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Public summary
m We propose a robust knockoff method to control the FDR in high-dimensional Cox models.

m We demonstrate the robustness of FDR control for our method when the population precision matrix of predictors is un-
known and replaced by some consistent estimates.

m Our numerical studies and real-data applications validate the effectiveness of the proposed knockoff procedure.
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Abstract: In survival analysis, the Cox proportional hazards model is one of the most popular models widely used in bio-
medical sciences and epidemiology. Despite significant advancements, how to ensure the reproducibility and robustness of
feature selection in high-dimensional Cox models remains largely unexplored, especially when the population precision
matrix of features is unknown. In this paper, we introduce a new feature selection procedure using knockoffs to facilitate
false discovery rate (FDR) control in high-dimensional Cox models. We establish the robustness of FDR control for the
proposed method when the population precision matrix is unknown and replaced by some consistent estimate. Through nu-
merical studies and real-data applications, we demonstrate the effectiveness of our method in controlling FDR while ensur-

ing statistical power.
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1 Introduction

Survival analysis is ubiquitous across various fields, includ-
ing biomedical sciences, epidemiology, and finance! .
Among survival analysis models, the Cox proportional haz-
ards model™ has gained increasing popularity because of its
flexibility in accommodating diverse risk and censoring pat-
terns. With the increasing size and complexity of datasets in
areas such as genomics, effective feature selection has be-
come crucial for identifying significant variables in high-
dimensional Cox models. Over the past few decades, various
regularization methods for feature selection have been exten-
ded from linear regression to Cox proportional hazards mod-
els; examples include Lasso, SCADP, and Dantzig
selector’®, among others. Despite rapid progress, most exist-
ing studies on Cox models have mainly focused on statistical
power. However, it is crucial to consider another key per-
spective in feature selection: reproducibility, ensuring that the
results are consistent across different samples.

To ensure the reproducibility of statistical inference, Ben-
jamini and Hochberg” proposed the Benjamini—Hochberg
procedure, a method based on multiple testing, to control the
false discovery rate (FDR). This procedure selects a feature
only if its associated p-value is smaller than a certain
threshold, where the FDR is defined as the expectation of the
fraction of false discoveries among all discoveries. Due to the
importance of FDR control, the Benjamini—-Hochberg proced-
ure has been generalized to various settings™”.

However, the aforementioned p-value based FDR control
procedures can be invalid in some high-dimensional
settings!"”l. Therefore, Barber and Candes'"" suggested a new
procedure called the knockoff filter to control the FDR of

feature selection through control variables. This procedure
was later extended to high-dimensional settings with the aid
of feature screening and data splitting"”. Moreover, Candés et
al." introduced the model-X knockoffs for FDR control
under arbitrary dimensions and any dependence structure
when the distribution of the covariates is given. The robust-
ness of model-X knockoffs has been further demonstrated in
Refs. [14-16]. Furthermore, the model-X knockoffs frame-
work has been applied to some survival models to control the
FDR!""'"¥. However, both Dong et al.'” and Li et al.l'"! as-
sumed that the feature distribution is known. When the popu-
lation precision matrix of predictors is unknown and needs to
be estimated, how to achieve robust FDR control for the high-
dimensional Cox model is still largely unexplored.

Notably, existing robust methods for FDR control in the
knockoff framework mainly focused on scenarios where the
response is perfectly observed'*'>"”). However, to explore the
robust FDR control for high-dimensional Cox models, we
need to address the challenges posed by censored data and the
unknown precision matrix simultaneously. Even if we em-
ploy some consistent estimate of the precision matrix, the
constructed knockoff variables will not satisfy the so-called
pairwise exchangeability and will depend on the censored
data, invalidating the key properties required to guarantee
FDR control in Ref. [13]. To address this issue, by employ-
ing an independent and consistent estimate of the precision
matrix, we can characterize the FDR as a function of covari-
ates and their knockoff copies. This ensures that the FDR
function depends on the precision matrix only through the co-
variates and their knockoff counterparts, demonstrating that
the randomness of the censored data will not affect the robust
FDR analysis. By extracting the precision matrix from the
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knockoff matrix, we can directly characterize the relationship ISN S
between the FDR and the precision matrix. This motivates us FDR :=E[FDP], FDP:= SVl @)

to utilize the stability argument to ensure that our knockoff
procedure is stable under small perturbations of the precision
matrix estimation.

In this study, we propose a robust knockoff method to con-
trol the FDR in high-dimensional Cox models. The new
method combines the strengths of model-X knockoffs and
penalized partial log-likelihood estimation. We demonstrate
the robustness of FDR control for our method when the popu-
lation precision matrix of predictors is unknown and replaced
by some consistent estimates. Our numerical studies and real-
data applications further validate the effectiveness of the pro-
posed knockoff procedure.

The rest of this paper is organized as follows. Section 2
outlines the model setting, reviews the model-X knockoffs
framework, and describes our proposed knockoff procedure.
Theoretical properties are established in Section 3. Numeric-
al studies and real-data applications, which illustrate the effic-
acy of our approach, are presented in Sections 4 and 5, re-
spectively. We discuss some extensions and possible future
work in Section 6. All proofs and technical details are releg-
ated to Appendix.

2  Methodology

2.1 Model setting

We consider a sequence of independent and identically dis-
tributed (i.i.d.) samples {(x;,T;)}., drawn from a population
(x,T). Each sample consists of a p-dimensional covariate
vector x; = (x;,---,X;,)", corresponding to the ith individual.
In survival analysis, situations in which not all survival times
are fully observable are common. In such cases, there is a se-
quence of right censoring times {C;}._,. Consequently, the ob-
served data are (y;,X;,0;), where y, =min(7,,C;) represents
the observed event time, and 6, = 1 {T; < C,} serves as the cen-
soring indicator. The Cox proportional hazards model formal-
izes the hazard function for the ith individual as follows:

At x) = (D exp(x] By), (1

where A,(f) denotes the unknown baseline hazard function at
time ¢ and B, € R” is an unknown true coefficient vector.
Then the maximum partial log-likelihood is defined as

LB = 126 {x?ﬁ—log(%i]l{n > K}exp(x}ﬁ))}.

In high-dimensional settings where the number of covari-
ates p can be significantly larger than the sample size n, it is
commonly assumed that the true coefficient vector B, has a
sparse structure to ensure model identifiability. This implies
that only a small subset of the components of 8, are nonzero.
Let Sy ={j: Bo; # 0} denote the set of predictors that are truly
relevant to the hazard function, with S; representing its com-
plement. To evaluate the effectiveness of a feature selection
procedure that identifies a subset 5 ¢ [p]> we define the FDR
of this procedure as follows:

-2

where FDP is the false discovery proportion, |-| indicates the
cardinality of a set, and the notation aV b = max{a,b}. Our
goal is to accurately identify the relevant variables within S,
while controlling the FDR.

2.2 A brief review of the model-X knockoffs framework

Before introducing our procedure, we briefly review the
model-X knockoffs framework developed by Candes et al.'”!
for completeness. The model-X knockoffs framework con-
structs the knockoff variables that mimic the dependency
structure among the original features and are independent of
the response conditional on the original features.

Definition 1.""' Model-X knockoff features for a set of ran-
dom features x = (x,,---,x,)" area new set of random fea-
tures X = (x,,---,x,)" that satisfies two properties:

(1) For any subset S C[pl, [*,X]ans) 1 [x,x], where
swap(S) means swapping components x; and X; for each
j €S and 4 denotes equal distribution;

(ii) ¥ is independent of the response conditional on x.

When the covariate distribution is characterized by a Gaus-
sian distribution x ~ N(0,9;') with €, the precision matrix
of x, the knockoff vector X can be generated from the condi-
tional distribution

Xlx ~ N(C%x, (B*)?), 3

where C* =1, — Q,diag{s}, B* = (2diag(s} — diag{s}Q,diag(s})"”,
and diag{s} is the diagonal matrix with components in the
vector s. The original covariate x and its knockoff copy X
satisfy the following joint distribution

) o

()M 1

where X, = Q7' is the covariance matrix of covariates x. In
addition, the vector s can be selected via the procedures sug-
gested by Candés et al."? to ensure that X, —2"'diag{s} >0 is
positive definite.

Indeed, it has been a common practice to use the Gaussian
distribution to construct knockoffs since it provides an expli-
cit conditional distribution expression to sample the knockoff
variables, as demonstrated in various studies!*'>*), Moreover,
as shown in Ref. [14], even if the covariates do not follow the
Gaussian distribution, the knockoff variables constructed via
the methods outlined above can be good approximations of
the knockoffs satisfying Definition 1.

The next step is to construct knockoff statistics W,,---, W,
to evaluate the feature importance of the original variables.
Denote by Y = (x,,---,x,)" the constructed knockoff matrix
of the covariate matrix X=(x,,---,x,)". For each
jefl,---,p}, we write W, = w,([X,)?],y) as a function of the
augmented data matrix [X, )?] and response y = (¥, -+ ,y,)"
satisfying the sign-flip property

w,([X,X1,),
_Wf([Xv X],_)’),

X,
X, —diag{s}

X, —diag{s}
X,

Jj&Ss;

W/([X,i]swap(s)’y) = { JES

CSTR: 32290.14.JUSTC-2024-0075
DOI: 10.52396/JUSTC-2024-0075
JUSTC, 2025, 55(X):


https://cstr.cn/32290.14.JUSTC-2024-0075
https://cstr.cn/32290.14.JUSTC-2024-0075
https://cstr.cn/32290.14.JUSTC-2024-0075
https://cstr.cn/32290.14.JUSTC-2024-0075
https://cstr.cn/32290.14.JUSTC-2024-0075
https://doi.org/10.52396/JUSTC-2024-0075
https://doi.org/10.52396/JUSTC-2024-0075
https://doi.org/10.52396/JUSTC-2024-0075
https://doi.org/10.52396/JUSTC-2024-0075
https://doi.org/10.52396/JUSTC-2024-0075

Zzsrg "

Zhou et al.

where S C {1,---,p} is any given subset. Intuitively, since all
the knockoff features are noise features, we would expect the
important features to demonstrate large positive values in
their knockoff statistics, whereas the noise features should ex-
hibit small magnitudes symmetrically distributed around zero.

The final step is to select features whose knockoff statist-
ics exceed a data-driven threshold T', which results in the set
of identified features

5=8M={1<j<p:W,>T}.

Following Baeber and Candés!"'"! and Candés et al.l'”), there
are two thresholds for a prespecified FDR level g€ (0,1).
One is the knockoff threshold for controlling the modified
FDR, which replaces |§| with ¢7' + |§| in the denominator of
the FDR in (2). It is defined as

W, < —t
T = min tEW:uSq %)
|{j W, > t}|
or T =+4co if the above set is empty, where

W= {|W/-| 01 stp}/{O}. The other is the knockoff+
threshold
< q} .

It is clear that the knockoff+ threshold is more conservat-
ive since it aims at controlling the exact FDR. Candés et al.!
has proved that the model-X knockoffs framework controls
the FDR with the knockoff+ threshold, and controls the modi-
fied FDR with the knockoff threshold.

2.3 The robust knockoff filter in high-dimensional Cox
models

L+ [{j: W, < =)

6
[tj: W, >4 ©

T+=min{teW:

We now introduce the proposed method for FDR control in
high-dimensional Cox models. As discussed in Section 2.2,
following Fan et al."” and Bai et al.””, we assume that the
rows of the design matrix X are sampled as i.i.d. copies from
N(0,9;").

Step 1. Constructing knockoffs. When the population pre-
cision matrix €, is known, we can generate knockoff vari-
ables by (3). However, since the population precision matrix
Q, is unknown in practice, we first need to construct its es-
timate, denoted as Q. In fact, various methods can be em-
ployed to estimate the high-dimensional precision matrix €,
such as the graphical Lasso"", CLIME"”, and ISEE".

With the estimated precision matrix €, we propose gener-
ating the knockoff variables xe = (z®, ... ¥2)7 e R"» by

*2x, ~ N(C%x,, (B%)?), (7)

where C?=1I,—-Qdiag{s}, and B®=(2diag{s}—diag{s}Qdiag(s})"*.
Here we use the superscript © to emphasize the dependence
of the knockoff variables on . Formally, we can write the
knockoff matrix x* as

X = XC°+ZB", (®)

where Z = (z;,-+-,z,)", and z; ~ N(0,L,) represent i.i.d. nor-
mal random vectors that are independent of x,’s. Note that

-3

when @ equals €,, the knockoffs generated above are the
exact model-X knockoffs as described in (3).

Step 2. Calculating knockoff statistics. As outlined in Sec-
tion 2.2, there are many options for the knockoff statistics as
long as they satisfy the so-called flip-sign property. Here we
employ the Lasso coefficient difference statistics due to its
high power in empirical performance'”. Specifically, we con-
sider the following penalized estimator from the partial log-
likelihood,

B = argmin{-((8) + AUl |

Ber2P

©)

where E: B, ’EZ/’)T’ A >0 is the regularization parameter
and

=1 > i 1B
tog (1 Z 17,2 Vexp(lx], G 18)

Then the knockoff statistic W, is defined as

W, =181= 1Bl (10)

Step 3. Find the threshold and select features. With the

knockoff statistics W;, j=1,---,p, we sort them from high to

low and select features whose statistics exceed the data-

driven threshold 7' defined in (5) or (6), thus identifying the
relevant features in the set

S=8(T)={1<j<p:W,>T}. (11)

3 Theoretical properties

In this section, we establish theoretical guarantees of the pro-
posed method. We first establish the exact FDR control of our
procedure when the population precision matrix €, is known.
Next, we investigate the robustness of FDR control for our
procedure.

Condition 1. The censoring time C is independent of the
irrelevant features in S;.

Condition 1 is a mild condition similar to that used by
Dong et al.'” and Li et al.'l, indicating that the censoring
time depends only on the relevant covariates in S,. In particu-
lar, this condition is satisfied when the censoring time is inde-
pendent of all the covariates.

Lemma 1. Assume that Condition 1 holds and the con-
structed knockoffs satisfy Definition 1. For any ¢ € (0, 1), our
method with the knockoff threshold 7 in (5) identifies the set
S={1<j<p: W, > T} satisfying the modified FDR control
IS NSl

mFDR =E

NESa

and with the knockoff+ threshold 7', in (6) identifies the set
S, = {1 <j<p:W,>T,) satisfying the exact FDR control

IS ns;l

FDR =E|—
[STv1

<
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Lemma 1 is the same as Theorem 1 in Ref. [18], which es-
tablishes the FDR control of our method in the ideal scenario
where the constructed knockoffs satisfy Definition 1. If we
can obtain the population precision matrix €2, the knockoffs
generated from €, will inherently satisfy Definition 1.
Moreover, the knockoff+ threshold is more conservative since
it controls the exact FDR.

Next, we investigate the theoretical properties of our meth-
od when the precision matrix £, is unknown and replaced by
an estimator . The following definition characterizes the
properties that an acceptable estimator € should satisfy.

Definition 2 (Acceptable estimator). A pXp symmetric
matrix £ is called an acceptable estimator of the true preci-
sion matrix €2, if it satisfies:

(1) Q is independent of the data (X,y);

(ii) [1R2-Lll, <Ca,, holds with probability at least
1-0(p™) for some constants C,c >0 and a,, = 0 as n — co.

A similar class of acceptable estimators was adopted in
Ref. [19]. The first property in Definition 2 is imposed so that
the randomness of ¢ would not interfere with the subsequent
knockoff inference procedure. In practice, this can be
achieved via the technique of data splitting!****1, or by using
auxiliary data of covariates, which are independent of the ori-
ginal data®’. Furthermore, we mention that independence is
more of a technical assumption than a practical need. The
second property can be satisfied by many existing methods
for high-dimensional precision matrix estimation, such as
graphical Lasso™, CLIME™, and ISEE™.

The FDR function depends on the precision matrix £
through the construction of the knockoff matrix xe To link
the FDR of our procedure based on the true precision matrix
with that derived from the estimated one, we reformulate the
FDP and FDR functions in (2) as

FDR,(Q) = E[FDP,(y, X, X%)], (12)

where the subscript n is used to stress the dependence of the
FDP and FDR functions on the sample size n. In particular,
with the population precision matrix £,, it follows from
Lemma 1 that the FDR of our proposed method based on
(r,X,X™), FDR,(L,), is controlled at the target level ¢g. To
study the robustness of our method, we establish a connec-
tion between the functions FDR,(2) and FDR,(£2,).

In light of (12), we can first study the link between the aug-
mented knockoff matrices [X, X®] and [X,X®]. For any pre-
cision matrix €, by (8) we know that the corresponding
knockoff matrix is x° = xC®+7ZB® Where C%=
I, — Qdiag{s}, and B* = (2diag{s} — diag{s}Qdiag{s})"*. Then
by some calculations, it yields that

[X,X"] = X, H", (13)

aug

where X,,, = [X, X®] = [X,XC® +ZB*] and

1 C2— % (Bﬂo )71B9
Q P
H" = ( 0 (BQO)—]BQ (14)
with C™ =1,-Q,diag{s}, B* = (2diag(s}—diag{s}Q,diag{s})"”.
Since €, is the population precision matrix, we can treat H*
as a function of Q. Thus, with an estimated precision matrix

Q. we can see that H* measures the difference between the
estimated augmented knockoff matrix [X,X®] and the true
one [X, f““] with respect to Q. In particular, when Q =,
we have H* =1,,.

On the basis of the above discussions, since the FDR func-
tion depends on Q through [X,X?] in view of (12), we can
further characterize the dependency of the FDR function on
Q through the matrix H®.

Proposition 1. For any given symmetric positive definite
matrix Q € R, we have

FDR,(Q) = E[g,(X.,.H)],

where X, = [X, X“’O] € R™ is the augmented knockoff mat-
rix with the knockoff matrix e generated vua the true preci-
sion matrix €,. The function g,(-) is some conditional expect-
ation of the FDP function, whose form is free of , and H® is
defined in (14).

According to Proposition 1, when Q =Q,, H* =1,,, and
FDR,(H®) = E[g,(X...)] < g according to Lemma 1. Since the
augmented knockoff matrix X,,, is generated through the true
precision matrix €, the only difference between FDR,(£2)
and FDR,(€,) lies in the matrix H®. Moreover, Proposition 1
demonstrates that the dependence of the FDR function on £
is fully characterized by the matrix H® so that we can repara-
meterize the FDR function as FDR,(H®).

Condition 2. There exists some positive constant L such
that

IFDR,(H®) - FDR,(H*)| < L|H* - H™||,

for any given symmetric positive definite Q € R satisfying
12 -, < Ca,, with some constant C >0 and a,, — 0.

Condition 2 is a similar continuity condition to that in Fan
et al."”! and Zhou et al.l"”), which assumes the Lipschitz con-
tinuity of the FDR function with respect to H* when the es-
timation loss of the precision matrix is no larger than q,,. Ac-
cording to Proposition 1, the FDR function FDR,(H?) can be
expressed as E[g,(X...H?)]. Note that g,(-) is some condition-
al expectation with respect to the probability law of X,
which follows a matrix normal distribution with independent
rows in view of (4). Furthermore, the conditional expectation
is indeed a projection onto normal random variables. Motiv-
ated by the smoothness of normal random variables, we ex-
pect g,(-) to be smooth. Thus, given the smoothness of g,(-),
we expect that Condition 2 holds.

We establish the robustness of FDR control for our proced-
ure in the following theorem.

Theorem 1. Assume that all the eigenvalues of €, are
bounded away from 0 and oo and that the smallest eigenvalue
of 2diag(s}—diag{s}Q,diag{s} is bounded from below by
some positive constant. Then under Condition 2, it holds that

sup |[FDR,(H")-FDR,(H™)| = O(a,,).

[12-Qll2<Cay)

Moreover, with Condition 1 and the acceptable estimator £
satisfying Definition 2, the FDR of the knockoff procedure
can be bounded from above by g+ O(a,,)+O(p™) for any
prespecified FDR level g € (0, 1) and some positive constant c.

Theorem 1 establishes the robustness of FDR control with
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respect to the estimated precision matrix. The terms O(a,,)
and O(p~) reflect the price that we pay for estimating the un-
known precision matrix. Specifically, the term O(a,,) repres-
ents the estimation accuracy of the precision matrix in terms
of the matrix spectral norm. When €, is L,-sparse with each
row containing at most L, nonzeros for some L, that can di-
verge with p, it has been shown that the convergence rate a,,
is typically on the order of L, y/(log p)/n under various popu-
lar methods such as graphical Lasso", CLIME™), and
ISEE™!. In addition, in high-dimensional settings where p is
larger than n, the term O(p™) is the tail probability of the
consistent results, which converges to zero rapidly. Therefore,
with a sufficiently large sample size, the reproducibility of the
suggested procedure will be guaranteed for high-dimensional
Cox models.

4 Simulation studies

In this section, we conduct simulation studies to examine the
finite-sample performance of the proposed method. Since
Definition 2 requires that the estimated precision matrix in
Step 1 be consistent and independent of the data used for the
subsequent knockoff procedure, we investigate the impact of
precision matrix estimation by comparing the performance of
the oracle knockoff procedure, our method with data splitting,
and our method without data splitting. Specifically, the or-
acle knockoff procedure is carried out by generating knock-
off variables via the population precision matrix €,. For our
method with data splitting, we first randomly divide the data
into two parts of equal size. The first part is used to estimate
the precision matrix. And with the estimated precision matrix,
the subsequent knockoff procedure is applied to the second
part to obtain the final selected set. In contrast, our method
without data splitting uses the same data for both precision
matrix estimation and the knockoff procedure.

In addition, both the knockoff thresholds defined in (5) and
(6) are applied to the three aforementioned procedures. For
convenience, we refer to the proposed method without data
splitting as “knockoff” and “knockoff+”, and the proposed
method with data splitting as “split knockoff” and “split
knockoff+”. Furthermore, the oracle procedure with the two
knockoff thresholds is denoted as “oracle knockoff” and
“oracle knockoff+”, respectively.

For comparison, we also report a data splitting method with
FDR control similar to that proposed in Refs. [27, 28]. This

method consists of four steps. First, the data are randomly
split into two equal folds. Second, the first fold is used to es-
timate the active set of predictors via Lasso. Third, the second
fold is used to fit the selected predictors in the active set with
the maximum partial log-likelihood method and calculate the
corresponding p-values. In addition, the remaining p-values
are set to 1. Finally, for a prespecified target FDR level ¢, the
Benjamini—Hochberg procedure! is applied to the obtained p-
values to determine the final selected set of predictors. For
simplicity, we refer to this method as BHq.

In the implementation of our knockoff procedure, we em-
ploy the ISEE method”" to estimate the precision matrix be-
cause of its scalability and simple tuning. Similar to Fan et
al.l”l, we choose s; = I/Amx(ﬁ) for all 1< j<p, where O
denotes the estimated precision matrix and A,,, is the largest
eigenvalue of a matrix. To examine the feature selection per-
formance, we focus on the empirical FDR and the power
based on 100 replications, where the power is defined as the
proportion of true discoveries to all true variables. The target
FDR level g is set at 0.1 for all simulation examples.

4.1 Simulation example 1

In our simulation setup, the sample size # is fixed at 400 and
the dimension p varies among {600,800,1000, 1200, 1400}.
The rows of the design matrix X are generated as i.i.d. copies
from N(0,X) with covariance matrix X = (0.5""),, ... The
true coefficient vector 3, is set as a sparse vector with k =20
nonzero components, whose locations are randomly selected
and the values of these nonzero elements are randomly drawn
from {+1.5}. We generate survival times {7}, on the basis of
the hazard function (1) with 2,(¢#) = 0.3. The censoring times
{C.}., are sampled from an exponential distribution with
parameter A., which is set to achieve an approximate censor-
ing rate of 20%.

The simulation results are summarized in Table 1. It can be
seen from Table | that the three knockoff procedures with
knockoff+ threshold can control the FDR at the target level
while maintaining high power across different dimensions. It
is reasonable that the procedure with knockoff threshold has
an empirical FDR slightly over the target level since the
knockoff threshold tends to select more variables than the
knockoff+ threshold by definition. Moreover, our knockoff
and knockoff+ methods closely mimic split knockoft and split
knockoff+, indicating that data splitting is more of a technic-
al assumption. Furthermore, the performance of both meth-

Table 1. The empirical FDR and power of different methods over 100 replications for simulation example 1 in Section 4.1.

Method p =600 p =800 p =1000 p=1200 p = 1400
FDR Power FDR Power FDR Power FDR Power FDR Power

Knockoff 0.1250 1 0.1293 1 0.1194 1 0.1092 1 0.1290 1

Knockoff+ 0.1009 1 0.1063 1 0.0864 1 0.0796 1 0.0870 1

Oracle knockoff 0.1227 1 0.1319 1 0.1472 1 0.1379 1 0.1308 1

Oracle knockoff+ 0.0886 1 0.0958 1 0.0888 1 0.0996 1 0.1121 1
Split knockoff 0.1191 1 0.1337 1 0.1368 1 0.1214 1 0.1521 0.9983
Split knockoff+ 0.0605 1 0.1036 0.9983 0.1103 1 0.0823 1 0.1043 0.9983
BHq 0.0079 0.9750 0.0032 0.9241 0.0032 0.8917 0.0127 0.8467 0.0167 0.7524
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ods is comparable to that of the oracle knockoff procedure,
which employs the true precision matrix for knockoff genera-
tion. This further demonstrates the robustness of our proced-
ure. In contrast, BHq is a more conservative method, as it
controls the FDR at a level much lower than the target level
while also suffering from a loss of power as the dimension in-
creases. This might be because the asymptotic null p-values
could be highly nonuniform in high-dimensional cases"'""\.

4.2 Simulation example 2

In example 2, the setup is similar to that in example 1 with the
exception of the baseline hazard function A,(¢) and the cen-
soring time. Here we model the baseline hazard function as
time-dependent by setting A,(¢) = 2¢. In addition, we generate
the censoring time as A.exp(x;y) to make it dependent on
some important features. Specifically, after generating f,, we
generate y with 5 nonzero elements, each of which is valued
at 1. These nonzero elements of y are randomly allocated
among the nonzero locations of f,. Furthermore, the constant
A. is chosen to achieve a censoring rate of approximately
20%.

Table 2 summarizes the empirical FDR and power of dif-
ferent methods under the scenario where the censoring time
depends on covariates and the baseline hazard function is
time-dependent. Table 2 shows that our methods, both with
and without data splitting, still enjoy good and similar per-
formance in terms of empirical FDR and power. Moreover,
we also observe that BHq can achieve FDR control but
suffers from a loss of power.

4.3 Simulation example 3

In example 3, we consider that the distribution of the covari-
ates X is non-Gaussian. Specifically, the rows of X are i.i.d.
samples drawn from the multivariate centered ¢-distribution
1,0(0,X) with X = (0.5, ,.,. The remaining part of this sim-
ulation setting is the same as that in example 2.

When the covariate distribution is non-Gaussian, we can
see from Table 3 that our knockofft+ and split knockoff+
methods can still control the FDR at the target level and re-
tain high power across various dimensions. Our procedure
with the knockoff threshold also has high power and achieves
an FDR value slightly above the target level. For BHq, this
method can control the FDR at a much lower level than the
target level while suffering much more from power loss.

5 Two real data applications

In this section, we showcase the practical utility of the pro-
posed method on two real datasets.

5.1 Primary biliary cirrhosis data

The primary biliary cirrhosis (PBC) data provided by
Therneau™, were collected from the Mayo Clinic trial in PBC
of the liver, which was conducted from January 1974 to May
1984. This study included 424 patients, 312 of whom parti-
cipated in a randomized trial of the drug D-penicillamine
versus placebo. Among these 312 patients, we discarded
those observations with missing values in the dataset, result-
ing in a sample of n = 276 patients. At the end of the follow-

Table 2. The empirical FDR and power of different methods over 100 replications for simulation example 2 in Section 4.2.

p =600 p =800 p = 1000 p=1200 p = 1400
Method
FDR Power FDR Power FDR Power FDR Power FDR Power
Knockoff 0.1477 1 0.1536 1 0.1041 1 0.1465 1 0.0995 1
Knockoff+ 0.1105 1 0.1088 1 0.0802 1 0.0902 1 0.0771 1
Oracle knockoff 0.0973 1 0.1721 1 0.1200 1 0.1197 1 0.1091 1
Oracle knockoff+ 0.0695 1 0.1311 1 0.0961 1 0.0961 1 0.0643 1
Split knockoff 0.1493 1 0.1060 1 0.1155 0.9900 0.1574 0.9917 0.0915 0.9700
Split knockoff+ 0.0937 1 0.0632 1 0.0768 0.9883 0.1170 0.9917 0.0657 0.9533
BHq 0.0035 0.9624 0.0000 0.8883 0.0000 0.8083 0.0049 0.6717 0.0035 0.5567
Table 3. The empirical FDR and power of different methods over 100 replications for simulation example 3 in Section 4.3.
p =600 p=2800 p = 1000 p=1200 p = 1400
Method
FDR Power FDR Power FDR Power FDR Power FDR Power
Knockoff 0.1138 1 0.0852 1 0.1014 1 0.1601 1 0.0972 1
Knockoff+ 0.0729 1 0.0700 1 0.0731 1 0.0633 1 0.0546 1
Oracle knockoff 0.1150 1 0.1070 1 0.1428 1 0.0989 1 0.0985 1
Oracle knockoff+ 0.0827 1 0.0770 1 0.0977 1 0.0670 1 0.0685 1
Split knockoff 0.1305 0.9983 0.1274 1 0.1178 0.9750 0.1194 0.9717 0.1246 0.9500
Split knockoff+ 0.0950 0.9917 0.0934 1 0.0732 0.9617 0.0594 0.9667 0.0695 0.9450
BHq 0.0081 0.9317 0.0016 0.8250 0.0016 0.7050 0.0085 0.6183 0.0024 0.5033
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up period, 111 of these 276 patients had died, indicating a
censoring rate of approximately 60%. The dataset comprises
p =17 features including demographic variables (age, sex)
and clinical characteristics (e.g., spiders, ascites, edema). For
a comprehensive overview of these variables, see Ref. [29].
Our goal was to identify the true risk factors that influence
survival time among the 17 covariates included in the dataset.
As demonstrated in Section 4, since our method without
data splitting can control the FDR at the desired level and
maintain high power, we implement our method without data
splitting. For comparison, we also apply BHq and Lasso to
this dataset. The precision matrix is estimated via the ISEE
method® and the target FDR level is set at ¢ =0.2. The se-
lection results are summarized in Table 4. Compared with
Lasso, the knockoff+ method selects seven predictors, exclud-
ing ascites and SGOT. As evidenced by Tibshirani, the coef-
ficients for these two features are notably small and not stat-
istically significant, suggesting that they are likely noise vari-
ables. This selective capability suggests the effectiveness of
the knockoff+ method in distinguishing relevant from irrelev-
ant predictors within the dataset. In addition, BHq selects
fewer variables. Moreover, the variables identified by knock-
off+ but not by BHq, such as age and oedema, have been
shown to be significant in Refs. [4, 30]. This reveals the po-
tential of the knockoff+ method to uncover more clinically
relevant variables that might be missed by BHq, thereby aid-
ing in the development of more accurate treatment strategies.

5.2 Diffuse large-B-cell lymphoma data

We further demonstrated the usefulness of our method by
analyzing the microarray diffuse large-B-cell lymphoma
(DLBCL) data originally studied by Rosenwald et al."" This
dataset consists of 240 patients after chemotherapy, with
p=7399 cDNA microarray expressions of each individual
patient as predictors. Among 240 patients, five patients had
survival times close to 0; thus, we removed them and
obtained a sample of n = 235 patients. The median follow-up

time was 2.8 years and 138 patients died during the study
period. The aim of this study was to formulate a molecular
predictor of survival after chemotherapy for this disease.

Since the dimensionality of this dataset is ultrahigh, we im-
plement a screening procedure as described by Liu et al.”” to
obtain a reduced model comprising [r/log(n)] =43 features.
Similar to Section 5.1, we apply our method without data
splitting, as well as BHq and Lasso to the reduced model ob-
tained from the screening stage. The target level of the FDR is
setat g =0.2.

The selected genes are listed in Table 5. Lasso tends to se-
lect more genes than the knockoff procedure and BHq does,
whereas the BHq approach is more conservative. Table 6 lists
the 12 genes selected by means of knockoff+ method. We can
see from Table 6 that the genes identified by the knockoff+
method belong to both the proliferation signature group and
the lymph node signature group, whereas the BHq method
identifies genes from only the proliferation signature group.
As evidenced by Hong et al.™”l, both the proliferation and
lymph node signature groups are relevant to patient survival
from the time of chemotherapy. In addition, the lymph node
signature, which reflects a host response characterized by the
abundant expression of extracellular matrix components and
infiltration of tumors with immune cells other than T cells, is
important for understanding the tumor microenvironment and
its interaction with the immune system“*. Thus, compared
with BHq, the ability of the knockoff method to identify
genes from the lymph node signature group underscores its
capacity to capture more critical genes for patient survival.

6 Conclusions

In this paper, we propose a new method for feature selection
in high-dimensional Cox models that achieves asymptotic
FDR control, facilitating reproducible learning in survival
analysis. Both the established theoretical properties and
empirical performance demonstrate the efficiency of our pro-

Table 4. Variable selection results of different methods for the real data application in Section 5.1.

Method Selected variables
Lasso Age, ascites, oedema, serum bilirubin, albumin, urine copper, alkaline phosphatase, SGOT, prothrombine time
BHq Serum bilirubin, urine copper, albumin, prothrombine time
Knockoff Age, oedema, serum bilirubin, albumin, urine copper, alkaline phosphatase, SGOT, prothrombine time
Knockofft Age, oedema, serum bilirubin, albumin, urine copper, alkaline phosphatase, prothrombine time

Table 5. IDs of genes selected by different methods for the real data application in Section 5.2.

Method Gene IDs
31981 29652 30157 16292 26163 16309 34771 30282 31037
Lasso 17765 27267 17236 32787 27774 32679 31242 16937 24933
29652 32238 24376 22162 17765 27267
BHq 31981 16292 16309 34771 31037
31981 29652 30157 16292 26163 16309 34771 30282 31037
Knockoff
17765 27267 17236 32787 27774 32679 31242 16937
31981 29652 30157 16292 26163 16309 34771 30282 31037
Knockoff+
17765 27267 17236
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Table 6. The list of 12 selected genes by knockoff+ for the real data application in Section 5.2.

ID Signature Description
17236 Proliferation Eukaryotic translation elongation factor 1 alpha 1
31981 Proliferation Septin 1
29652 Proliferation BUB3 budding uninhibited by benzimidazoles 3 homolog
30157 Proliferation Centromere protein F
16292 Proliferation Centromere protein F
26163 Proliferation Ring-box 1
16309 Proliferation Guanine monphosphate synthetase
34771 Proliferation Tubulin, alpha, ubiquitous
30282 Proliferation Tubulin, alpha, ubiquitous
31037 Proliferation Protein phosphatase 1G, magnesium-dependent, gamma isoform
17765 Lymph node Integrin, alpha 5 (fibronectin receptor, alpha polypeptide)
27267 Lymph node Actinin, alpha 1

posed method. It would be interesting to extend our method to
more general models in survival analysis and develop the ro-
bustness of power analysis in our method. The main diffi-
culty lies in how to establish the consistency of the coeffi-
cients used to generate the knockoff statistics, particularly
when the knockoff matrix is generated on the basis of an es-
timated feature distribution. These extensions are beyond the
scope of this study and are interesting topics for future
research.

The independence between the estimated precision matrix
and the data plays an important role in our technical analysis
and can be achieved via data splitting. Our numerical ex-
amples, however, suggest that this independence is more of a
technical assumption than a practical necessity. It would be
interesting to develop theoretical guarantees for our proced-
ure without the independence assumption. Moreover, the ro-
bustness of FDR control for our procedure utilizes the stabil-
ity argument in Condition 2 that the knockoff procedure ex-
hibits stability properties under small perturbations of the pre-
cision matrix. Similar stability arguments and technical condi-
tions are also used in Barber et al.'! and Fan et al.'. Never-
theless, it would be interesting to provide more justifications
for these arguments. The main challenge is that the FDR
function is data-driven and it depends on the data through un-
known and complex forms. Thus, these extensions are im-
portant and interesting topics for future research.
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This section contains the proofs of main results. Throughout the proofs, let C denote some generic positive constant whose value
may change from line to line. For ease of presentation, for the population precision matrix €,, denote by X, = XC, + ZB,, Where

C, =1, - Q,diag{s}, and B, = (2diag{s} — diag{s}Q,diag{s})">.

A.1 Proof of Proposition 1

In this proof, we consider the precision matrix € is given. Recall that C* = I, — Qdiag{s}, and B® = (2diag{s} — diag(s}Qdiag{s})"”.

By (7), we can generate the knockoffs matrix ye — (X2,

,'x—?]T as

X2 = XC® +ZB2,

where we use the superscript € to emphasize the dependence of knockoffs matrix on Q, Z =(z,,--

resent i.i.d. normal random vectors that are independent of x;’s.

,2,)", and z, ~ N(0,L,) rep-

By the same argument, for the knockoffs matrix | generating by the precision matrix €,, we can get that

X, = XC, +ZB,.

Recall that X,,, = [X, .Yo] =[X,XC, +ZB,] is the augmented matrix consisting of the columns of X and fo, and

Q _ Ip
P

By some calculations, it follows that

[X,X"] = [X,,.H"]

and have identical joint distribution.

C®-C,B;'B®
BSIBQ

(AT)

In view of our knockoffs procedure, we calculate the knockoff statistics W;’s using (y, X, X“). Thus, the FDR function can be

written as
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FDR,(Q) = E[FDP,(y, X, X%)] = E[g,(X, X*)], (A2)

where g,(X, 5(“’) = E[FDP,(y, X, )7“)|X , )7“]. It can be seen that the function g, is the conditional FDP when knockoff matrix xe
is generated using . Since the response y is independent of x=e given X, it is clear that the function form of g, is free of the
matrix € used to generate knockoff variables.

Thus, combining Egs. (A1) and (A2), we can rewrite the FDR function as

FDR,(Q) = E[g,(X...H")],
which completes the proof of Proposition 1.

A.2 Lemma 2 and its proof

Lemma 2. Assume that € is an acceptable estimator satisfying Definition 2. If A,.(Z,)<c,' and
Anin(2diag{s} — diag({s}Q,diag{s}) > ¢, for some constant ¢, > 0, it holds that

IB;'B® ~L|I, < c/[|2 — I, = O(a,,),

where ¢, is some positive constant.
Proof. By the definition of B, and B®, we have

(B%) - B} = —(diag(s)(2 - Q,)diag(s)). (A3)
By the definition of s that X, —2-'diag(s) is positive definite and A, (X,) < ¢y, it holds that

||s||max S 2Amax (EO) S C (A4)

In addition, since € is an acceptable estimator satisfying Definition 2, we have [|Q - Q]||, = O(a,,). Combining the above results
yields that

l(B)* —Bill, < ClIQ ~ I, = O(a,,). (AS5)
On the other hand, by the triangle inequality, for sufficiently large n, it follows that
Anin(B®)’) 2A,0,(BY) + A (B®)’ = BY) 2 A,in(BY) = O(a,,) =
Anin(2diag(s) — diag(s)Q,diag(s)) — O(a,,) = ¢,/2.
In addition, it holds that A,;,(B}) = A,;,(2diag(s) —diag(s)Q,diag(s)) > c¢,/2. Based on the two inequalities, by Lemma 2.2
in Ref. [36], we get that
[I(B#) = Boll, < (Veo/2+ Vo /2)MI(B*)* = Bl, < ClIQ—Qll, = O(a,,),

where the last step is due to (AS5). Thus it concludes that

IB;' B ~ 1[I < [I(B*) =B, [LIIB;' [l < ClIQ ~ Qll. A" (BY) < ClIQ ~ 1,

where the last step uses assumption A,;,(BY) = A, {2diag{s} — diag{s}Q,diag{s}} > ¢,. This completes the proof of Lemma 2.
A.3 Proof of Theorem 1

We use the same notation as in the proof of Proposition 1. By the definition of H* and H*, we have

0 C*-C*(B,)'B*®

2 _H» — g2 _ — 0

H®-H*™ =H"-1,, ( 0 (B)) BT, )
Then it follows from the matrix norm inequality that

[H* —H*|, <[|C* - C,B;'B?|, +|IB;'B* - LI, <
IC* = Coll. +1ICo(B,'B* = L)II +[IB,'B* — LI, <
IC* = Coll + (IColl, + D)IIB; B — L |I,. (A6)

Since all the eigenvalues of €, are bounded away from 0 and oo, we have ||€2||, < C. This together with (A4) leads to
IColl, = [T — Q,diag(s)ll, < 1 +(|L|L,[|diag(s)ll, < C.
In addition, since € is an acceptable estimator satisfying Definition 2, we have [|Q — ||, = O(a,,). Thus, we have
-10 CSTR: 32290.14.JUSTC-2024-0075
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IC? = Cll, = [I( ~ )diag(s)ll, < Ca,,.
These together with Lemma 2 entail that
H® -H™||, < Ca,,.
In light of Condition 2, we have
[FDR,(H®) — FDR,(H™)| < L|[H* - H*|],. (A7)
Thus, combining the above results leads to

sup |FDR,(H%)-FDR,(H*)| < O(a,,). (A8)

1220l <Cany

Next we establish the FDR control of our procedure. Define the event &, = 1@ -, < Ca,,}. By Definition 2, the acceptable
estimator € is independent of (X,y) and the event &, holds with probability at least 1 — O(p~). Then it follows from (A.8) that

|]E[FDP,,(X, X*)|6,| - E[FDP,(X. X,)|€)]

< sup [E[FDP,(X.X")|-E[FDP,(X.X,)|

-0l <Canp

sup |FDR,(H®)-FDR,(H™)| < O(a,,). (A9)

[12-Qll2<Cay)

By the property of conditional expectation, we have
FDR,(H")-FDR,(H™) =
(E[FDP, (X, X%)|¢,| - E[FDP,(X. X,)|&, |) - P(&,) + (E[FDP, (X, X?)

&|-E[FDP,(X.X,)

&|)-pEn =A +A..
For the first term A, in above, by (A9), it holds that

1A\l < [E[FDP, (X, X*)[¢, | - B[FDP,(X, X,)|5 || < O(a,).

For term A,, since FDP is always bounded between 0 and 1, we have
|A,| <2P(&5) < O(p™).
Combining the above results leads to
FDR,(H") - FDR,(H™)| < O(a,,) + O(p™).

For any pre-specified FDR level g € (0, 1), the above result together with Lemma 1 yields that FDR,(H?) < g+ O(a,,) + O(p™). It
concludes the proof of Theorem 1.
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