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Abstract: On a compact Riemann surface X with finite punctures P,,---, P,, we define toric curves as multivalued, totally
unramified holomorphic maps to P* with monodromy in a maximal torus of PSU(n+1). Toric solutions to SU(n+ 1) Toda
systems on X \{P,,---,P,} are recognized by the associated toric curves in P". We introduce character n-ensembles as n-
tuples of meromorphic one-forms with simple poles and purely imaginary periods, generating toric curves on X minus fi-
nitely many points. On X, we establish a correspondence between character n-ensembles and toric solutions to the
SU(n+ 1) system with finitely many cone singularities. Our approach not only broadens seminal solutions with two cone
singularities on the Riemann sphere, as classified by Jost-Wang (Int. Math. Res. Not., 2002, (6): 277-290) and
Lin—-Wei-Ye (Invent. Math., 2012, 190(1): 169-207), but also advances beyond the limits of Lin—Yang—Zhong’s exist-

ence theorems (J. Differential Geom., 2020, 114(2): 337-391) by introducing a new solution class.
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1 Introduction

Gervais and Matsuo!> %" >? were the first to observe that
totally unramified holomorphic curves!™r 270 Frovesitonl jn P yield
local solutions to SU(n + 1) Toda system, rewriting these sys-
tems as the infinitesimal Pliicker formula™ ®**! for these
curves. Doliwa expanded upon this foundation, extending
their findings to Toda systems associated with nonexception-
al simple Lie algebras. Over the ensuing years, Battaglia, Lin,
and their collaborators* have devoted significant research
efforts to classifying and empirically substantiating existence
theorems for solutions to Toda systems. These systems are as-
sociated with any complex simple Lie algebra and feature
cone singularities on compact Riemann surfaces (Definition
1). In the next three sub-sections, we aim to highlight the
principal advancements that are pertinent to our thematic
focus within this field. To lay the foundation for our discus-
sion, we initially explore the basic correspondence between
solutions to the SU(n+1) Toda system with cone singularit-
ies and their associated unitary curves in P" with regular sin-
gularities (Definition 2) in the first two subsections.

1.1 A differential-geometric framework for solutions to
Toda systems

Building on the seminal contributions of Refs. [9, 10], this
manuscript establishes on Riemann surfaces a new conceptu-
al framework for solutions to SU(rn+1) Toda systems with
cone singularities (Definition 1). As elucidated in Ref. [11,
Theorem 2. (ii)], our analytical approach scrutinizes the
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solutions as n-tuples of Kéhler metrics with cone singularit-
ies on Riemann surfaces. Importantly, our methodology not
only aligns with but also translates into the ones employed by
a spectrum of researchers including Refs. [4-6, 8, 12—17],
thereby establishing a conceptual equivalence across these
various approaches. This framework is versatile, allowing for
an extension to Toda systems associated with any complex
simple Lie algebra on Kéhler manifolds.

Consider a Riemann surface X, which is not necessarily
compact, alongside a closed discrete subset S within X,
where notably, © is at most countable and possibly empty.
We consider a vector @ of Kéhler metrics on the punctured
Riemann surface X\ S, defined as

= (w1 = %e”'dz/\dz,-n W, = %e””dz/\dz), (1

together with the corresponding vector Ric(d) of Ricci (1,1)-
forms derived from the metric components of @,

Ric(@) := (Ric(w,) = =i6du,, -+ ,Ric(w,) = ~iddu, ).

We define @ as a solution to the SU(n+ 1) Toda system on
X\ € if it satisfies the equation

Ric(@) = &+ (2, 2

on X\ S, where (a;;) is the Cartan matrix for su(n+ 1), rep-
resented by
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2 -1 0 0

-1 2 -1 0 0

o -1 2 -1 0
(aij)nxn:

o - 0 -1 2 -1

o -+ 0 0 -1

nxn

This system, Ric(®d)=&:(2a;),, is identified as the
SU(n+ 1) Toda system on the Riemann surface, introducing a
factor of 2 for consistency with the notation in Ref. [11]. It is
important to note that a solution & to Eq. (2) can exhibit wild
behavior in the vicinity of punctures within . For instance,
the integral of w; in a neighborhood around a point in & may
diverge. Since Ref. [18, Proposition 3.1], there has been an
ongoing investigation into solutions of Toda systems with
cone singularities. We will soon provide a precise definition
for these solutions. Specifically, we assign to each point
Pe G a vector ¥, = (¥pi,-+,¥e,) of real numbers that are
greater than —1 and do not vanish simultaneously, encapsu-

-

lated into the R-divisor vector R:.=(D,,...,®,) Wwith
D= yulPl-.D, = Y y,[Pl. Denoting by o the fol-

PeC Pec
lowing vector of (1, 1)-currents™ 3],

85 1= 2n[2y,,,15,,,~-- YAl 3)

Pec Pec

we give the following:

Definition 1. We consider @ a solution to the SU(n+ 1)
Toda system on X with cone singularities { (i.e., represent-
ing Q) if it has finite area over each compact subset K of X,

ie., L w; <o forall 1 < j<n,and satisfies the system

Ric(®D) = =05 + @ (20, “)

in the sense of (1,1)-current on X. In particular, this system,
when restricted to a sufficiently small chart (U, z) around each
P € S, takes the following form:

%(65% + Zn:a,-,e"’dz/\dz) =mypbp, 1<i<n.
=1

By Ref. [11, Theorem 2. (ii)], for each 1 <i<n, the com-
ponent w, = %e“’dz/\di of a solution & to Eq. (4) forms a

cone Kéhler metric on X with cone angle 2n(1+7v,) at
P € G. In this context, we say that @ is a solution with cone
singularities ® (i.e., representing ).

Notably, when n=1, the term & =w, denotes a cone
spherical metric that represents the divisor ©, on X. For fur-
ther insights into cone spherical metrics, see Ref. [19] and the
references contained therein. Unlike the conventional defini-
tion of the Toda system with singularities, our intrinsic ap-
proach does not rely on a predetermined background Kahler
metric and situates the problem within the context of Kéhler
geometry. Specifically, our ongoing project is dedicated to in-
vestigating vectors of Kéahler metrics with cone singularities
along divisors®™ as potential solutions to the Toda systems
associated with any complex simple Lie algebra on Kahler
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manifolds. This approach naturally extends both the Toda
system (4) on Riemann surfaces and the Monge—Ampére
equation concerning cone Kéhler—Einstein metrics with posit-
ive scalar curvatures on Kéhler manifolds of dimension > 21,

1.2 A basic correspondence

In this subsection, drawing upon Refs. [1, Section 2.2], [12,
Section 3], and [11, Section 2], we present a concise over-
view of the basic correspondence between solutions to the
SU(n + 1) Toda systems with cone singularities § on X, and
totally unramified unitary curves on X\ S and with regular
singularities §. This overview lays a robust foundation for ar-
ticulating the main results of our manuscript and situating
them within the context of classical findings such as Refs. [1,
12, 13, 21].

A totally unramified unitary curve f on X\ & is a multival-
ued holomorphic map f:X\& — P, characterized by the
following properties:

o The monodromy of f resides within PSU(n+1), the
group of holomorphic isometries preserving the Fubini—Study
metric wgs on P".

e At each point z€ X\ S, any germ f of f at z is totally
unramified and, notably, nondegenerate near z.

For a more detailed exposition of this concept, please refer
to Ref. [11, Definition 2.1].

Definition 2. We define a totally unramified unitary curve
f ¥\ & — P to have regular singularities

B=| D vulPlw Y yulPl|,

Pe3 Pe3

i.e., representing g, if, for each point P € S, there exists an
element ¢ € PSU(n+ 1) such that the composition ¢ o f when
restricted to a punctured disk {0 <|z] <1} c ¥\ &S around P
can be expressed as

@o f(z) =[F*gy(2) : ™ g1(2) 1 -+ 1 g, (2)], Q)

where the functions g,(z),---,g,(z) are holomorphic and non-
vanishing at z =0, i.e., P. The exponents B, ,Bs, are real
numbers satisfying

Bri—Brja=7ve;+1 forall 1<j<n. (6)

In this context, given a point P in &, if all y,;’s are nonnegat-
ive integers and do not vanish simultaneously, then P € S is
referred to as a ramification point of f1r-26¢2%l; if at least one
of {yx,}i, is a noninteger, then P is called a branch point of
f. Both ramification points and branch points are called regu-
lar singularities of f. Note that f is totally unramified at a
point P € X ifand only if y,; =0 forall 1 < j<n.

From a totally unramified unitary curve f: X\ © — P, one
can derive a solution to the SU(n+1) Toda system (2) on
X\ S. In fact, for 0<j<n-1, the jth associated curve
[i:X¥\S > G(j+1,n+1)cP(A'C™") of f is also a unitary
curve (see Refs. [2, pp. 263-264] and [11, Definition 2.1]).
For simplicity, we uniformly adopt the symbol ws to repres-
ent the Fubini-Study metrics on P(A*'C*'") for all
0<j<n-1.By employing the infinitesimal Pliicker for-
mula, f: X\ S — P" produces a vector of Kéhler metrics
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&= (fJ‘UFs"" ,f,,*,les)’ (7)

which serves as a solution to Eq. (2) on X\ G, as delineated in
Ref. [11, Lemma 2.2]. Conversely, each solution & to the
SU(n+1) Toda system (2) on X\ S gives rise to a series of
totally unramified unitary curves X\ S — P”, where any two
are distinguishable by a post-composition of an element in
PSU(n+ 1). Furthermore, these curves reconstruct the solu-
tion w as defined in Eq. (7), and they are termed curves asso-
ciated with w. The intricacies will be expounded in Lemma 1.
Therefore, we have finalized the exposition detailing the cor-
respondence between solutions to the SU(n+ 1) Toda system,
as described in Eq. (2), and totally unramified unitary curves
on X\ S. In Theorem 3, we further elucidate a refined corres-
pondence between solutions to the SU(n+ 1) Toda system (4)
with cone singularities { on X, and totally unramified unit-
ary curves on X\ G with regular singularities Q.

1.3 Toric curves and toric solutions

We introduce the following innovative concept associated
with the SU(rn+ 1) Toda system, inspired by its n =1 scen-
ario—specifically, the reducible cone spherical metric' .

Definition 3. A toric curve f: X\ © is defined as a totally
unramified unitary curve whose monodromy resides within a
maximal torus of PSU(n+1). A solution w to the SU(n+1)
Toda system on X\ & is termed toric if it yields toric associ-
ated curves. This leads to the concepts of a toric curve with
regular singularities ® and a toric solution with cone singu-
larities g, respectively.

Having established the foundation for our methodology in
addressing Toda systems, it is now an opportune moment to
review the classifications of solutions and the significant find-
ings regarding their existence. The pioneering effort by Jost
and Wang!? in 2002 revealed that curves associated with
finite-area solutions to the SU(n+1) Toda system on the
complex plane C extend to rational normal curves from P' to
P*. In this way, they obtained a thorough classification of
solutions on P'. In 2007, Eremenko®" ™2 fyrther classified
curves linked to solutions that expand polynomially in the
area at C. Continuing this trajectory, Lin et al.l"), five years
on, managed to classify all solutions to the SU(n+ 1) system
with two cone singularities on P'. Simultaneously, they also
characterized the corresponding cone singularities. Recently,
Karmakar et al.”? broadened the scope to include any Toda
system tied to a complex simple Lie algebra. The preceding
solutions are all toric since the fundamental groups of the un-
derlying surfaces are either trivial or isomorphic to Z. In
2018, Lin et al.?" obtained some existence results about solu-
tions to the SU(n + 1) system with three cone singularities on
the Riemann sphere. Between 2015 and 2016, Battaglia™*
laid out extensive theorems on the existence and absence of
solutions for the SU(3) Toda system with cone singularities
on compact Riemann surfaces. Following suit, Lin et al.l”
made significant strides by proving existence theorems for
Toda systems related to Lie algebras of types A,, B,, C,, and
G,, featuring cone singularities on compact Riemann sur-
faces with positive genera. More recently, Chen and Lin"*
reported numerous findings regarding the SU(3) Toda
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system with cone singularities on tori. In their most recent
collaboration, Sun et al.""! meticulously categorized the solu-
tions to the SU(n+1) Toda system, delineated on the disk
|zl < 1. These solutions are characterized by a cone singular-
ity at z=0, possess finite area, and inherently exhibit the
toric property.

In the remainder part of this section, we shall focus on
toric solutions to the SU(n+1) Toda system with cone
singularities

5 =|D, = 2 YulPl,--,D, = Zkl Yl P11,
i=1 i=1

where P,,---,P, are distinct points on a compact Riemann
surface X, and (7/1/) Isisk is a kxn matrix of real numbers
<j<n

greater than —1 such that for each 1 <i<k, at least one of
{¥i;h<jzn does not vanish. We call {P,,---, P;} the support, and

Yii Isisk the coefficient matrix of [3. Chen et a], > Theorems 14 and 13]
Zizn

established on X a correspondence between toric solutions to
the SU(2) Toda system with cone singularities, namely redu-
cible cone spherical metrics, and meromorphic one-forms
with simple poles and purely imaginary periods on X. This
correspondence is particularly noteworthy because it allows
for the explicit characterization of the singularity information
of a reducible metric in terms of the corresponding one-form,
which was referred to as the character one-form of the metric
therein. Moreover, meromorphic one-forms with simple poles
and purely imaginary periods are plentiful on Riemann sur-
faces, cf. Refs. [27, §15], [28, §8-1], and [29, §1I.4-5] for
precise statements and their proofs. In particular, the explicit
formulation of such one-forms was meticulously documented
in Ref. [23, Example 4.7] on the Riemann sphere. To general-
ize this correspondence for toric solutions to SU(n+1) Toda
systems with cone singularities on X, we introduce the

following:
Definition 4. A character n-ensemble on X is defined as a
vector @3 — (Q,,--,Q,)> composed of n meromorphic one-

forms with simple poles and purely imaginary periods on X
such that there exist finitely many points P,,---, P, on X and

o= [tpeen(f ) sen(f0)]

generates a family of totally unramified unitary curves map-
ping from X\{P,,---,P} to P", where g=(o,,---,p,) varies
over all vectors of n positive real numbers. Importantly, these
curves exhibit monodromy within the diagonal maximal
torus T" of PSU(n + 1), specified by

T :={o([ze: - :z.)) =%z : -+ : €%2,]| 6y, ,6,) ER™'}.

Hence, they are inherently toric curves from X\ {P,,---, P} to
P". Within the given context, it can be demonstrated that the
preceding curves described inherently possess the same regu-
lar singularities, denoted by f3. These singularities are charac-
terized by a support {P,,---,P,} and their coefficient matrix

(7'1./') lsisk, both of which are implicitly determined by the n-
<j<n

ensemble 3 (Proposition 1 and Lemma 2).

CSTR: 32290.14.JUSTC-2024-0067

DOI: 10.52396/JUSTC-2024-0067
JUSTC, 2025, 55(5): 0501


https://cstr.cn/32290.14.JUSTC-2024-0067
https://cstr.cn/32290.14.JUSTC-2024-0067
https://cstr.cn/32290.14.JUSTC-2024-0067
https://cstr.cn/32290.14.JUSTC-2024-0067
https://cstr.cn/32290.14.JUSTC-2024-0067
https://doi.org/10.52396/JUSTC-2024-0067
https://doi.org/10.52396/JUSTC-2024-0067
https://doi.org/10.52396/JUSTC-2024-0067
https://doi.org/10.52396/JUSTC-2024-0067
https://doi.org/10.52396/JUSTC-2024-0067

Zzsrg "

Toric solutions to Toda systems of type A

Mu et al.

1.4 Main results

We establish on X the following general correspondence for
the SU(n+1) Toda system which puts the one in Ref. [23] as
its n = 1 scenario.

Theorem 1. There exists a correspondence between char-
acter n-ensembles and toric solutions w to the SUn+1)
Toda system with cone singularities on a compact Riemann
surface X. Specifically, the following two statements hold:

(1) Given a character n-ensemble @3 on X, it induces a
family of toric curves via (8) with regular singularities /3 on
X, which in turn defines a corresponding family of toric solu-
tions representing 3, via (7).

(ii) Given a toric solution & with cone singularities 3 on
X, it has an associated toric curve f =[f;, -, f,] with mono-
dromy in T" and with regular singularities /3 on X such that

Q:= (d log}i],-n ,d[log?])

forms a character n-ensemble on X.

A natural question arises regarding the characterization of
regular singularities on curves generated by a character en-
semble, as defined in (8). The following theorem offers a par-
tial response to this inquiry.

Theorem 2. Let 33 be a character n-ensemble and f one in
the family of curves generated by ¢ in terms of (8) on a com-
pact Riemann surface X. Denote by P the set of poles of all
Q,’s. The following statements hold:

(1) A point P on X is a branch point of f if and only if it
is a pole of some component Q; of 3 such that the residue of
Q; at P is a noninteger.

(ii) A zero of 33, at which all components of ¢} vanish, is
a ramification point of f.

(iii) An algorithm is presented that identifies the regular
singularities 3 of f in finitely many steps. Its details will be
provided within the proof.

Below, we present two examples of toric curves with regu-
lar singularities that yield novel toric solutions to SU(n+ 1)
Toda systems with cone singularities. These examples extend
beyond the scope of recent existence results presented in Ref.
[8, Theorems 1.8-9].

Example 1. Consider a compact Riemann surface X and
let Q be a nontrivial meromorphic one-form on X that has
simple poles and purely imaginary periods. Define the vector
of scaled one-forms

G:=1,9,,1,9Q),

where A,,---,4, are distinct nonzero real numbers. This vec-
tor &3 constitutes a character n-ensemble on X and generates
a family of toric solutions that are parametrized by (R.,)" as
per Eq. (8).

Furthermore, the singularities of these toric solutions can
be fully characterized by 3. In particular, all the cone singu-
larities of the solutions are confined to the set of zeroes and
poles of Q. Specifically, at a zero g of Q, each metric com-
ponent in the toric solution exhibits a cone angle of
27(1 +ord, Q).

Example 2. Identify P' with the Riemann sphere CU {co}.
Consider the vector (y,,---,v,) € (—1,00)"\Z" and a positive

05014

,Z, on C\{0} and a

matrix of nonnegative integers (7i<f){§is<m, there exists a family
<j<n

integer m. Given m distinct points z,,---

of toric curves from P'\{0,c0,z,,---,z,} to P" parametrized
by (R,,)" satisfying the following properties:

o All the curves have the same regular singularities. In par-
ticular, they have exactly two branch points at 0 and oo, with
Yo =7y; forall 1 < j<n;

e The points z,,---,z, are all ramification points of them,
where yi,; =7, forall I<i<mand 1 < j<n.

Moreover, the vector (V1)1 has finitely many choices,
bounded from above by

Z(”yi,l +(n— 1)7f.2+"'+711n)+n+ 1
i=1

n

Outline. The introduction concludes with an outline of the
structure for the remainder of this manuscript. Section 2 fo-
cuses on establishing the relationship between curves with
regular singularities and solutions with cone singularities, as
detailed in Theorem 3. The proof of Theorem 2 is presented
in Section 3, followed by a detailed substantiation of Theor-
em 1 in Section 4. Additionally, Section 3 introduces a new
concept of a nondegenerate n-tuple of one-forms. This
concept is simpler yet equivalent to the character n-ensemble,
as demonstrated in Proposition 1. Section 5 provides a com-
prehensive discussion of the two preceding examples. In the
final section, we propose three open questions to guide fur-
ther investigation.

2 Correspondence between curves and
solutions

In this section, we prove a lemma and a theorem that sequen-
tially facilitates the establishment of the basic correspond-
ence between solutions to the SU(n+ 1) Toda systems with
cone singularities and unitary curves with regular singularit-
ies. This correspondence was initially outlined in subsection
1.2. Throughout, we will consistently use the notations previ-
ously introduced.

Lemma 1. ( i) From curve to solution: A totally unrami-
fied unitary curve f:X\&—>P" induces a solution
&= (fiwss, +» fr,wrs) to the SUm+1) Toda system on
X\ &. Moreover, any curve go f, with ¢ in PSU(n+ 1), pro-
duces the same solution as f.

(ii) From solution to curve: Every solution & to the
SU(n+1) Toda system on X\ S corresponds to at least one
totally unramified unitary curve f: X\ © — P" that generates
@. Furthermore, any other curve that corresponds to @& will be
in the form of ¢ o f for some ¢ in PSUn +1).

Proof. (i) Consider a totally unramified unitary curve
f:X\ & — P". For the definition of the jth associated func-
tion f; where 0 < j<n, we refer to Refs. [2, pp. 263-264]
and [11, Definition 2.1]. The proof of the first statement
closely mirrors that of Lemma 2.2 in Ref. [11], which spe-
cifically addresses the plane domain scenario. The second
statement follows from the fact that each element ¢ of
PSU(n+1) preserves the Fubini—Study metric on P".
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(ii) Consider a solution & = (w,,"**,w,) to the SUm+1)
Toda system on X\ &. Fix a point p on X\ S. Restricting &
to a disc chart (D,|z] < 1) around p, represented as &|,, res-
ults in a solution over D. Employing Ref. [11, Lemma 2.3],
this restriction leads to the formation of a totally unramified
holomorphic curve f,: D — P*, which specifically induces
&I, Notably, the Fubini—Study form pullback via f,, denoted
f:wrs, coincides with the restricted w, on D. According to the
local rigidity theorem posited by Calabi (refer to Refs. [30,
Theorem 9] and [31, (4.12)]), the curve f, is uniquely determ-
ined by @, up to a transformation in PSU(n + 1). Furthermore,
leveraging the developing map concept outlined in Ref. [32,
§3.4], a unique, totally unramified unitary curve
f 1 X\ & — P can be realized through analytic continuations
of f, along curves on X\ &. Its monodromy results in a group
homomorphism

M, 1 (X\ S, p) » PSUMn +1).

This curve f not only induces @ as initially described in (1)
but is also uniquely characterized by the same local rigidity
theorem within the confines of PSU(n+1).

The lemma above can be generalized to include cases with
singularities as follows:

Theorem 3. We use the notations from Definitions 1 and 2.

( 1) From curve with regular singularities to solution with
cone singularities: A totally unramified unitary curve
f: X\ G — P with regular singularities § induces a solution
B = (fywes, -, fr wes) to the SUm+1) Toda system on X
with cone singularities 9. Moreover, any curve ¢o f, where
@ is in PSU(n + 1), produces the same solution as f.

(ii) From solution with cone singularities to curve with
regular singularities: Every solution & to the SU(n+ 1) Toda
system on X with cone singularities § corresponds to at least
one totally unramified unitary curve f: X\ S — P" with regu-
lar singularities { that generates @. We call f a curve associ-
ated with @. Furthermore, any other curve that corresponds to
& will be in the form of ¢ o f for some ¢ in PSU(n+1).

Proof. By Lemma 1, it is sufficient to verify the properties
concerning the singularities 7.

(1) Consider a totally unramified unitary curve
f:X\G > P with regular singularities §. According to
Lemma 1( i), this curve induces a solution @ on X\ &. Fur-
thermore, based on Ref. [11, Formula (3)] and the infinitesim-
al Pliicker formula, @ exhibits cone singularities 3.

(ii) Consider a solution & = (w,,*-- ,w,) on X with cone
singularities /3. Lemma 1(ii) states that this solution corres-
ponds to a totally unramified unitary curve f:X\S —P".
Moreover, according to Ref. [11, Theorem 1.2( 1)], curve f
has regular singularities f3.

3 Character ensembles and toric curves
with regular singularities

In this section, we prove Theorem 2. To this end, we demon-
strate in Proposition 1 that character n-ensembles correspond
to n-tuples of meromorphic one-forms with simple poles and
purely imaginary periods. These n-tuples are nondegenerate
in the sense that they define nondegenerate curves under Eq.
(8), as established in Definition 5. This explanation renders
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the concept of a character ensemble much more accessible
and relatable.

3.1 Nondegenerate n-tuple of one-forms

Definition 5. Let ()= (Q,,.--,Q,) be an n-tuple of mero-
morphic one-forms on a compact Riemann surface X, charac-
terized by simple poles and purely imaginary periods. We
define 3 to be nondegenerate if there exists a point p in X
such that:

o All components of ¢} are holomorphic at p.

e In a disc chart (D, [z] < 1) around p, i.e., z =0, the map

£,2) ::[1 :exp(ﬁ:QI):m:exp(ﬁ:Qn)] 9)

defines a holomorphic curve from D to P* that is nondegener-
ate, meaning that its image is not contained within any hyper-
plane of P".

It is noteworthy that in this context, the curve f,(z) remains
nondegenerate near every point p, where all components of (3
are holomorphic. Denote by P the set of poles of all Q;’s.
Similar to Eq. (8), {3 induces a family of nondegenerate, mul-
tivalued holomorphic curves

{fas: /e ®a)) (10)

mapping from X\P to P". These curves share identical
monodromy in T" and possess the same regular singularities
on X.

Lemma 2. Adopting the context of Definition 5 and con-
sidering a fixed vector g consisting of n positive numbers, we
have the following properties for the curve f; ;:

(I) A point p on X is identified as a branch point of the
curve if and only if p is a pole of some Q; where the residue
Res,Q; is not an integer.

(II') The curve is totally unramified on X, except at a fi-
nite number of regular singularities.

Proof. ( I ) Take a disc chart (D,|z] < 1) around p and de-
note by 7=(,,--,r,)€R" the vector of residues of
A= Q,,---,Q,) at p. We choose a germ f, of fs, in
D" :={0 < |z] < 1} with form

(1:2"(@) 2 h@) = @) - 2 ()],

where each /; is holomorphic in D and does not vanish at
z=0.

Assume that the residues r; are all integers. In this case, the
curve fs; extends holomorphically to point p. Therefore,
either the curve is totally unramified at p, or p is a ramifica-
tion point of the curve. Specifically, p is not a branch point.
Furthermore, the ramification indices v,; for 1 < j <n can be
calculated using the algorithm described in Ref. [2, pp.
266-268].

Suppose that at least one of the residues r; is not an integer.
Consequently, set {0,v,,---,r,} is partitioned into at least two
equivalence classes under the modulo Z equivalence relation.
According to the argument used in the proof in Ref. [11, The-
orem 3.1], there exists a transformation ¢ € PSU(n+1) such
that ¢(f,) is represented by

[ :2"H,(z): -+ : 2" H,(2)], (11

CSTR: 32290.14.JUSTC-2024-0067
DOI: 10.52396/JUSTC-2024-0067
JUSTC, 2025, 55(5): 0501


https://cstr.cn/32290.14.JUSTC-2024-0067
https://cstr.cn/32290.14.JUSTC-2024-0067
https://cstr.cn/32290.14.JUSTC-2024-0067
https://cstr.cn/32290.14.JUSTC-2024-0067
https://cstr.cn/32290.14.JUSTC-2024-0067
https://doi.org/10.52396/JUSTC-2024-0067
https://doi.org/10.52396/JUSTC-2024-0067
https://doi.org/10.52396/JUSTC-2024-0067
https://doi.org/10.52396/JUSTC-2024-0067
https://doi.org/10.52396/JUSTC-2024-0067

Zzsrg "

Toric solutions to Toda systems of type A

Mu et al.

where b, < --- < b,, and each function H,(z) is holomorphic in
D and nonvanishing at z=0. Additionally, there is at least
one index j (where 0<j<n-1) for which b,=---=b;
(mod Z), and y,;., = b;,, —b;—1 ¢ Z. Therefore, p is identi-
fied as a branch point of the curve f;;. Notably, we could
read all y,. indices as
Yei=bi—b;—1

forall 1<j<n

from (11), called the quasi-canonical form of f.

(I) We aim to show that the function f;, has finitely
many ramification points on a compact Riemann surface X.
Assuming the contrary, let {g,} be a sequence of distinct rami-
fication points converging to some point p on X. We con-
sider two cases based on the location of p:

(1) Case p¢P: Select a disc chart (D,|z] < 1) around p,
which includes {g,} and excludes P. Consider a germ f, of f
in D and define the nth associated curve A,(f,,2)=
@ AT, @A AT, " (z), mapping D to A™'(C™'). Accord-
ing to the computations in Ref. [2], A,(f,,z) vanishes at
{g.}U{p}, and consequently, it vanishes identically on D.
This implies that A,(f) and f are degenerate on X \P. This
is a contradiction since both 3 and f are nondegenerate.

(ii) Case peP: Using a similar setup with a disc chart
(D,|lzl <1) around p as in (1), we consider the germ
f,=[2"Hy(2) : -~ : 2" H,(z)] where b, < --- < b, and each H, is
holomorphic in D and nonvanishing at z = 0. By Lemma 4.1
in Ref. [11], we have

n [GR2Y)
An(fnsz) =ZZ':Ob’7 2 'Gn(b07“' ’bn;HO(Z)r'“ an(Z);Z)'
ey N---Ne,,

where G, is holomorphic in D and nonvanishing at z = 0. The
vanishing of A,(f,,z) at each g, and thus identically in D
implies that G, vanishes identically, which is another
contradiction.
Now we present the key proposition of this subsection.
Proposition 1. On a compact Riemann surface X, the
concept of a character n-ensemble, as outlined in Definition

4, is equivalent to that of a nondegenerate n-tuple of one-
forms, as described in Definition 5.

Proof. By definition, a character n-ensemble is inherently
nondegenerate when considered as an n-tuple of one-forms.
This nondegeneracy is essential for defining character
n-ensembles. According to the second statement of Lemma 2,
any nondegenerate n-tuple of one-forms automatically consti-
tutes a character n-ensemble. Therefore, the properties re-
quired for an n-tuple to be a character n-ensemble are ex-
actly those that prevent degeneracy among the one-forms in
the tuple.

In the analysis that follows, we categorize three specified n-
tuples of one-forms on a compact Riemann surface. We
identify the nature of each tuple, highlighting whether it is de-
generate, i.e., whether it forms a character n-ensemble.

Example 3. Let € = €, denote the infinite-dimensional real
linear space of meromorphic one-forms with simple poles and
purely imaginary periods on a compact Riemann surface X
(see Refs. [27, §15], [28, §8-1], and [29, § II .4-5]). Denote by
€ = €, \ {0} the nonzero elements of this space.

(1) It is possible to find two linear independent one-forms
Q, and Q, in € such that the pair G = (Q,,Q,) is degenerate,
meaning that 3 does not form a character 2-ensemble. An ex-
ample of such a pair on the Riemann sphere is given by

d d

Q= = and Q, = % By using (10) and setting p =1, we
b4

can see that (Q,,Q,) generates a line in P,

(ii) Consider a one-form Q € € and n nonzero real num-
bers A,,--+,4,. The tuple 3 — (1,Q,---,4,Q) is nondegener-
ate if and only if all coefficients A; are mutually distinct. We
can argue as follows. Define y = exp(j(; Q). In a small disc

chart (D,|z] < 1), where Q is holomorphic and nonvanishing,
we consider the nth associated curve A,(f) of the curve

f@)= [1 3CXP(L:QI) Teee exp(Lan)] =[1:y" ey

This curve is nondegenerate in D, thereby confirming that ¢
is nondegenerate, as shown by the following computation:

/\n(f)=f/\f'/\--~/\f<">:f/\a_f/\...,\
dy
1 y,t.

0 /lly/h—]

0 4= —n+1y"'

af (dy) >
Ay \dz -

A,

o
Ayh! nn+1)
. () 2 egAe A---Ae, =

A, =1 (A, —n+ 1)y"

[Ja[[@a-0) 2002 enensne, (12)
i=1

1< j<i<n

(iii) This example can be generalized as follows: Let
Q,,---,Q, be n distinct one-forms in €', and assume there is
a point p on X where the residues of each Q; at p are distinct
nonzero numbers. Under these conditions, @ — (Q,-.Q)
forms a nondegenerate n-tuple. The proof is similar to (1i1).

3.2 Proof of Theorem 2

The first statement of the theorem aligns with Lemma 2( I ).

0501-6

We proceed to demonstrate the second statement as follows:

Consider a disc chart (D, |z] < 1) centered at a zero p of 3.
Let (ki,---,k,) € Z, represent the vector of multiplicities of
fj:(gl’... ,Q,) at p. We choose a germ f, of fs; in D as
follows:

[1:C+2""h(@) - C,+2""h,(2)],
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where each /,(z) is a holomorphic function in D that does not
vanish at z=0, and each C; is a nonzero complex number.
Given that each k;+1 is an integer greater than 1, and using
the calculations presented in Ref. [2, pp. 266-268], we
determine that the ramification index of f=/f at p is
min(k,,---,k,) > 0. Consequently, p is confirmed as a rami-
fication point of f.

Finally, we present an algorithm to identify the regular sin-
gularities of the curve f(z) = [1 :exp (IZQI) Do iexp (f Q,,)]
generated by a character n-ensemble 3. The procedure is as
follows:

( 1) Cover the manifold X using a finite collection of disk
charts (D,,|z;] < 1) for i=1,---,N. Ensure that each pole in
the set P is contained within exactly one chart.

(ii) Within these charts, and excluding the poles in P,
solve the equation A,(f) =0 to identify Z, the set of all rami-
fication points of f notin P.

(iii) For each point pePUZ, the appropriate chart
(D,|z] < 1) around it is selected. The process outlined in the
proof of Lemma 2( I ) is used to determine the quasi-canonical
form of f. This step allows us to ascertain all v, indices.

4 Correspondence between character en-
sembles and toric solutions

In this section, we prove Theorem 1 and establish a corres-
pondence between character ensembles and toric solutions
with cone singularities on a compact Riemann surface X.

Proof of Theorem 1. ( i) The first statement of Theorem
1 follows from Proposition 1 and Lemma 2.

(ii) Consider a toric solution & with cone singularities at
D on a compact Riemann surface X. Let f : X\ {P,,---,P,} —
CP" be an associated curve derived from this solution. This
curve is characterized as a totally unramified unitary curve,
and its monodromy is constrained within a maximal torus of
the group PSU(n+1). To specifically align the monodromy
of the curve within T", a subgroup of the maximal torus, we
select an appropriate element ¢ € PSU(n + 1). Applying ¢, the
transformed curve go f : X\ {P,,---,P,} = CP" indeed has its
monodromy contained within T". We will proceed under the
assumption that this simplification applies to the curve f.

Choose a sufficiently small disc chart (D,|z] < 1) around
pe{P,,---,P}. Using the argument in the proof of Ref. [28,
Theorem 3.1], the restriction of f=[f,:---: f,] to D can be
expressed as

f@=[¢@) - : 2" ¢.(2)] (13)

where b, € R and ¢; is a holomorphic function that does not
vanishon D forall 1 <i<n.
We define an n-tuple 3 = (Q,,---,Q,) by

Qk:d(log}i), k=1,---,n. (14)

By computation, we have

o - ((bk_ bk 4 80 ¢a<z)) i 15)

z (D) (2

Hence, each Q; has at most simple poles. Additionally, it can
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be verified that

ﬂ 2
I

0

2RQ. =d (log

i.e., the real part of each ; is exact outside of its poles.
Consequently, each €, is a meromorphic one-form with
simple poles and purely imaginary periods. Since @ is nonde-
generate (as f is nondegenerate), it is a character n-ensemble
on X by Proposition 1.

By Theorem 1.5 in Ref. [23], the regular singularities of a
toric curve to P', which is derived from a character one-form,
are confined to the union of the zeros and poles of the one-
form. However, the following example demonstrates that a
toric curve to P, generated from a character n-ensemble for
n>1, can possess ramification points that do not coincide
with the zeros or the poles of any ensemble component.

Example 4. Consider the toric curve defined by
f=M:z:22:---:27",2""], where n>1. z=0 is a ramifica-
tion point. The associated character n-ensemble, (3 =
(Qy,---,9,), is given by:

1
_ n+ dz.

k
Q,=-dz, fork=12,---,n-1;, Q,
Z

Here, z=0 is a common pole of all components Q;.
However, applying a nondegenerate linear transformation to
f results in

f=l:l+z:l+z+2 - Lz +2 " 1+ z2+ 2],

with the modified character n-ensemble 5:(51,...,9'1)
represented as:

~ dz ~ 1+2z
Q= Q= dz
1+z 1+z+2
= 1+@m-1z = l+@+1)
T 4! ’ T 14zt

Although z =0 remains a ramification point for 7, it is not-
ably no longer a zero or pole of any new one-forms.

5 Two examples

In this section, we explore the practical application of corres-
pondence between character ensembles and toric solutions, as
discussed in the previous section. We conduct a thorough
analysis of Examples 1 and 2. These cases introduce innovat-
ive toric solutions to the SU(n+1) Toda system with cone
singularities. Notably, these examples expand upon the re-
cent findings detailed in Ref. [8, Theorems 1.8-9], extending
the known boundaries of this research area.

5.1 Examplel

This subsection details Example 1. Utilizing Example 3(ii)
and Proposition 1, we can see that € constitutes a character n-
ensemble on X. This ensemble generates a family of toric
curves parametrized by (R.,)" as per Eq. (8), all sharing the
same regular singularities, denoted by 3. According to The-
orem 3, these curves are associated with a family of toric
solutions that exhibit the same cone singularities 3. Nota-
tions from Example 3(il) are used herein.
By Eq. (12), the singularities of the curve
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f@= [1 :exp(f(:/llQ) Do exp(j(:/l,,Q)] =[1:yh, "]

are limited to the set of zeros and poles of Q. Considering a
point p within this set, we categorize the analysis into the
following two cases:

(1) pis azero of Q with order k: We establish that p is a
ramification point of the curve f with all ramification indices
equal to k. Assuming without loss of generality that y(p) =1,
we express y(z) = 1 +2'¢(z) in a small disc chart (D,|z| < 1)
around p, where ¢(z) is holomorphic and nonvanishing in D.

Expanding each y“ around p into a power series, we
obtain:

A4 =1 2k+2 2
AAZD oz

yi=1+27"0(z) + d > 2P+, i=1,2,---,n.
Consequently, f can be expressed as:
f :(1’_)}/1' ay/lzv o 9y/l”) =
(1,Zk+150(2),22k+2<,0(2)2, e ) .
1 1 1
0 A A,
o AA-D A4, =1 |

3 5

Right-multiplying f by an (n+1)X(n+ 1) invertible matrix
corresponds to applying column transformations to the
oo X (n+1) infinite matrix on the right-hand side of the pre-
ceding equation. The first 7+ 1 rows of this matrix

1 1 1
0 A A,
Al =1) A,(4,=1)

5 5

L =1)--(4, —n+1) A, =1)-(4,—n+1)

0
n! n!

forms an (n+ 1) X (n+ 1) invertible matrix, with a determin-
ant given by:

ﬁi!ﬁ/l[ [[@a-a)=#o0.
i=1 i=1

I<j<isn

Thus, it can be transformed into a lower triangular matrix by
applying a finite number of column transformations, such as
those used in the Gaussian elimination process. Correspond-
ingly, f has been transformed into the quasi-canonical form:

2 (Z) e e )
under finitely many transforms in PGL(rn+1,C). By the
definition of ramification indices™ ™ ***?% for a holomorphic
curve, applying such transformations to the curve does not
alter its ramification indices. Hence, all the n ramification in-
dices of f at p coincide with those of the preceding quasi-
canonical curve, each equal to k.

(ii) p is a pole of Q: Assume RES,(Q)=a€R\{0}. In a
small disk chart (D,|z] <1) around point p, the function

(1,02 +--+,7

y:exp(ﬁfﬁ) is represented as z'¢(z), where ¢(z) is
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holomorphic and nonvanishing within D. Accordingly, we
define  f(z) =[1:z"¢(x)" : -+ : Z"P(z)"], representing a
totally unramified unitary curve in D* with a potential regu-
lar singularity at z =0 by Eq. (12).

By Theorem 3, f induces a solution & to the SU(n+1)
Toda system on D, characterized by a possible cone singular-
ity at z=0. Theorem 3 assures that the singularities of both
types at z =0 are equivalent. Given the distinct real numbers
0,4,a,4a,---,4,a, we reorder them in ascending order to
achieve y, <y, <--- < pu,. Concurrently, the components of f
are rearranged in ascending powers of z to attain the quasi-
canonical form:

L
a

Z““¢(Z)“70 (PR e :z“"qﬁ(z)% )

The solution @, and consequently its cone singularity at
z =0, remains unaltered, as this constitutes merely a trans-
formation within PSU(n+1). It is established that
Vei =pi— M, — 1 for all 1 <i<n. Depending on the specific
A values, point p may be classified as a branch point, a rami-
fication point, or a totally unramified point of f.

5.2 New solutions with cone singularities on a compact
Riemann surface

The curve in this example corresponds to a novel class of
solutions to the SU(n+ 1) Toda system with cone singularit-
ies on a compact Riemann surface. Ref. [8, Theorems 1.8-9]
presented various sufficient conditions for the existence of
such solutions on a compact Riemann surface X of genus
gx > 0. Specifically, by transforming Eq. (4), it can be refor-
mulated into the equivalent form:

A, i, +Za”eﬁf -K, = 4712)/“6” i=1,2,---,n,
=

k=1

where K, isthe Gaussian curvature function of the back-
ground conformal metric g on X and A, is its Laplacian. The
function @, represents a global transformation of u; from Eq.
(1), adjusted by the background metric in each coordinate
chart. The singularity coefficients {y;,} remain consistent with
those described in Eq. (4). Ref. [8] defined p; forall 1 <i<n
as follows:

pi= 47rzn: Z”:“”%f * Zn:“[/ J Ko
=1

k=1 j=1

Here, (a7 = [ 2129
matrix (a;) for su(n+1). According to Theorem 1.9 in Ref.
[8],if p; ¢ T, for any i = 1,2,--- ,n, a solution to the Toda sys-
tem is feasible. The definition of I'; (1 <i<n) is detailed in
Ref. [8, pp. 340-341], noting that each includes 47N.

In this example, Q is a meromorphic one-form on a com-
pact Riemann surface with positive genus, featuring two
simple poles (denoted p, and p,). Assuming 0 <4, <---<4,,
with Res, (w) = a # 0, the corresponding y,; =(1,—1,))a—1
for j=1,2,---,n (assuming A, =0 for consistency). Accord-
ing to the residue theorem, Res,,(w) = —a, and as previously
noted, v,; = (4,.;, —A,-;)a—1. Additionally, the other m—2
singular points ps,---, p, are identified as ramification points,

) represents the inverse of the Cartan
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withy,; =k fori=3,---,mand j=1,2,---,n, where k; deno-
tes the order of zero of Q at p;. After calculations, we derive:

4nZZa yk,+z fKo

k=1 j=1

4n le(n%ll_i)((/lj_/ljl)a_l)_'_
jn+1-
Z n+1
4ﬂ22](n+1—1)k ZJ("”

k=3 j=1

da(n+1-iad, +4n(k;+---+k,

((/h = A)a=1) |+

2n(2—-2gy) =

—1-gy)-n(n+1-i).

Choosing ad, to be a positive integer, by this calculation,
we can see that all p;’s lie within 47N cI'; for all 1 <i<n,
violating the criteria of Theorem 1.9 in Ref. [8]. Furthermore,
Theorem 1.8 in Ref. [8] also outlines sufficient conditions for
the existence of solutions to the SU(n+1) Toda system, re-
quiring all {y;;} to be nonnegative integers. By choosing ap-
propriate A4,,---,4, such that p, and p, act as branch points,
these conditions are not met. Both theorems stipulate that the
genus of X must be positive.

In summary, the solutions of the Toda system associated
with the curves in Example 1 on a general compact Riemann
surface and Example 2 on the Riemann sphere introduce new
possibilities beyond the scope outlined in Ref. [8].

5.3 Example 2

We establish the existence of the necessary curves and
provide an approximate enumeration of all possible singular-
ity data at oo for these curves in this example.

Existence. The following lemma is useful for establishing
existence.

Lemma 3. Let a > 0. For any polynomial P(z), there ex-
ists a unique polynomial Q(z), having the same degree as
P(z), such that

4 (200) = PG, 17
dz

Proof. First, consider the monomial Q(z) = Z+ - and ob-
a+]

serve the derivative
d
L(Fow) =" +0 @) =2"

This calculation allows us to solve the linear ODE (17) for
any polynomial P(z). The uniqueness of the solution is
straightforward to establish.

Proposition 2. We adopt the notations from Example 2 and
assume 0=, <B, <--- <, with the increments S;,—(,_, =

Proof. We construct these n polynomials ¢,(z), ¢,(2),-+,
¢.(2) by using the iteration argument.
Step 1. Take

v@:=] -2,
Wi(2) = l_[(z—z,-)”‘ (), 2<k<n,

where ¢\"(z),-+,¢"(z) are (n—1) polynomials that will be
chosen later. Given that 0 <, <
the existence of n polynomials ¢,(z),:--
derivative off(z) =(1,22¢,(2), 7 ¢,(2),- -

df(z)

-+ < f,, Lemma 3 ensures
,¢,(2) such that the
,2"p,(2)) is given by

= (0.2 @, P @) = 27 [ |2 g,

(18)

where g(z) = (0,1,2“2"" (), e, PP gofl”(z)). Moreover, we

m

could determine the polynomial ¢,(z) of degree E Yer,
=1
which does not vanish at z = 0.

d
Step 2. Differentiating /@)

again, we obtain
dz gain,

af d dg
fo_2 (f"l_[(z zgﬂ]gl(z)uﬂlﬂ( v

(19)

For any (n—2) polynomials ¢{’(z),---,¢®(z) that will be
chosen later, Lemma 3 ensures that (n—1) polynomials
@(2), -+, (z) exist such that

dg1 . d
dz  dz

Z/iz—/fl—l l—[(Z — Z/.)Y"2 . (0, 0, 1,Zﬂ1_ﬁz§0;2)(2), e

i=1

2 l_[(z -z)" - 8(2),
i=1

(0, 1,72 ﬁl‘p(l)(z), B aa ‘,Df,])(Z)) —

() 1=

(20)

where g5(z) = (0 0,1,727¢7(2), ,Z”""‘thf’(z)). Moreover,
by Egs. (18) and (20), we could determine these three polyno-
mials ¢)"(z), ¥,(z), and ¢,(z) such that

deg ¢, = Z (Yer +7Ye2)
=1

and all of them do not vanish at z = 0. Substituting this equa-
tion into Eq. (19) yields

2 7 m 4 m
1 +7v,; for all 1 <i<n. Consequently, there exist n polynomi- d f(zz) = [Zﬁll H(Z—Zi)”"] G+ H(Z_ )R @ (2).
als ¢,(2),¢,(2),- -+ ,¢.(z), each nonvanishing at z = 0, such that dz ol .
the family of curves (21)
£@=[1:p0@: - pZ" 0@, B= (01, p) € R Refzeating the above process, we continue to differentiate
&f) > :
meets the requirements specified in Example 2. dz? and g; and obtain
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g.? = (O’ O’ 0’ 1’Zﬂ47ﬁ39023)(z)’ e if”7ﬁ3¢§f)(z))1

2.=(0,0,---,0,1).

In summary, for each increment in the subscript i of &, the
vector-valued function g exhibits one additional vanishing
component in its earlier entries. After carrying out this pro-
cedure n times, we find all the n polynomials ¢,(z), - ,¢,(2)
such that

degcpk:Zk:Zm:y[,j, 1<k<n, (22)

j=1 e=1
and all of them do not vanish at z=0.
Step 3. In the final step, we show that the curve
f@=1f@l=[1:2¢@:: ¢,

satisfies the requirements specified in Example 2. Since f@
itself is of quasi-canonical form near z =0, it has the desired
singularity information there, i.e., v, =7v;=8,—8,.1—1 for
all 1 < j <n. By the induction argument, we obtain

fo@) - l_[(z =) g(2) =

- (23)
alf@+d’ @)+ +al f0@),

1<k<n,
where all a” are multivalued holomorphic functions. Then
we obtain the following equation for each 1 <k <n,

Adf) =
f/\f’/\.../\f‘(k):

f AP H(Z_Zi)%.l . gﬁ Ao NP l_[(z_zi)y,v_ﬁ.,vwhk . g: _
=1 i=1

m
kg kel kyit+k=1yinttyix £
ZLL:M* 7 H(Z—Zi)“” Yia+ ”"f/\g?l/\“-/\gi:
i=1

m
st | |(Z_ g )
i=1

0
1y 0 :
Z'¢i(2) 1 0
72¢,(2) A P (2) A A 1
: : PPl (2)
@) \&PeP(2) :
()
(24)
Notably, the first term of FAGA-AG equals

ey A---Ne.. From this relationship, A,( f) remains nonzero
outside the set {0,00,z,,---,z,}, where the curve f is totally
unramified. Moreover, for the nondegenerate unitary curve
f:C\{0} > P, A,,(f) vanishes at z,,-,z,, which constitute
all the ramification points of f.

For each 1 < ¢ <m, by applying a linear transformation in
GL(n+1,C) to f , we can achieve the quasi-canonical form of

0501-10

J near its ramification point z,. This form is given by

fo)= (1, (2= 2,1 81(2), (7 = 2, ) 7122 2, (2), -+ -

(z =gy ang, (Z)),

where g,,---,g, are multivalued holomorphic functions that
do not vanish at z,. By straightforward computation, for each
1 <k < n, the kth associated curve A,(f) is expressed as

Ak(f) — l_[(z—zi)k”’!"‘*("’lmff]‘”"'W“U* ,/i;(z), (25)
i=1

where J(7) is a multivalued holomorphic curve valued in
A*'(C™") and does not vanish at z,. By using Eq. (25) and
Ref. [11, Lemma 4.1], we obtain

A(f) =

m

| | ’ Dy 2+
(Z _Z[)’IY[A[LW(" Wizl2++izpn e A A e,.

=1

n(n+1)

Const-z5-1#7 "2

(26)

Comparing this with Eq. (24) yields the following system of
linear equations:

ke + k= Dyppa+ o+ v =kyo + k= Dy +--+ v,
1<k<n.
Consequently, we find that ., =7y, for all 1 <£<m and

1<k<n.
Remark 1. The singularity information at co of the curve

f@ = (02,2 ¢.2), -+ . Z¢,(2))
with 8, = 1 and ¢,(z) = 1,

constructed in the proof is given by

Veadies =|Bo=Bia =14+ Y Yo+
i=1

B.-pi—1 +Zm:7’i.2’ Bi—1 +Zm:7i,1 .
i=1 i=1

e 1, 2 .
Indeed, substituting z = — into Jf(2), we can obtain its local
W

expression near oo as

Fw) = (W sad(w), wh == D, (w), - , WP, (w)),
(27)

where ®,(w),---,®,(w) are polynomials nonvanishing at
w=0. Since B, <--- <f, and degyp, < --- < degy,, we obtain
the quasi-canonical form of f(w) near w =0 as

(W—ﬁn—dewu (I),,(W), .. ,W—liu—degw (I)] (W), cee w-/fo-dng; (I)O(W)) .

The statement follows from Eq. (22).

Counting. We shall enumerate the possibilities of (y..)5,
for the curves in Example 2. To this end, we need the follow-
ing lemma.

Lemma 4. Consider 3, < --- <f3,, (n+ 1) polynomials ¢,(z),
@1, ,¢.(z) and the following unitary curve on C\ {0}:
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(@) = (@02, 2 ¢1(2), . 2" ¢,(2)).

Then by applying a suitable nondegenerate linear transforma-
tion to f(z), we can obtain

8@) = (o). "¢\ (2), -+, 2", (2)), (28)

where ¥(2), - ,¥,(z) are polynomials such that B, +degy,,
B, +degy,,---,B,+degy, are mutually distinct. Moreover,
these two curves share the same regular singularities on the
Riemann sphere C U co.

Proof. For simplicity, we define the term “quasi-degree”

for the expressions f,+degy,, B, +degey,, ---, B, +degy,.
These quasi-degrees correspond to the quasi-polynomials
P(2), ¢i(2), -+, 2"¢,(2), where each component can in-
clude non-integer powers of z.

Should any two quasi-degrees be equal, such that
Bi+degyp, =B, +degy; for i< j, we can alter Z%¢,(z) by
adding a suitable multiple of z%¢;(z). This operation trans-
forms Z#¢,(z) into 7Z#@,(z), where deg®,(z) < degey.(z) and
@(0)# 0. Importantly, the terms z* and 7% remain
unchanged.

Consider the scenario where z¢,,(z) has the highest quasi-
degree among all components, and it has the largest index
among those with this quasi-degree. Beginning with this com-
ponent, we use the aforementioned transformation to adjust
other components with the same quasi-degree, reducing their
degrees. This ensures that 5, + deg,, stands out as the unique
highest quasi-degree. Subsequently, we identify the next
highest quasi-degree among the remaining components and
apply similar transformations. After a finite series of these
steps, the quasi-degrees of all components become distinct.
This results in the transformed curve maintaining its form as
8@ = (o2, 21 (2), -, Y (D).

Since curve & differs from curve / only by a nondegener-
ate linear transformation, they share the same regular singu-
larities on the Riemann sphere.

By Lemma 4, we assume that for each curve

@) = (@¢(2).2¢,(2), . Z",(2))
in Example 2, the (n+1) positive numbers S, +degey,---,

1 ”
B, +degy, are mutually distinct. Substituting z= — into f,
w

we obtain its local expression near z = oo, i.e., w =0, as

f(w) - (Wfﬁrdcwo q)n(w)’ Wﬁﬂ' —deggy q)] (W), e W’ﬁn’dcg‘/’n (Dn(W)) ,
(29)

where @,,D,,---,®, are polynomials nonvanishing at w = 0.
Since B, +degp,, B, +degyp,, ---, B, +degy, are pairwise dis-
tinct, we can rearrange the components in Eq. (29) according
to the ascending order of the powers of w. This yields the
quasi-canonical form of f(w) near w =0, which determines
the sequence (¥.,)i,. The challenge then reduces to determ-
ining how many distinct degree vectors J= (deg gy,
degey,, - ,degyp,) are possible. The subsequent lemma is crit-
ical for this counnting.

Lemma 5. Z deg ¢, = Zm:(”%:l +(n=Dyp+-- +7,-,,,)_

Jj=0 i=1

0501-11

Proof. Denote by A the sum

m

Z ("'}’i.l +(n—=Dyp+--- +7,;n) .

i=1
Consider A,( f (2)) as the Wronskian W,,, (z°¢,(2),- - , 7" ¢,(2))
of the terms z%¢y(2),---,7"¢,(z). This can be expanded by
columns into a linear combination of finitely many quasi-
monomials of the form W,,, (o0, ... 2+ Among
these, the quasi-monomial summand

Wx+l (Z/in*fdewa,zﬁwdegw Lo ’Zﬂmdeg‘ﬁn)
in W,,(2°¢y(2), -+ , 2" ¢,(2)) has the highest quasi-degree, cal-

nn+1)
culated as Z(ﬂi +degy) — 5 - The statement follows
from Eq. (26'3(.)

By this lemma, the degree vector = (deg,,dege,, -+,

deggp,) could achieve a finite number of possible values that
A+n+1

do not exceed ( ) Therefore, we complete the count-

ing process.
In summary, we conclude the detailed discussion of
Example 2.

6 Three open questions

We conclude this manuscript by posing the following three
open questions.

Question 1. Using the notations from subsection 1.3, we
inquire about the characterization of the coefficient matrices
r:= ('y,-yj)]lfiil;" associated with the regular singularities f3 rep-
resented 5}]; toric solutions to the SU(n+1) Toda system on
the Riemann sphere. Remarkably, Lin et al."" addressed the
case when k=2, and Eremenko”’ resolved the case when
n =1 for this inquiry.

Question 2. A question akin to the one previously dis-
cussed emerges for compact Riemann surfaces of positive
genera. In particular, for a specified genus g, we aim to char-
acterize the kX n matrices I that correspond to regular singu-
larities 3 manifested by toric solutions on compact Riemann
surfaces of genus g. It is noteworthy that Gendron and
Tahart addressed this issue for the scenario when n = 1.

Question 3. Consider a kxn matrix I and a nonnegative
integer g. The task is to determine the dimension of the mod-
uli space of toric solutions on compact Riemann surfaces of
genus g, where the regular singularities 3 are characterized
by the coefficient matrix I'. Notably, Lu and Xu” explored
this scenario for the case n = 1.
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