similarly, for some
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constant ¢, 4,

1 Cop
ZCOV(TM’ Ts,) =T Z S,zsili/ =

ijeln]

d_
CO‘.
8N A= pu AP =pa) D 1=

dy,dr=0 )€V, dy

d_

Cop D 164 (1= pa)Ps (1= Ps )i

dy.dy=0

I .
—Cov( ToMp) == 3 =5 1€ Vil ) 1ifips) =
i€[n] Jeln]
1 d_
=3 =221=p) Y fulpa) D 1=
n ieVy dr=0 j€Vay
d_
= 20,1 = P (Po WU
dr=0
and

1 Y 1 1 . 1
—Cov(M,, M) == " =sHli€ V) = =n,p,(1-p,).
n n 4 n

i€[n]

Combining Egs. (10)—(14) with Assumption 3, we have
that Eq. (7) holds.
Next, we prove (8). By Assumption 2, as n — oo, we have

1
_Pd(l -ps)—0,

Z 5 z;f(]’d ) S

Jelnl

sup l(z L) = sup ~

iet 1 e i€fn]

sup — th(z J)=sup— Z(c s;8;L;)" < sup — Zl”_

i€[n] et i€[n] i€[n] Jjeln]

supl(lef)z

iet 1500

{l € Vd}

ieln] 1

sup — t A0 —sup

i€[n) i€[n]

d2—>0

(i)

=sup— d2 — 0.

i) N
For (9), let us first consider T, ,. It follows that

1
E(%
1 o S
— 2, D0, OEFY YY) =

ivjkleln]

1 4 (NE(V4 1(4 2 (N2 NB(V2VE(V2) —
— D BT+ n—(z) 2 O DETIET) =

1<i#j<n

T,.)

i€[n]

LS R -3+
-

i€[n]

2 () 28, (DEFIET) + Y (DE(V) =

i€[n)

(15)

1<i#j<n

% PRACE RO 3(% D) =

i€[n] i€[n]

Zt”(z)E(Y“ 3)+ 3V

i€[n]
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Note that

Zl‘ll(l)< sup??, (i)~ Ztll(l)— sup?, (O],

i€[n] i€[n]

i€[n] lEIn]

sup £,(0)—0,

the first term on the right-hand side of Eq. (15) converges to
0, which implies

Since it follows from the proof of (8) that —

i€[n]

E(%Tl.lr =l 3(11,)2.

Now we consider T,,. Similar to the discussion of 7, we
have that

[ T LV
E(WTLZ) == Z 1200 JT (s Jo)t (s J3)t (i, Ja)X

iksjk€ln]

E(Y,Y,Y,Y,Y.Y,YY,)=

n-ntintnptizty

> G R T

i€[n]
4
(;—2) D Balin jilie, EY VEYY) =

I<ig#jx<n

1 —
o7 D1 BT =3)+ 3() = 3T

i€[n]

Also in a similar way, we can further show
1

B(—

( \/ﬁ

On the other hand, it follows that

4 ) 1 4 ;
T..) = 3., E(%Tm) — 3T,

E(—Md :—E Zh(z)Y =

i€Vy

LS WaEF+
n

(n—) > EORGETIET?) =

i.jeVa,iz]

% Z K GHEY - 3) + 3(% Z hz(i))z -

i€Vy

3(rd+5,d+5)27

i€Vy

which completes the proof of (9). Combining (7)—(9) and
Theorem 1.1 of Ref. [28], we thus have that as n — oo,

B” 5 N(O,T).

_Step 3. We show the joint asymptotic normality of
(T™,M™). Define a (d_+5) X (d_+5) matrix

11
0= L1 )
Id,+l

where I, ,, is the identity matrix of size d_+1. Note that
QI'Q™ =X. Then, we have

(f(zx)’M(n)) — QB(H)_d> N(O’ QFQT) = N(O,Z),
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as n — oo, The proof of Theorem 1 is complete.
Applying Theorem 1, we have the following result.
Theorem 2. If Assumptions 1, 2, and 3 hold, we have that

1
— (U =E(V") > N0,

\n
where o? = 2;1 and X' = ZTT ZT MEM MZ;M with sz’
Y74, i being the covariance matrices of 7, )7 given in
Theorem 1.

Proof. Note that the random vector (T(”’,M(”’) has joint
asymptotic normality according to Theorem 1, and T has
the property of stochastic monotonicity with respect to M®
by Lemma 2. By Corollary 2.5 of Ref. [26], we thus have

S = (T | M” =0)> (T | M = 0).

Since (T,M) is jointly normally distributed, and it is well
known that the conditional distribution is also normal, we
thus have

AU =E(V") =575 N, o),

which completes the proof of Theorem 2.

4 Discussion

In this paper, we introduce a random graph model built on the
principle of exchangeability among community labels of ver-
tices with identical degrees. Under this framework, we estab-
lish the asymptotic normality of the number of anomalous
edges—edges connecting vertices assigned to different com-
munities—in large graphs, provided several mild technical as-
sumptions (e.g., bounded degree sequences, sparse graph
density). These results provide a foundational statistical char-
acterization for graphs generated under our null model, where
community labels are randomly permuted among vertices of
the same degree.

The implications of this characterization are profound for
community detection validation. Specifically, our null model
enables hypothesis testing: if the observed number of anomal-
ous edges in a network significantly deviates from the asymp-
totic distribution predicted under exchangeability, it suggests
the presence of non-random community structure. Formally,
for a given network, a community detection algorithm’s res-
ult is statistically justified if the observed count of anomalous
edges falls outside the (1 —@) X 100% confidence interval de-
rived from our asymptotic framework. This provides a rigor-
ous criterion to assess whether detected communities are stat-
istically distinguishable from random fluctuations.

A critical assumption in our analysis is the restriction to
graphs with two communities. While the theoretical frame-
work can, in principle, be extended to multi-community set-
tings, the technical complexity escalates significantly. For in-
stance, expressions for covariance terms and limiting distribu-
tions become intricate due to the combinatorial explosion in
cross-community interactions (as shown in the proof of The-
orem 1). Given page constraints, we defer this generalization
to future work, although our current results establish a viable
pathway for such extensions.

This study bridges the gap between exchangeable graph
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models and asymptotic statistical theory, offering a prin-
cipled approach to evaluate community detection outcomes.
By quantifying the stochastic behavior of anomalous edges
under structural randomness, our findings contribute to the
methodological toolkit for analyzing complex networks, par-
ticularly in distinguishing meaningful community structures
from null hypotheses of random organization.
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