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Public summary
m Propose a weighted stochastic block model for weighted networks.
m Develop a variational EM algorithm to estimate parameters and detect communities.
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Abstract: Community detection is an essential aspect in studying network structures. Most community detection methods
focus on binary networks, which ignore valuable information in the edge weights. In this study, we propose a novel
weighted stochastic block model (WSBM). In the proposed model, we employ the variational EM algorithm to estimate
the model parameters, and then extract the community structure of the weighted network. The detection accuracy and effi-
ciency of the proposed algorithm are demonstrated through both synthetic and real examples. The theoretical results of the
proposed method in terms of the asymptotic consistency of estimating the model parameters and community structure are
established. The proposed method provides an effective way to detect communities in weighted networks, with promising

potential for practical applications.
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1 Introduction

Network data have become one of the most common data
structures in recent years and appear in various domains, in-
cluding biology, ecology, sociology, and information science'".
Community structure in networks refers to groups of nodes
with significantly higher intra-group connectivity and similar
properties compared to lower connectivity between groups.
Community detection identifies patterns and associations
between nodes in a network™, helping to understand its struc-
ture and the information it contains. This process simplifies
the functional analysis of various structures and helps us bet-
ter leverage the information within the network for more ef-
fective decision-making and analysis®~!. For example, in so-
cial network analysis, community detection reveals the nature
of social interactions and helps to better understand business
models and disease transmission™®.

In the literature, various efforts have been devoted to devel-
oping effective community detection methods and many ap-
proaches have been proposed. These approaches can be
loosely classified into three categories”. The first category is
algorithm-based methods, which use similarity measures
between nodes for network partitioning, such as the hierarch-
ical clustering method™. The second category is criterion-
based methods, which optimize a given criterion to find the
most accurate community structure!”. Examples include the
modularity criterion'" and the cut criterion!”. The third cat-
egory is model-based methods, which assume that the net-
work follows a model with a community structure, such as the
stochastic block model"*! and latent space model*..
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However, most community detection methods focus on
binary networks, which only consider the presence of edges
between nodes. Many real-world networks are weighted net-
works, such as the transmission probabilities of different
modalities in epidemiological networks!"”! and the interaction
frequencies between different nodes in social networks".
When community detection methods are applied to weighted
networks, some approaches are inherently unable to utilize
weight information. For example, the method in Ref. [1]
primarily relies on shortest path calculations between nodes,
which effectively neglects the role of edge weights in defin-
ing community structure. Some attempts have been made to
extend classical unweighted network algorithms to weighted
networks, such as the weighted modularity approach!”, which
incorporates weight matrices into modularity calculations.
However, this method lacks a theoretical framework. Preci-
sion graph partitioning!", which takes edge weights into ac-
count when optimizing intracommunity and intercommunity
connection strengths, suffers from high computational com-
plexity. Additionally, weighted spectral clustering"” has been
explored, but it struggles to adapt effectively to sparse net-
works. Multiple methods have been proposed for community
detection in weighted networks, such as nonnegative matrix
factorization™, which decomposes the nonnegative adja-
cency matrix into two matrices to derive community
assignments.

In this study, we introduce a novel weighted stochastic
block model for weighted networks. Additionally, we pro-
pose a parameter estimation method based on the variational
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EM algorithm. The community assignments of nodes are de-
rived from the parameter estimation of the model. Notably,
we establish the asymptotic consistency of the proposed
method in terms of both parameter estimation and com-
munity detection. To assess the proposed method, we con-
duct experiments on both synthetic and real-world weighted
network datasets and compare it with four existing com-
munity detection methods. The results indicate that the pro-
posed method demonstrates superior performance.

The rest of the paper is organized as follows. Section 2 in-
troduces the proposed weighted stochastic block model. Sec-
tion 3 develops an efficient parameter estimation method
based on the variational EM algorithm. Section 4 establishes
the theoretical results. Section 5 conducts experiments on
simulated and real examples. Section 6 concludes the paper
with a brief summary, and all technical proofs are given in the
Appendix.

2 Weighted stochastic block model

The stochastic block model (SBM) assumes that nodes are
partitioned into communities, and the probability of an edge
existing between two nodes depends solely on their com-
munity memberships'’. The weighted stochastic block model
(WSBM) extends the SBM by introducing weighted edges. In
this model, the distribution of edge weights between two
nodes follows a probabilistic model that depends solely on the
community memberships of the nodes.

Consider a network G with n nodes, and let A = (a;;),, de-
note its adjacency matrix, where a;; denotes the edge weight
between nodes i and j. Under the WSBM model, we assume
that the distribution of a,; is

i~ N (g5 O';;),g(,-)), (1

where g(i) and g(j) represent the communities of nodes i and
J» respectively, p.;, and 07, represent the mean and
variance of a normal distribution. The distribution of a;
clearly depends only on the community memberships of i and
j. The community membership matrix is denoted as
C = (cy)x» Where c; =1 if g(i) =k and 0 otherwise. Each
row of C is independently modeled with a multinomial distri-
bution C,; ~ MK(I;Q'), for i € [n], where @ = (a,, - ,ay) with
a, >0 and Zk:]aq: 1.

Given g(i) =k and g(j) =1, let 4,, denote (uy,0;,). Then,
the density function of a; under the WSBM model is

1 (a; _/Jkl)z
fulay) = exP( :
A \2ra, 207,

function of (A,C) is

). Thus, the log-likelihood

log P(A,C) =log P(C) +1og P(A|C) =
0K 0K
Z Z cxlog(ay) + Z Z cucilog(fy, (@;))- 2
=1 k=1 i<j ki=l

Finally, the log-likelihood function of A is logP(A)=

log(ch(A,C)). . . .
However, the community membership matrix C has K"
possible values, making the optimization of the log-
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likelihood function of a computationally challenging. Further-
more, the traditional EM algorithm®" also cannot be applied
to solve the optimization problem because log P(C|A) is in-
tractable. Therefore, we employ the variational EM
algorithm™ to address this issue, which considers a lower
bound on log P(A) and simplifies the computation by restrict-
ing the conditional distribution of C given A to be a factor-
ized form. The detailed steps of the proposed approach are
presented in the next section.

3 Variational EM algorithm

To address the limitations encountered with the traditional
EM algorithm, we consider a lower bound for log P(A), de-
note @ = (a,u,2), and

L(R4(C),0) = H(R,(C) + ZRA(C)log(P(A,C;@)), A3)

where R,(C) stands for some distributions on C and
H(R4(O)) is its entropy. The maximum value of L(R,(C),O)
is log P(A), which is attained when R,(C) = P(C|A). There-
fore, Eq. (3) provides a lower bound for log P(A).

Recall that P(C|A) is not tractable, thus we restrict the dis-
tribution of R,(C) to the factorization distribution, denoted as
RA(C.B),

R(C.B) = | he.B, )

where h denotes the multinomial distribution function
and B, = (B, -.Bx) €0, 1% satisfying Bl =1,. Write
L(R,(C,B),0) simply as L(,0).

Note that

n

HR(C) == iﬁik 10g(8y).

=1 k=1

Moreover, it follows from Egs. (2) and (4) that
D RO log(P(A,C:6)) =

5 S 3T psial g on( 2527

=1 k=1 i<j k=1

By combining these two components, the objective function
L(B,0) can be reformulated as

Lp.0)=-Y iﬁik log(B)+ Y iﬂik log(ar)+

=l k=1 =l k=1

Y & 1 (Cl,-_,'_,ukl)z
Zzﬁ’kﬁ"’bg( mexp( 207, )) %)

i<j ki=1

Our goal is to obtain the estimates (ﬁ",@"), where (ﬁ",@") =
argmax L(f,6)
B6:Blx=1n :

We iteratively update @ and B until convergence to solve
the optimization problem. Specifically, given B“ at the rth
step, we address the following two sub-optimization prob-
lems separately,
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(+1) _ (1) B
0" = argmax L(B8",0), (6) @y ;i
o (1+1) (r+1) aij— My
exp
_20_2 (t+1)
e =1 ' 2(r+l) 1
BV = argmax L(B,0"). (7
B:Blg=1,

In Eq. (6), @ = (a,4). Therefore, we update @ and 4 sep-
arately. First, we update a by

a"h = = argmax Z Z,B‘” log(a,).

=1 k=1

Then we have that for each k € [K],

n

1
1
= - E .
n

i=1

Then, we update 4 = (u,2) by

(t+1) 2 (f+l)) _
kI ™kl -
aremax Zﬁm (;) ex (aij _ﬂkl)
g Z T P\ T ’
My i<j ki=1 O—kl Kt

and we have that for each k,/ € [K],

ﬁ(f) (f)
Jl l/

(t+1) #]

Mg =,
§ ﬂ(l) (l)
i#j
(1) (/) (t+1)\2
E B ( My
2 (t+1) i#j

ki

Z ,3(” 0

i#j

Next, we update B via Lagrange method,

L.(,6"") = L(B,O"")+ X (Bl —1,),

where A= (4,,---,4,) is the Lagrange multiplier. Let
aﬂ/l(ﬁ’ @(Hl)) _ al:/[(ﬂ’ 0(14—])) _
B o

The partial derivative of 8; with respect to £,(8,0"*") is

We then use the final estimated B to obtain the community
assignments. Specifically, for each ie€[n], let 8() =k if
k = argmax,, B,-k. We denote the final parameters estimated
by the variational EM algorithm as (B',0"), where @ =
(@',4", and A* = (1",2"). The details of the proposed al-
gorithm can be summarized in Algorithm 1.

The time complexity of the WSBM method is O(T, K*n?),
where 7, is the maximum number of iterations. Among the
competing algorithms, the time complexities of spectral clus-
tering, Louvain modularity method, and nonnegative matrix
factorization are O(n*), O(nlogn), and O(T,Kn’), respect-
ively. Although the Louvain modularity method has lower
time complexity, it is important to note that it is not specific-
ally designed for community detection in weighted networks.
Therefore, its community detection accuracies are very low as
shown in the numerical examples. Moreover, the time
complexity of the proposed method is comparable to the non-
negative matrix factorization method since K is usually very
small in real-world applications.

4 Theoretical results

In this section, we establish the asymptotic consistency of the
proposed method in estimating the model parameters and
recovering the community structure. To proceed, we first
clarify some notation. Let the adjacency matrix A follow the
weighted stochastic block model. Specifically, each a;

Algorithm 1: WSBM parameter estimation.

Require: Observed adjacency matrix A, max iterations 7.

1: Initialize: B©,0© = (@O, u® x®) and set t = 0.

1 n
2: a,(gﬂ) = 72,3,(-,?, 1<k<K;
n
i=1
Zﬁ([)ﬁ(t)alj
B = i <kI<K;
ZIBO) (1‘)
i

S HOB sl

ool _ i#j
4oy =

J1<kI<K;

aL,(B,e"" ) 50
IL.B.67) _ —logfB, —1+loga!™"+ Zﬁ(tﬁ |
aﬂik i#]
1 (a ﬂ(l+l))2 ﬁ(H-l)
2 (t+1) ij kI (r+1)
ZZﬁﬂ( = log(27) - 1 0g0y T LWy +A;. (z+1) (z+|) (a,/ /"k/+ )
Py T l_[ ﬂ XP\ TS Z e ’
(8) J#i I=1 ,/2mrkl(z+l) ki
l<i<nl<k<K;
The partial derivative of A, with respect to £,(8,0") is
aﬁﬁ(ﬂ o) p ,B(M) (r+1)/zﬁ(t+1) l<i<nl<k<K:
T:Z'B’*_l' ©) =1
i k=1 7: Repeat Steps 2—6 with ¢ < ¢+ 1 until > T,.
. AV = 0’ =u® $v_ B = g
It then follows for each i € [n] and k € [K] that Ensure: &' =o', p" =", 2v =20, B* =B,
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satisfies Model (1), where the true parameters are denoted by
A" = (', 2", with 4;, = (u},,0;). The true membership mat-
rix is ¢ =(c},), > Where c;, €{0,1} indicates whether the ith
node belongs to the kth community. N,(c*) = Zj_lc;k, de-
notes the number of nodes in the kth community, for k € [K].
The limit of the ratio N,(c¢*)/n exists and is denoted by «a;".
We denote the maximum likelihood estimate of log P(A) as
0 = (&,4). In the following, we write x, <y, if x,= o(,)
and x, <y, if x, = 0(,).

Define 1, (4,) = E, (log f,,, (a,)) when ¢, = ¢, =1. It is
then clear that y,(4;)=E., (log fa (a,,)). The estimation
error of 4 and 4" is measured by

dd,47) = HEHZ (lﬁu (AZ;) —Yu (Arr(k)am))’

where o denotes any permutation on [K]. It is easy to see that
d(4,4%) is a variant of the KL divergence used to measure the
difference between the estimated and true parameters. Simil-
ar measurements have been considered in Ref. [23].

4.1 Asymptotic consistency in estimating the model
parameter

In this section, we first study the asymptotic property of the
proposed method in estimating the model parameters 4*. The
following result holds.

Lemma 1. Forany 1 <i < j<n with ¢; = ¢, =1, we have

E, (logf,, (@,)) < E, (log £, (a,)), (10)
for any 4 and k’,I’ € [K], and the equality holds if and only if
Apr =4,

Lemma 1 shows that the log-likelihood function

log f,,, (a;;) is maximized at 4;, in expectation. Thus, it is an
appropriate loss function for estimating A;,. Furthermore,
Lemma 1 implies that d(4,4%) >0 and the equality holds if
and only if 4 =A4". Therefore d(4,4”) >0 is a well-defined
measurement.

Lemma 2. Let N,(C) = Zi ¢, where ¢; = (¢, ,ci) 1s

i=1
independently and identically sampled from M(1,@). Then
for any y>0 and ke€[K], it holds true as n— oo that

n N,(O)
\V (logn)™*

n
Lemma 2 shows that as the number of n increases, the rel-
ative frequency of each component of C, N,(C)/n, converges
almost surely to «,. Furthermore, the convergence rate is de-
termined by +/n/(logn)'*. To proceed, the following technic-
al assumptions are made.
Assumption 1. For any @ and 2, there exists ¥ >0 and a

-] — 0, a.s.

positive sequence {7T,}., such that mkina,‘z(logn)—m and
T,'<0%<T, forall 1<k,I<K.

kIl — K

Assumption 2. For any 4, ZH 4, 4., >0 when 1<
k #k <K.

Assumption 1 assumes a lower bound on @ and a bound on
2’, which means that no community can degenerate too fast
and the variance of edge weights should be neither too large
nor too small. Note that Assumption 1 is weaker than the con-
dition in Ref. [24], where min, ¢, is required to be larger than

02034

some positive constant. Assumption 2 ensures that the com-
munity structure is distinguishable in 4 in the sense that there
exists /€[K] such that 4,, and 4,, are not equal. Let

I(A;4,¢) = Z
ult holds.

Proposition 1. Suppose Assumption 1 holds and ¢, >
T,n""?(logn)"?, then when n is sufficiently large, it holds true
that

~log(P,(a; | C = c))- then the following res-

n

[[(A;4,¢)-E,. (I(A;4,¢))| = 6,1) < (g) )
)

Proposition 1 demonstrates the asymptotic convergence of
l(A;4,c) to its expected value E,. (I(A;4,c)), which is an
important intermediate result for the following theorem.

Theorem 1. Suppose Assumptions 1 and 2 hold. If
n'?(logn)™"**max |Nk(c*)/n - a/;| -0 and T,n ">
(logn)"*”* <1 for some y >0, then for any € >0, it holds
true that P,.(d(4,4°) > €) — 0 almost surely as n — co.

Theorem 1 shows that under some mild conditions, the es-
timator 4 converges to the true parameter 4* in probability.
Note that 7, is allowed to diverge to infinity at a rate not
faster than (logn) "*"*n'? indicating strong variance for each
edge. Recall that 4 is not attainable and our final estimate is
A4". Next, we establish the asymptotic consistency of the vari-
ational estimate A4".

Theorem 2. Suppose all assumptions in Theorem 1 hold.
For any € > 0, it holds true that PAx(d(ﬁ",A*) > €) — 0 almost
surely as n — oo,

Theorem 2 establishes the asymptotic consistency of the
variational estimator 4°. This theoretical result provides a
foundation for the application of the WSBM model and vari-
ational EM algorithm, ensuring that even with computational
simplifications, the variational estimate still effectively ap-
proximates the true value, making it widely applicable in
practice.

P, |su
g (<A_£’ n(n—1)

4.2 Asymptotic consistency in estimating community
structure

To establish the asymptotic consistency of community detec-
tion, the following assumption is added.
Assumption 3. For any 1 <i<j<n, if ¢; =c; =1, then

fA;,,, (ai)\ .

It follows from Lemma 1 that —F,. (log m) is al-
ways positive if ¢, = ¢ =1 and 4, #4;,. Tfﬁls,u Assump-
tion 3 further ensures that it cannot vanish too fast. Then we
have the following results.

Proposition 2. Suppose all assumptions in Theorem 1 and
Assumption 3 hold. For any €>0, it holds true that
P,. (Pg-(C # ¢*| A) > €) — 0 almost surely as n — co,

Theorem 3. Suppose all assumptions in Theorem 1 and
Assumption 3 hold. The following results hold as n — oo:

(a) Py (¢ #¢”) = 0, where ¢ = argmax_ Po.(C=c| A);

(0) P, (KL(R(C.B(6").Ps(ClA))>€)—0, where B(©)=

wemax L0 and RC.p©) =[], hauor (€.

Bik€l0.11: Xy Bix=1
Proposition 2 paves a bridge to establish Theorem 3. In

for any 4;,, # 45,
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Theorem 3, (a) first shows that the maximizer of Pe.(C|A) ex-
actly recovers the true community structure ¢* asymptotic-
ally. Although directly optimizing P,.(C|A) is computation-
ally intractable, (b) further establishes that it can be well ap-
proximated by R(C,B(6°)) when @ is known. This result en-
sures that, even in the absence of an explicit posterior distri-
bution, we can approximate the true community structure ef-
fectively. When @" is unknown, it is necessary to quantify the
behavior of 4" as specified in Assumption 3, which is much
more involved and additional assumptions should be needed.
Fortunately, it is shown in our numerical experiments that the
performance of the proposed method in terms of community
detection is satisfactory due to the fact that A’ approximates
4" well enough under Theorem 2.

5 Numerical experiments

In this section, we examine the performance of the proposed
WSBM model in both the synthetic dataset and the yeast ex-
perimental dataset, and compare the WSBM method with four
popular community detection methods in the literature. These
methods include the spectral clustering (SC) method™', which
estimates communities through spectral decomposition and
the K-means algorithm; the threshold spectral clustering
(TSC) method™, which is similar to spectral clustering but
sets a threshold to convert the weighted adjacency matrix into
an unweighted 0-1 matrix; the Louvain modularity (LM)
method"", which utilizes iterative optimization of modularity
to identify community structure; and the nonnegative matrix
factorization (NMF)™, which factorizes the network’s adja-
cency matrix or other related matrices into two nonnegative
matrices, reveals the underlying community structure. The
performance of each method is evaluated by the community
detection error®, which is defined as

2
5 160 = 30080 # £+

error(g, 8) =
n(n

1(g(i) = g().80) # &()))s

where I(-) is the indicator function, {g(1),---,g(n)} and
{g(1),---,2(n)} denote the true and estimated community la-
bels, respectively. It is clear that error(g,g) represents the

0.301
0.25 -
(0]
£ 0.20
j &N
j 5.
°
£ 0.15 -
w - NMF
0.10
0.05 -
030 035 040 045 050 055  0.60
dm
(a) d,=0.6

Error rate

probability of divergence between g and & and is invariant
with respect to label permutation.

5.1 Synthetic networks

Let n=1000 and K =4. For each node i € [n], we generate
C, X M(1;a@). Next, we generate f= (Uy)x and 2=
(07)kx- Specifically, let u, ~ U(-d,.d,), and o} =d’. Fi-
nally, the adjacency matrix A =(a;).x, is generated with
i ~ N(Uinetr Ty

We use the parameter d,, to control the range of all com-
munities. As d,, increases, nodes in different communities can
be assigned into a wider space. The variance of nodes within
the same communities is controlled by d,. As d, decreases,
nodes in one community will be more concentrated around its
center. Therefore, it is expected that the task of community
detection will become easier as d,, increases or d, decreases.
We evaluate all competing methods in these two aspects in
the following two examples.

Example 1. In this example, we set @ = (0.25, 0.25, 0.25,
0.25), d,, €{0.3, 0.4, 0.5, 0.6} with d, € {0.6, 0.8}. The aver-
aged community detection errors of all methods over 50 inde-
pendent replications and their standard errors are plotted in
Fig. 1.

Example 2. In this example, we set a = (0.25, 0.25, 0.25,
0.25), d, €{0.4, 0.6, 0.8, 1.0} with d, €{0.4, 0.5}. The aver-
aged community detection errors of all methods over 50 inde-
pendent replications and their standard errors are plotted in
Fig. 2.

From Figs. 1 and 2, it is clear that the proposed method has
the superior performance over four competitors in all cases.
TSC and LM do not perform well with error rates exceeding
20% due to the fact that these two methods are designed for
binary networks. SC and NMF outperform both TSC and LM,
but are still worse than WSBM. It is interesting to note that as
d, increases the error rates of almost all methods decrease.
This is because communities will be more separated from
each other when d,, increases, which reduces the difficulty of
the community detection. Similarly, as d, increases, the error
rates of almost all methods increase. This is because the
nodes within the community are more dispersed as d,
increases, and thus it becomes more difficult to detect
communities.

0.30 1
0.25 A
0.20 A
0.15 A
0.10 A
0.05 A
0.'30 0.'35 0.210 0.;15 O.lSO 0.::':5 0.'60
dm
(b) d,=0.8

Fig. 1. The averaged community detection errors of all methods over 50 independent replications and its standard errors in Example 1.
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Fig. 2. The averaged community detection errors of all methods over 50 independent replications and its standard errors in Example 2.

Example 3. In this example, we set @ = (0.1, 0.2, 0.3, 0.4),
and d,€{0.3, 0.4, 0.5, 0.6} with d, €{0.6, 0.8}. The aver-
aged community detection errors of all methods over 50 inde-
pendent replications and their standard errors are plotted in
Fig. 3.

Examples 1 and 2 assess the performance of different
methods for community detection under varying parameters
in balanced communities, whereas Example 3 examines their
performance in imbalanced communities. From Fig. 3, it is
clear that the proposed method has the superior performance
compared to four competitors in all cases. TSC and LM do
not perform well with error rates exceeding 20%. SC and
NMF outperform both TSC and LM but are still worse than
WSBM. Meanwhile, as d,, increases, the error rates of almost
all methods decrease, because communities become more
distinct.

5.2 Real application

In this section, we study the yeast experimental dataset using
the proposed method and compare its performance with four
competitors. Ideker et al.”” studied the genes involved in the
galactose utilisation (GAL) process in Saccharomyces
cerevisiae, where gene similarity reflects the strength of gene
interactions. Yeung et al.” then conducted experiments on
yeast, measuring gene expression responses to 20 systematic

0.30 1

0.25 A

0.20 A

0.15 A

Error rate

0.10 -

0.05 1

Error rate

perturbations through various genetic and environmental ma-
nipulations, with four replications of each perturbation. The
experimental dataset is publicly available at http://www.
expression.washington.edu/public. For our analysis, we select
a subset of 205 genes from this dataset, which exhibit a com-
munity structure that can be classified into four nonoverlap-
ping communities™. These four gene communities largely
split with the functional categories of Saccharomyces cerevi-
siae, including protein metabolism and modification, carboh-
ydrate metabolism and catabolism, metabolism and transport
of nucleobases, nucleosides, nucleotides, and nucleic acids.

The dataset is processed as follows. Denote gene i € [205]
as node 7, with the gene expression response of gene i under
20 systematic perturbations denoted by the vector x; € R*.
The similarity between genes i and j is defined as a; =
exp{— ||x, —x,-HZ}. This implies that a larger difference in gene
expression responses corresponds to lower similarity between
the two genes. Since the yeast experiment was repeated four
times for each perturbation, we define the adjacency matrix
be A=(A,+A,+A;+A,)/4, where A, represents the adja-
cency matrix in the ith experiment.

Next, we plot the largest 50 singular values of the adja-
cency matrix in Fig. 4 and a gap between the fourth and fifth
singular values can be observed. This also suggests that there

should be four communities®**", If K is set to 3, we find the

0.35 1
0.30 A
0.25 1
0.20 A

-~ WSBM
0.15 A1 8- sc

-~ TsC

& W
0.10 A & NMF
0.05 I\i\;—;

030 035 040 045 050 055 0.60
dm
(b) d,=0.8

Fig. 3. The averaged community detection errors of all methods over 50 independent replications and its standard errors in Example 3.
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true second and fourth communities are merged into one com-
munity. If K is set to 5, we find the true first community is
split into more than one community. Therefore, we choose
K =4 for these data.

We apply all methods to this yeast dataset with K =4, and
the community detection errors of all methods are reported in
Table 1. As shown in Table 1, WSBM outperforms all com-
peting methods, with an improvement of 20.3% compared
with SC, 48.2% compared with TSC, 52.2% compared with
LM, and 38.4% compared with NMF. This demonstrates the
power of the proposed method in detecting communities in
weighted networks.

6 Conclusions

In this paper, we propose a novel weighted stochastic block
model (WSBM) for weighted networks. The variational EM
algorithm is employed to estimate the model parameters, and
recover the community structure of the network. Moreover,
we establish the asymptotic consistency of the proposed
method in terms of both parameter estimation and com-
munity detection. We evaluate the proposed method on both
simulated datasets and the yeast experimental dataset, com-
paring its performance with four existing community detec-
tion algorithms. The superior performance of the proposed
model demonstrates the strength of the proposed method in
detecting communities in weighted networks.

In summary, this study provides an effective framework for
community detection in weighted networks, offering im-
proved accuracy and interpretability in revealing latent net-
work structures. However, the current analysis is limited to
single-layer weighted networks. Future work could extend
the proposed method to weighted multilayer networks with
inter-layer dependencies and relax the Gaussian assumption
of the adjacency matrix into more flexible modeling
frameworks.

50 1

40

301

Singular value

10 A

0 10 20 30 40 50
Index

Fig. 4. Top 50 singular values of the adjacency matrix.

Table 1. Community detection errors of various methods in yeast experi-
mental dataset.

WSBM SC TSC LM NMF

0.0665 0.0834 0.1285 0.139 0.1079
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Appendix
Proof of Lemma 1. Let ¢, = ¢, = i = ¢;p = 1, Ay = ey, 07,), Ay = (3, 07}}), then
1 1 (ai_ _# , ,)2
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The derivation shows that Eq. (A1) attains its maximum value if and only if (1., 07,) = (Ul 05).
Proof of Lemma 2. For € > 0, by Hoeffding’s inequality, when n is large enough there are
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By Borel-Cantelli lemma,
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Proof of Proposition 1. By Assumption 1,
(@, —p)| 1 (@, =) 1 !
|10g (fa, (a,-j))| < Tiz“ +5 m;a}x'log(er) +10g(0':l)| < Tizk, +5 log(2n) + 3 n}fllx|log(o'§,)| <BT,

where the second inequality follows from the monotonicity of the composite logarithmic-inverse proportional function and B, is

some positive constant. It is further shown that

|10g (Py(a;1C= C))| = Zcikcﬂ |10g (fa (aij))| <BT,. (A2)

kl=1

Let g(a;;;4) =log(P,(a; | C = ¢))—E,. (log(P,(a; | C = ¢))), then by the triangle inequality, for 1 <i < j < n, we have
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‘q(aij;A)| <2BT,.

Let A’ be an independent replication of A, and let €;’s be independent Rademacher random variables"™”, then

EA*(Sljp|Zq(a,-j;A)') SEAx(sgp‘Z{log(PA(aij |C=c))—10g(PA (ajj | C=C))}‘) <

2EA,(
A

where the first two inequalities follow from the standard symmetrization argument, the third inequality follows from Jensen’s in-
equality, and the last inequality follows from (A2).
Moreover, for 1<i<j<n, there are E,(q(a;;4))=0 and V,(q(a;;4))<4B:T?. Since |[(A;4,¢)—E, ([(A;4,c¢))| =

|Zi</

€;log(Py(a; | C = c))|) <2E, [sup J VE[Z €;log(Py(a; | C = c))]] < B \2n(n-1T,,

i<j i<j

i34)|, and g (a;;;4) satisfies Talagrand’s concentration inequality™, then for any x > 0, we have

_ 2B, 2B, V2T, x 8B.T,
(4 n(n— 1)|Zq(a”, \/— +8B.T, n(n—1)+n(n—1)x]Se '

Because €, > T,n""*(logn)"?, let x = nlogn,

Pa (f}.l? n(n2— 1)'%‘49(“17?4')' = fn) < ZPA* [Sgp n(nz_ l)igq(aﬁ;zlﬂ > en) <Ylemrg (g)

c

where the last inequality is obtained by the fact that C has K" different values.

Proof of Theorem 1. Let’s start with a few definitions.

2
nn—1) )

K
Let M={M= (Mkl)f_,:1 M, €0, l],ZH M, =1,M,=n,/N,(c"), n,€Z}. For any O = (a,4), definite H,(a,4) =
log Py(A), and

H,c¢') = %{Z @) ) My My, (AW)}.
kil kI

Define H(4, M) = Zk aal Z My Myt (4y,). Then H (A, ¢*) = max,, o H(4, M).
Let M(A) = argmax . H(4, M ) and denote M = M (4), M = M(4°). Then we have

HA,¢)-HUA , ¢") = H(A,M(A))—H(A*,M»).
Noting that M(A°) = argmax . HA', M ), SO H(A",M*) —H@U,I,) > 0. However, it follows from Lemma 1 that

H(4 M) -HUA m-Zaa Z My (4;,) = v (43) } <0
which implies that H(A*, M) =H(4",I). Then

H(d,¢)~HA',¢) = HA, M) -HA L) =y 0;a; | " Moy My (i, () = 1, ()| <
kil kI
where My and My denote the corresponding entries of M(4).

By Lemma 1, for any k,k',1,l' € [K], it holds that ¥, (4,,) <y (4;). Therefore, H(4,c*) =H(d4",¢*) if and only if for any
k,k',1,I' € [K], we have M, M,, (Y (dyr) = (43)) = 0. However, by the definition of M, Lemma 1, and Assumption 2, we have
H,c) <HA",¢) for any 4 with d(4,47)>0. Therefore, it follows from the continuity of H(d,c") that
SUP e H(A, €7) < H(4A",¢") for any given € > 0.

By Theorem 3.4 in Ref. [24], to prove the convergence of Theorem 1, it is sufficient to show that

P, (sup [H,(a,4)—H(4,c")| > e) — 0 almost surely as n — oo. (A3)

(. 4)
Denote ¢ = argmax.[(A;4,¢) and ¢ = argmax, E,. (I(A;4,c)),
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2
[H, (e, 4)-H(4,¢")| < - I(A;4,¢)|+ [[(A;4,¢) - E,. (I(A34,8))|+
n(n-1) n(n—1)
2z E.(1(A;4,8)-HA, )| = |1|+—2 L]+ 14|
. ;4,8)—HU,c)| = .
nn-1)"" Y- }
In the following, we analyze |1,|,|,|, and |L;| individually
Firstly, I, = H,(a,4) - ————1(A;4,¢) = ——— (log Ps(A) — I(A; 4, 8)).
n(n—1) nn—-1) "~
Let IT = {,B €[0,1] ”XK,ZH,BM =1 Vie[n]}, and B =B(O) = argmax, , L(B,0) It then follows from Lemma F.2 in Ref. [24]

that
L(¢,0) < L(B,0) <log Ps(A) <I(A;4,¢). (A4)

gn)

Meanwhile, £(¢,0)—I(A;A4,¢) = Z_k ¢, loga,, then we have
2 . log(lo
< m@cwl"g“k' =T,

|log Po(A) -

1| = 2
" an-1)
where the second inequality follows from Assumption 1 that (logn)™* < min, ¢,
Secondly, I, =I(A;4,¢)—E,. (1(A;4,¢)).
Simple algebra yields that

2 2 2
n(n_1)|12|:n(n_ )121(12>0)+ n(n—1)

2
nn—-1)

(L) I, <0)<

[[(A;4,8)-E, (I(A;4,6)| (I, <0) <

|l(A;4,¢)-E,. (I(A;4,e) (I, > 0)+ 2
nn—-1)

sule(A 4,¢)-E, (I(A;4,¢))l,

2
n(n—1)
where the first inequality follows from the definition of ¢ and ¢

Finally, I, = Y 2 )EA (I(A;4,¢))-H(4,c).

For |I5], note that
E, ((A:4,0) = Y E, (10g(Py(a,1C= €)= 3 > (cicicucythu(der)

i<j kLK

1
3 Z Ny () (i),

1
B Z Ny ()N (W (dpr) —

where Ny (¢) = Z” c;cy for 1 <k,k < K. Further, define M, = (M), with M, ;. = Ny (¢)/N,(c*). Then M, € S, and we re-

i=

write E,. (I(A;4,¢)) as @ (4, M.). We have
1)@(A,M)—H(A,M)| <

&4, M,)-H(4, M(A))‘ < sup

2
| B (s 4.0 - )| = |2 A
N, (¢)N(¢") . (C)
s 3, (i ot | Y
N(e)Ni(e) 1 21y ) 1202 NN L
BlTn[ {—n(n—l) akal}'+n_1]£Bln (logn) ( Z( nn=1) aka,)|+ n—l]g

k

N, (¢") _
n

Z 2
Bln]/Z(logn)fl/Lﬁ/Z [2 + 1],
n—
k

where the second inequality follows from (A2) and the definition of ¢, that
W ()| < Ey o (| (@)]) < BU T,

It then follows from the assumption for @* that |I;| < 1, and

(sup |H,(a,4)—H (A, c")| > e) <P, (sup pros 2 -

(a,4)

|1 > 6/2) -0
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for any € > 0, where the convergence follows from Proposition 1. This completes the proof of Theorem 1.
Proof of Theorem 2. Let IT = {,3 € [0, 1]™; Zkl Bi=1Vie [n]}, and B =B(0) = argmax,., L(B,0)_ Then B’ =ﬂ(9"). For

each O, define J,(a,4) = E(ﬁ, 0). 1t follows from (A4) that

nn—1)
|L'(ﬁ,0) —log PG(A)| < nmax'loga/k| <nloglogn.
k

Therefore,

sup|J, (e, 4) —H, (@, 4)| =
(@4) n(n—

<1 (AS5)

) logl
= sup|£(B.6) ~log Py(4)] < DE0en
) ] n

The desired result follows immediately from (AS5) and Theorem 3.4 in Ref. [24].
Proof of Proposition 2. Using the boundedness of the probability we get

Py (C# ¢ | A) ) [ Po(C=c|A)
PAZ >

P,. (P, Az e < Pu| —F5———— P (C=c14)
(P (CEc [A)z )< ”(Pg(c—clA)_ £ Pp(C=c"|A)

Simple algebra yields that

log

Po(C=c|A) P.(a;|C=¢c) _ P.(C=c)
FLoll=cld) _ ¥ 1 oy
Po(C=c |A) 2l Py C=c) BP (C=c) "

Then we have
Po(C=c|A) ;
Pl ) ———= Py L2 €.
(mmc—cw‘] [Z -

Let g=(g,,-+,g,) with gg=k if ¢, =1, and g"=(g},---,g;) with g =k if ¢, = 1. Then, for any € >0, when n is sufficiently
large, we have

b [Z !1>6]_PA [Z D fl>e]<z Sk, (J1>10g - ) S S Py (4> —drlogn).

c#c” r=1lig-g*llo=r r=1"llg-g*llo=r r=1llg-g*llo=r

For any g with ||[g—g*ll,=7>0,let D: (g,8") = {(i, Dii<jand 4 # A;,xgx}. Then,

P.(a.|C= P. =
(| c) +log (C=c) >

P, (a;1C=¢) P,.(C=c)

P, (a;|C=c) P, (a;|C=c)
P, log———— = —E,[log——————=|| >
! é(ogpm(a[j|c=0*) ! gPA(a IC=c) ’

D;(g:8")

P, (J, = —4rlogn) =P, [Z log —4rlogn] =
i<j

where
P, (a,,IC—c))
s=—4rlogn— E, [lo log —
* <i,j)eDZ:<g,g*> A( gP" (a;1C=c) Z g

With Assumption 1 and Lemma 2, it follows that for some positive integer B,, when n is sufficiently large, @, > B,(logn)™"
and N,(¢) > B,n(logn)™*/2, it then follows from Proposition B.4 in Ref. [24] that |D,*. (g,g*)| > Binr(logn)™?/8. Then, as

n— oo,

4rlogn 2°(logn)'™”?
< -
Bin

and

; _ rlog(B;'(logn)™) _ 2'log(B;'(logn)™) (logn)””
< n —0
2

Note that we have
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P, (a;1C=c)
_E.|1og =201 = = %)
A(OgPA (a;1C=¢)

for any (i, j) ¢ D: (g, g") and some positive constant B; from Assumption 3. Therefore, s > 27'B;(logn)™" D (g.g )| > 0.
P, (a;1C=

) > B;(logn)™"

It follows from (A2) that |10g (Py(a;1C= C))| < BT, for any 4 and c, thus we have 108 m <2BT, and
ij -
s*/ |D,f (g, g*)| B:B2nr(logn)™
P, (J; = —4rlogn) < exp{—Tm < eXp{—jzstT”z},
following Hoeffding’s inequality.
Therefore, let B, = > 82 , when n is large enough, we have
n "
P, ( e > e) < exp{—B,nr(logn)"T*} = ( )(K — 1) exp{-B,nr(logn)”" T’} =
; ; Hg-KZ*IIrFV ; r

[1+(K—-1)exp{-B.n(logn)"T;*}]' - 1 < exp[n(K — 1)exp{-B,n(logn)"T;*}] -1 <
2nK exp {—lognB,n(logn) T2} = 2K btoen T+,

where the last inequality follows from the fact that e —1 <2x when x > 0 is sufficiently close to 0. The desired result follows
immediately from T,n"'*(logn)"*""” < 1.
Proof of Theorem 3. Proposition 2 shows that

Pio(@#c¢)=P,.({Fc#c st. Po.(C=c"|A)<Pe(C=c|A)}) <P, |Psp(C=c"|A) < ZP,,‘(C: clA)]|<

c#c*t

Pyu(Po-(C£C|A) 2 Po.(C=c"|A) =P, (P (C£Cc" |A)>1/2)—> 0.

Define §..(c) = ¢ = ¢))™. It then follows from the definition o B(0°) = argmax ,0") that
fine 6..(c) I(cx = &))" Tt then follows from the defi £8©") LB.6) th

i€[n],ke[K]

KL(R(C.8(6")),Ps(C| A)) =minKL(R(C.p), Po-(C| A)) < KL(G.(C), Py (C| A)) =

5.
Za (@log g (C)l 55 ="logPs (C=c14).

Therefore, for any € > 0, it holds true that
P, (KL(R(C.B(6)).Ps(C| A)) 2 €) <P, (~logPe. (C=¢' | A) 2 €) =
P.(Pe(C=c"|A)<e)=P.(Po.(C#c |A)>1—-¢7).

This completes the proof of Theorem 3.
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