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Graphical abstract

Conditional quantile regression
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Public summary

m A new data-driven distributionally robust framework for distributionally robust conditional quantile prediction is
proposed.

m The general p-order Wasserstein distance is extended to enhance the robustness of the optimization problem.

m A robust data-driven solution with finite-sample performance guarantees is provided, and numerical results are reported.

Citation: Cheng B, Xie X Q. Distributionally robust conditional quantile prediction with Wasserstein ball. JUSTC, 2026, 56(0): . CSTR:
32290.14.JUSTC-2024-0058. DOI: 10.52396/JUSTC-2024-0058


mailto:xxqyzb@mail.ustc.edu.cn
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://justc.ustc.edu.cn
https://cstr.cn/32290.14.JUSTC-2024-0058
https://cstr.cn/32290.14.JUSTC-2024-0058
https://cstr.cn/32290.14.JUSTC-2024-0058
https://cstr.cn/32290.14.JUSTC-2024-0058
https://cstr.cn/32290.14.JUSTC-2024-0058
https://doi.org/10.52396/JUSTC-2024-0058
https://doi.org/10.52396/JUSTC-2024-0058
https://doi.org/10.52396/JUSTC-2024-0058
https://doi.org/10.52396/JUSTC-2024-0058
https://doi.org/10.52396/JUSTC-2024-0058

N

UST
http://justc.ustc.edu.cn

Distributionally robust conditional quantile prediction with
Wasserstein ball

+

Received: April 20, 2024; Accepted: July 17, 2024

Bo Cheng, and Xingiao Xie >
Department of Statistics and Finance, School of Management, University of Science and Technology of China, Hefei 230026, China

BCorrespondence: Xingiao Xie, E-mail: xxqyzb@mail.ustc.edu.cn
© 2026 The Author(s). This is an open access article under the CC BY-NC-ND 4.0 license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Read Online

Cite This: JUSTC, 2026, 56(X): (10pp)

Abstract: A new data-driven distributionally robust framework was proposed for conditional quantile prediction. We ex-
tended the framework to accommodate general p-Wasserstein distances to enhance the robustness of the optimization
problem and investigated quantile prediction using observed feature information. We employed a regression-then-robustify
approach to obtain a robust data-driven solution to the quantile prediction problem and established finite-sample perform-
ance guarantees for this solution. We also reported the numerical performance of the proposed distributionally robust op-
timization (DRO) method through comparisons with other classical models.
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1 Introduction

Quantile regression has attracted considerable research atten-
tion since its introduction by Koenker and Bassett'". An over-
view of the methodology is provided by Koenker and Hal-
lock™, and a comprehensive treatment is given by Koenker'.
Quantile prediction has wide applications in various fields in-
cluding operations research, economics and finance. Huang
et al.”! provided a comprehensive review of quantile regres-
sion for different types of data and application areas.

In classical quantile regression research, the assumed distri-
bution of the data typically follows an empirical distribution,
commonly referred to as the sample average approach (SAA)
method. However, in practice, determining the true distribu-
tion of the data becomes challenging when complete data are
not available or only a small sample of data is obtained, mak-
ing it impossible to use the empirical distribution. Con-
sequently, this limitation can lead to poor out-of-sample per-
formance. One approach to guarantee out-of-sample perform-
ance is to incorporate the concept of robust optimization. Mo-
tivated by this, distributionally robust optimization (DRO)
framework has gained increasing scholarly attention. Scarf et
al.® initially introduced a min-max solution to the quantile
prediction problem. This approach entails considering all pos-
sible demand values and employing the worst-case solution
for decision-making. In the DRO framework, the construc-
tion of an ambiguity set of possible probability distributions is
essentially important and typically based on either
distributional information or historical data. The DRO
quantile prediction problem has been extensively investig-
ated under partial distribution information, including given

moment information”, symmetry and unimodality!”, and as-
suming an ellipsoid or box discrete distribution'’. By
incorporating historical data into the DRO framework, we
consider the data-driven DRO (DD-DRO) framework. Vari-
ous methods have been developed to construct ambiguity sets
using historical data. For example, Wang et al."”! assumed that
the observed data satisfied the lower empirical likelihood,
whereas Bertsimas et al.'”! employed the confidence region as
an ambiguity set. Another widely employed method to con-
struct ambiguity sets involves first determining a nominal dis-
tribution based on observed samples (e.g., empirical distribu-
tion) and subsequently incorporating all probability distribu-
tions closely related to the nominal distribution within a cer-
tain probability measure. Commonly utilized probability met-
rics for this purpose include the ¢-divergence!*'*""!, Prohorov
metric!'”, and Wasserstein distance!'”'*"****'l, The Wasserstein
distance has gained increasing popularity because of its ef-
fectiveness in characterizing the distance between two distri-
butions, making it the metric of choice in our study.

In many practical applications, the external features might
be predetermined or designed, which means that the data gen-
erated by the response variable and the external features are
not independent and identically distributed (i.i.d.). Examples
include predicting goods demand via prior information such
as the quantity and features of popular products or making
pricing decisions according to certain strategies. For this reas-
on, we adopt a common assumption in the prediction of an es-
timator known as the “fixed-design” assumption™ in this
study. According to this assumption, sample points are con-
sidered fixed rather than random. Only the source of random-
ness in training is due to the response sample points. Under

CSTR: 32290.14.JUSTC-2024-0058
DOI: 10.52396/JUSTC-2024-0058
JUSTC, 2026, 56(X):


mailto:xxqyzb@mail.ustc.edu.cn
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
mailto:xxqyzb@mail.ustc.edu.cn
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
https://justc.ustc.edu.cn/article/doi/10.52396/JUSTC-2024-0058
http://justc.ustc.edu.cn
https://cstr.cn/32290.14.JUSTC-2024-0058
https://cstr.cn/32290.14.JUSTC-2024-0058
https://cstr.cn/32290.14.JUSTC-2024-0058
https://cstr.cn/32290.14.JUSTC-2024-0058
https://cstr.cn/32290.14.JUSTC-2024-0058
https://doi.org/10.52396/JUSTC-2024-0058
https://doi.org/10.52396/JUSTC-2024-0058
https://doi.org/10.52396/JUSTC-2024-0058
https://doi.org/10.52396/JUSTC-2024-0058
https://doi.org/10.52396/JUSTC-2024-0058

Zzsrg "

Distributionally robust conditional quantile prediction with Wasserstein ball

Cheng et al.

the “fixed-design” assumption, we consider the DD-DRO
framework and propose a distributionally robust conditional
quantile prediction problem with Wasserstein ball. In this
problem, we assume that there are accessible historical obser-

N
vations of the predetermined characteristic {X,f },-:1 and the cor-

responding response variable {y,}',, which are independent
but not the same distribution. Owing to the lack of i.i.d.
samples, our framework is similar to that proposed by Qi et
al.””! Based on this literature, we extend to the general p-
Wasserstein distance to enhance the robustness of the optim-
ization problem, where p > 1. The general p-Wasserstein dis-
tance is a more flexible metric than the 1-Wasserstein dis-
tance, allowing for a wider range of probability distributions
to be compared. This flexibility can lead to improved predic-
tions in real-world applications. Under the aforementioned as-
sumption, we achieve an effective and practical reformula-
tion of the quantile prediction problem. Notably, this refor-
mulation is polynomially solvable, involving linear regres-
sion followed by the residual variables. Additionally, we
provide finite-sample performance guarantees and numerical
performance assessments of our proposed DRO method.

The remainder of the paper is organized as follows. Sec-
tion 2 introduces the definition and properties of Wasserstein
distance and ordinary least squares (OLS) estimation, then
presents our distributionally robust conditional quantile pre-
diction problem with a Wasserstein ball as a minimax prob-
lem. Section 3 addresses this problem and presents a tract-
able reformulation. Section 4 develops the finite-sample guar-
antee. Section 5 presents numerical examples to validate the
numerical performance of our DRO method. Finally, Section
6 concludes the paper with a brief summary.

2 Problem formulation

2.1

We begin by defining the Wasserstein distance as introduced
in Ref. [24]. The Wasserstein metric is defined as a distance
function between two probability distributions on a given
probability measure space.

Definition 1. (Wasserstein distance) Let Z denote a metric
space with metric d(-,-), P(Z) denote the set of all Borel
probability measures on Z, P, and P, denote two distribu-
tions supported on a set P(Z), and M (P,,P,) is defined as
the set of all Borel probability distributions on Z X Z with
marginal distributions P, and P,. For any p €[1,00), the p-
Wasserstein distance between P, and P, is defined as:

Wasserstein distance

BB =,

(Jawermaea).

According to Ref. [25], one can verify that the Wasserstein
distance is a metric, that is, it is nonnegative, symmetric, and
subadditive, and it vanishes if and only if P, =P,. Addition-
ally, as noted in Ref. [25], dy,,(P,,P,) is finite whenever both
P, and P, have finite p-order moments. In this paper, we
focus on the p-Wasserstein distance as defined in Definition
1 for p€[l,00). Our analysis concentrates on the case in
which Z =R; thus, the absolute distance |£ —¢&’| is chosen as
d(&,¢). In addition, we introduce the definition of the dual

-2

expression of the Wasserstein metric from Theorem 5.10 of
Ref. [24], which is employed in the proof of the finite-sample
guarantee.

Lemma 1. For any distributions P,,P, € P(Z), we have

1
»
(BB = sup [ 1O 06~ [ st@rPuas))
where £ denotes the set of all the bounded continuous func-
tions, which satisfy |f(&)—g (&) <d(&,&) for all £,& € Z,
and d(¢,€) denotes the metric on Z that is used in Defini-
tion 1.

The Wasserstein distance is a natural way to compare two
distributions when one is obtained from the other by perturba-
tion. Here, we introduce the Wasserstein ball centered on a
nominal distribution, which is used to characterize the distri-
butional ambiguity in our problem.

Definition 2. For a fixed distribution P, € P(Z) and r >0,
the Wasserstein ball centered on P, can be formulated as
follows:

B, (P,) := (P, € P(Z)|dy, (P, P,) < ).

2.2 Ordinary least square (OLS) estimation

Let YeR be the response variable of interest and
(Xi,---,X,) € R? be a vector of predictive variables. We as-
sume that X;,---,X, and Y satisfy the standard linear regres-
sion model without an interception term, that is,

Y=8X++BX,+¢, )

where B=(B,,---,8,)" €R? is the vector of unknown regres-
sion parameters, and € € R is a random variable of residuals.
In addition, we assume that € is independent of (X,,---,X,)
with zero mean and unknown variance o?. The distribution of
€ is not necessarily assumed to be normal.

Let (x,,y1),---,(xy,yy) be N samples having been ob-
served from (1). Denote (x,---,x,)" by X and (y,, -, yv)"
by y. Under certain assumptions, the OLS estimator of f3

from the N samples, denoted by B2, is expressed as

B = (X X)"' X'y,

Since By is an essential tool in our conditional quantile re-
gression with model uncertainty (introduced in Section 2.3),
we below provide the important assumptions that ensure
performance of B9 as well as some properties of the OLS
estimator. Throughout this paper, we also make the same
assumptions.

Assumption 1. The design matrix X is of full rank.

Assumption 1 ensures that the matrix X" X is an invertible
matrix. Subsequently, we find that the projection matrix
H:=X(X"X)"' X" is an idempotent matrix. Let H = (P s -
Thus, we have trace(H) = Z[: h;=q.

Assumption 2. As sample size N goes to infinity, the d xd
matrix

M=lmN'X"'X=limN"' ) xx’

N—ooo
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exists and is finite nonsingular.
This leads to

lima"(X'X)"'a=0
N—oo

for any bounded vector a; see Ref. [23] for more detailed
discussions.

By applying the strong law of large numbers, we have the
following lemma directly.

Lemma 2. Under Assumptions 1 and 2, the OLS estimator
is strongly consistent, that is,

B S B.

2.3 Conditional
uncertainty

quantile regression with model

In this section, we continue to consider the standard linear re-
gression model (1). For @ € (0,1), the @-quantile Q,(Y) of a
random variable Y is defined as

0.(Y) =infly: P(Y <y) > a). )
In addition to Eq. (2), Q.(Y) can also be represented as the
solution of a stochastic optimization problem, that is,

0,(Y) = argmin E [p, (Y —v)],

veR

3)

where p, is the quantile loss function (also called the check
function), which takes the form of

if u>0;

if u<O.

au,

pl,(u) = M(a_ l(uso)) = { (CY— l)u

Recalling the “fixed-design” assumption and considering
the linear regression model (1) along with the definition of
the a-quantile, for (X,,---,X,) = (x,---,x,) :=x'", the ath
conditional quantile Q,(Y|x") of a random variable Y takes
the following form:

0.(YIx") = 0, (B'x" +elx') = BTx" + Q.(e) = B'x +5,, (4)
where s,:=Q,(¢) is the ath quantile of &. Let
{(x)7,-+,(x})"} denotes a sequence of (row) vectors of a
design matrix X. Suppose that {y,,---,yy} is an i.i.d. sample
having been observed from Eq. (1)°. The quantile regression,
introduced in Ref. [1], estimate a given quantile of ¥ condi-
tional on x/. Specifically, for @ € (0,1), the ath regression
quantile is defined as the solution of the following problem:

N
Doy -Bx ).
i=1

The aforementioned quantile regression can also be seen as
follows: The conditional stochastic optimization problem
from (3) applies the SAA approach.

The SAA approach has commendable performance under
the “random-design” assumption because the empirical distri-
bution converges to the real underlying data generating distri-
bution as the sample size increases. However, it becomes in-
efficient under the “fixed-design” assumption, as this conver-
gence is no longer guaranteed. This motivates us to find a
more effective approach to solve the quantile regression prob-
lem. Additionally, in practice the distribution obeyed by the
data cannot be determined if the complete data are not avail-

min
BeRY, seR

-3

able or if a small sample of data is obtained and an empirical
distribution function cannot be used. Motivated by these find-
ings, we consider including distributional ambiguity in the
quantile regression problem. See Qi et al.”’ for a more de-
tailed discussion of the motivation. As a result, we follow the
conditional quantile regression with model uncertainty, pro-
posed by Qi et al.”™ to incorporate the ambiguity of distribu-
tion and utilize historical data. To incorporate the ambiguity
of distribution and utilize historical data, it is formulated as
follows:

_min sup EQ) [pa (Y _BTxf - s)] s (5)
Be]R‘l,xeT(QyEpy
where Qy is a distribution of Y conditional on (X,,---,X,) =
(x1,-++,x,) :=x" and P, is an ambiguity set constructed by

N
observed data points {(xf ’y")}le .
2.4 Uncertainty set construction

The uncertainty set in our work is constructed using the p-
Wasserstein distance and the OLS estimator. We follow the
regress-then-robustify method introduced by Qi et al.”* to
simplify (5). Let &=Y-B"x' =+ (B—B)"x’, conditional
quantile regression with model uncertainty problem (5) can be
rewritten as

min sup Eq, [p,(E—5)], (6)

BeRY,seR Q:ePs
where Q; and P: denote the candidate distribution and ambi-
guity set of &, respectively. Note that P; also depends on g.
We consider the empirical distribution as the nominal distri-
bution to estimate the true probability distribution. Denote
&=y - BTxf , then, the uncertainty set is constructed as a
Wasserstein ball centered at the empirical distribution (i.e.,
Poi= By, (By@®) with £,5)= - 3" 5, where the defini-
tion of the Wasserstein ball is providé:ci in Section 2.1 and ry
is determined by Theorem 3.4 of Ref. [18]). Subsequently,
we provide a good estimator of B to replace g and have an
approximated distributionally robust problem of (6). Since the
OLS estimator B2 of B has a good closed-form and essen-
tial asymptotic property under certain assumptions, we con-
sider replacing g with B9, More specifically, defining

g =¢e+(B-P2)x’/, we obtain the corresponding samples

OLS }N
i i=1

A T
{e with & =y, — (,BZLS) x/ and the corresponding em-

pirical distribution B (o) = %Z{V]g(sm). The empirical
distribution leads to a Wasserstein ball B, (I@’N (sOLS)). It is im-
portant to note that the ambiguity set does not center on the
empirical distribution of & but rather on the empirical distri-
bution constructed by OLS residuals, which is different from
former researches. With this clarification, we now formulate

our distributionally robust conditional quantile prediction
problem under the Wasserstein ball:

(O The superscript “f” means that we adopt a “fixed-design” setting in
our model. v

@ In the “fixed-design” assumption, although {(x])7,--+,(x%)"} can-
not be seen as i.i.d. samples, we still assume that the design matrix X’
satisfies Assumption 2 and then has the asymptotic property.
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min sup By, [0. (€ - 9)], @) f
se X *' su E (&= de
G QVeP®). lpl N N P Q@ (12)

where Q, and B,, (]@’N (SOLS)) denote the candidate distribu-
tion and ambiguity set of &, respectively. In the next section,
we derive a tractable reformulation of problem (7).

3 Tractable reformulation

In this section, our goal is to solve the distributionally robust
conditional quantile prediction problem (7). As the notation in
Section 2.1, we consider the metric space Z to be R. We
prove that it can be rewritten as a convex program with de-
coupled components and can thus be solved by OLS regres-
sion. Theorem 1 provides a tractable reformulation.

Theorem 1. For any ry >0, p > 1, Problem (7) is equival-
ent to the following problem:

min Arl, + A" ! C(s)+—Zp” (- (8)
SER,A>0
where
L
a\r- 1l-a pl
Co)=(p-D|(=| L+(p-D|—] L,
p p
1 N
Ilzﬁzl{sf"“szﬁa}’ 1221—11,
i=1
L 1 2 2
a=(@p) (1——)[<1—aw —w],
p
and
s | au if u>a;
p"(”)‘”(a"l‘“ﬂ”)‘{ (@-Du ifu<a.

Proof. We first focus on tackling the inner problem of (7):

sup Eq, [p. (€ —9)]. ©)
Qu By, (Bu(e015))

For a fixed s, Problem (9) is equivalent to

dy, (Q By (™)) <. (10)

sup Eq, [p, (e —5)] st

Qu eP(R)
By rewriting the objective as an integral with respect to the
joint distribution /7 and using the definition of the p-
Wasserstein distance, we obtain the following equivalent
formulation:

sup | p, (&'~ 9)Q (de)

IeP(RxR)

st [ _le &1l dede) < 1, (11)
wheres ~Qy, &~ By (),
and I7(- xR) = Q,., [I(Rx-) = B, (7).

Fori=1,---,N, given that £ = €%, denote the distribution
of & conditional on ¢ =& by Q'. One can verify that for
any (£,£)’s joint distribution /7, there exists a series of distri-

. . 1 v .
butions {Q'}Y, such that /7 = NZLI&E(OLS(@Q‘. As a result,

(10) is equivalent to

Qi (de’) < rh.

ﬁ;fﬁ's"

By applying Lagrangian multiplier method, Problem (12) can
be rewritten as

sup 1nf—ijL,(s - Q' (de)+

QieP®).i=1, N 20 N

(r-—ZjLs £51Q (ds’)]. (13)

Since strong duality holds for Problem (13), Problem (13) is
equivalent to

inf sup
20 giep@i-tn N

—me(s—s)@(dsH

(m——Zfls ‘“I”Q”(ds’)]- (14)

Then we turn to solve the inner problem of (14). One can
verify that the optimal {Q'}",, that solves

sup ZI 0. (€ —5)— /lls gos

QiePR)i=1, N

Q' We), (15)

N
is a series of the Dirac distributions {553 }i:], where &, 1=
-, N, solves

OLS

supp, (& —s)— /l|s " fori=1,---,N. (16)

&eR

If &%>s+a, we can solve (16) with & =g, :=
1

)” _If &% <s+a, the solution of (16) is

1

a

! pl
l-a\r!

& =g,:=e"—|——] . As aresult, Problem (14) can be

Ap
reduced to

lg[fNprq(s—S)Q(dSH

r_ / _ oOLS i N =
A[r,v NZLI& & I”Q(ds))—
1A=IN e
. a |\t
1{121(?/17;% + N Z‘: Pu(En—) _/l(/l_p) }I{&Sn”}"’
l N
N2
i=1

e
1- i
P (8- s)_/l(_al)p
L
infAry + 4 r-!
120

Ap
L P
a\r l-a
(P—l)(—) 11+(P—1)( ) Iz}‘*‘

p p

1 N

A Gl

w2

The desired result follows.

Theorem 1 provides a tractable reformulation of Problem
(7), which can be solved numerically. When a = 0.5, Theor-
em 1 can further lead to a general closed-form solution where

an

I{s?'-s <,x+(1} -
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p-1

A~ [ C)
””‘(w—l)) ’

1 =

1 1-p 1 N
$y=argminr{ C(s) 7 p(p—1) +N;pa(s?“—s). (18)

Remark 1. When we consider general p’-quantile regres-
sion, its expression is as follows:
au”,

P10 :{ (1 -a)-u)',

Problem (16) has no feasible solution when p < p’; when
p=p', A similar result can be obtained by referring to the
above proof. If &% =5, we can solve Problem (16) with

if u > 0;
if u<O.

OLS —_—
&% —as a\,m1 .
& =g = ’1—, where a, = (z) ; if €2 < s, the solu-
—a,
. . . &M —ays
tion of problem (16) is & =¢,:= R where
1 —a,

1—a\rt
a, = Y . Then, It can be easily shown that Problem

(14) can be reduced to
min

» »
) o a a
Arly = e — s —| L+|——] L|+
seR,A>maxla, 1 -a} 1-aqa 1-a,

1 N
v ZP: (&7 =),
i=1

(19)
1 N
where I, = — Zl{slmzj}, I, =1-1,, and the function p;" is
i=1

N £
u 14
@ 1-aqa

—u
(1 —a)(l_a2

if u>0;

o, (u) =

P
) ifu<0.

Our paper has provided a tractable solution for the distribu-
tionally robust conditional quantile optimization problem.
Compared with Theorem 1 of Qi et al.””, Problem (7), which
is constructed under the general p-Wasserstein metric, is
more robust, because its solution is related to the Wasserstein
ball radius ry, and thus related to the constructed ambiguity
set.

4 Finite-sample guarantee

In the distributionally robust conditional quantile optimiza-
tion problem (7), we construct the ambiguity set by the gener-
al p-Wasserstein metric and the empirical distribution. This
ambiguity set offers an attractive performance guarantee
under the common light tail assumption of generating a distri-
bution over unknown data. In this section, we present three
lemmas and use them to derive a concentration inequality for
the p-Wasserstein distance. The inequality provide the finite
sample guarantee based on p-Wasserstein ball. To clarify our
analysis, we first introduce the following notations:
V*: the optimal expected cost that we target, that is,
V' = min E,,,

BeRd seR [’0" (Y_BTxf - S)] =

‘min Ey, [p, (E-5)],

BeRrd,seR

-5

where & =Y —B7x’ and P, is the true probability distribution
of &.

Vy: the in-sample cost achieved by the distributionally
robust optimization problem (7), that is,

Vy=min sup E,, [p, (g —5)],
SR eP(e)
where & = e+ (B8—B2°)"x’.
Viro: the expected out-of-sample cost achieved by the solu-
tion of our DRO method, (ﬁw,ﬂZLS), that is,

Viro = E}F}/ [P(y (g - §N)] 5

where P, is the true probability distribution of &'.
Assumption 3. (Light-tailed assumption) There exists an
exponent a > p such that

A :=E; [exp(lell)] < 0.

We also assume that A > 1.

Assumption 3 essentially requires that the tails of the prob-
ability distribution decay at an exponential rate. According to
Lemma 4 of Qi et al.”, we can assume that there exists a con-
stant k such that o2 <, where o denotes a variance of &.
We first give some lemmas before proving the finite-sample
guarantee of our results. For the observed data points
{(x{ , yi)}:, denoting the true probability distribution and the
empirical distribution of & by P, and P, (¢), respectively, we
have the following lemma from Ref. [26, Theorem 2].

Lemma 3. If Assumption 3 holds, then for any
1, €(0,1), N > 1, there exists ry, such that:

PQI {de (PS’PN (5)) > er} <1,

N
where P (g) = %25 with & =y, - BTx/,
i=1

L
my

(log@;f‘)) N> log(clm");
I'ny (771) = I @ . P @ » (20)
( og (e, ))“ i N < log (e, )
N G

Here, ¢, and ¢, are positive constants depending only on a, A,
and m; m, = max{2,m/p}, and m is the dimension of the set
P(2). .,

For the observed data points {(x,f ’y")}i:w denoting the OLS
estimated empirical distribution by P, (g°), we have the fol-
lowing result of the Wasserstein distance between P, () and
By ().

Lemma 4. If Assumptions 1, 2, and 3 hold, then for any
m,€(0,1), and N > 1, we have

91—
s =

NiT R
]772
N7 R
Up

ifl<p<?2;

oy =
if p>2;
such that
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Pi’ {de (I@N (&) ’I@N (8OLS)) 2 er} <,

where By (e) = Z s, with & =y,—B"x/ and By (e) =
il Z 5. ous Wl'[h 05 =y, — (ﬁOLS)

Proof Applying the dual representation of the Wasserstein
distance from Lemma 1, we have

(du, (Bx (). By (gOLS)))” =
sup {% Zf(s,-) - % Zg(sf’“)} <

f.geL
AOLS T
( N _ﬂ> X;
=1

0L§ r_

—Zi

I Z ) XX X8

where & = (g,,---,&y)" denotes the real residuals. For simpli-
city, we define the random variables as

=) X'X)"'Xe, i=1,--,N.
One can verify that E[Z] =0 and
E[Z}] = Var(Z) = o*(x) (X" X)"' x/ < &h,

where « is the bound of the variance of &, and £, is the diag-
onal element of the projection matrix H:=X(X"X)"' X",

N
i=1,---,N,and Z’_:]hﬁ = ¢q. Thus, we have

P {du, (B (€).By (7)) 2 1y} <P ( Zm’) >y

Using Markov’s inequality, we have

1

1 < v
El|= ) |1z[
[NZ| ,|)

2y <

P

'y

1 N
P — Z.
[N;) ,I)

Subsequently, we
1 1/p

j— v P

(52 )
(1)For 1 <p <2, applying Karamata’s inequality, Jensen’s

inequality, and Holder’s inequality, respectively, we have

consider  the bound of

upper

> ry, | in the following two cases.

1
BN p; 1Y
B\g 21| | w3 Epz)
i=1

< il <
I'ny B I'na a
LN LN
N» Z JVar(z) N» Z Vih;
i= < i=1 <
na Iny
11 al
Nz » KZ h;; 11
i=1 N2 v \kq
= =1
Iy I'na
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(ii) For p > 2, applying Karamata’s inequality and Jensen’s
inequality, we have

(z] o]

I'ny

Z|Z|

> E[Z]
i=1 S

N

Zkhu it
S N R

_7‘]2'

1

N’

I'ny vy

Combining the two cases, the desired result follows.

We have the following result for the Wasserstein distance
between the true probability distributions of € and &.

Lemma 5. If Assumption 3 holds, then for any
17, €(0,1), N>1, and

rvs = \/ = (e (x Xy xr),
13
we have

PV {dy, (P, Py) = rys} < 1.

Proof. Recall that &=+ (8- %) x’. Thus, we find that
dy,P,P,) = |(ﬁ - ﬁSLS)Tx’l. Applying Chebyshev’s inequal-
ity, we have

P {dy, (P, P.) 2 rys) :PN{ _ﬁOLS TJé'f| > VNz} <
Var(|(ﬂ ﬁOLS)Txf|)
(rNs)
Var((ﬂ - ﬂgLS)T x-/') )
R
ar[((XTX)" Xe) xf]
()’ B
(rN3)2 -

(@)@ X)) =

K
(rs)

The desired result follows.

The aforementioned lemmas give rise to the following
finite-sample guarantee.

Proposition 1. (Finite-sample guarantee) Suppose that As-
sumptions 1, 2, and 3 hold, then for any 7 € (0,1), there ex-
ists a radius ry such that ry —> 0 as N — oo and V, upper
bounds Vo with high probability, that is,

P Voo < 0] 2 1-1, @
Proof. For any n€(0,1) and N > 1, let n, =n/3, ry; be as
defined in Lemmas 3, 4, and 5, i=1,2,3, and ry=

Iy + Fya + I'ys. We observe that
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dy, (B.. By (£7)) <dy, (P...B) +dy, (P.. By (8)) +
du, (By (2).By (7).
By Lemmas 3, 4, and 5, we have

P {dy, (P By (7)) < 1) 2

1 =P {dy,(P.,P,) > ry}-

P {du, (P By (8)) > 1} -

=P {du, (B (), B (7)) > 1o} =
1-n.

One can verify that P, € B,, (PN (sOLS)) implies that Vi < V.
Then we have

P {Viwo < V) 2P* (P, € B,, (B (™))} =
P'{dy, (B By (7)) < 1} 2 1=,

Therefore, the finite-sample guarantee that (21) holds, this
completes the proof.

5 Numerical experiments

In this section, we conduct numerical experiments using a
dataset simulated from real-world data to validate our theoret-
ical findings. Our objective is to predict the total demand for
bicycles at a certain time of day via external factors such as
the wind speed and temperature. Accurately predicting the
quantiles of the stochastic demand process will enhance bi-
cycle inventory management. Section 5.1 describes the data
generation process, while Section 5.2 presents a comprehens-
ive performance comparison between our DRO method based
on the p-Wasserstein metric and the standard SAA method.
We compare our DRO method, which is based on the p-
Wasserstein metric, with the methods in Ref. [23].

5.1 Data selection

The data used in the simulation experiment are a real dataset
obtained from the UCI Machine Learning Repository curated
by Dua and Graff””. We utilized the Seoul bicycle sharing de-
mand dataset, resulting in a dataset containing 8760 instances.
This dataset includes the number of public bicycles rented per
hour in the Seoul bicycle management system, along with
corresponding weather data and holiday information. To ad-
dress multicollinearity issues, some features were removed,
resulting in a design matrix X with 7 features. The dataset en-
compasses weather information such as temperature, humid-
ity, wind speed, visibility, dew point temperature, solar radi-
ation, and rainfall.

Since the observations of the features correspond to peri-
ods of time, it is not appropriate to treat the observations as
i.i.d. data. Therefore, we adopt the “fixed-design” assump-
tion. First, a linear regression model was applied to the pre-
processed dataset mentioned above. Next, we discarded the
target column of the dataset, retaining only the feature
columns. A new dataset was subsequently constructed by
simulating the reconstructed target column. Specifically, in
the simulation, we treated the estimated coefficients as poten-
tial true linear coefficients (B). The demand observations
were then generated by adding i.i.d. simulated noise

yi=B"x +s,. (22)

Given that our data are time-series related, the observed
values are divided into a training set and a test set based on
time periods. For any specific size of N, the training set com-
prises these N observations, while the subsequent 500 time
periods’ observations are utilized as the test set. The data pro-
cessing method follows a similar approach to that of Ref.
[23].

=02 G=i2 =20
% 012{ T 1Y 12571 12— 1
Q | \ iy I 1
© Pl ey g T i
o~ 20104 | ! 1.04—4+—— 10+ v
s £ irt X S v
n % o008{ I/ \ 0841 st
- 5 v\" \\A , s o i
< 0.06 z=>u Sea ey 08 e e e 6 == 2oy s
o)
0 500 1000 1500 0 500 1000 1500 0 500 1000 1500
N N N
g 0.124 1 1.2 T\ "\ 12 o
o ! SRR T Method
© g 0101 . 1.04 N . 101 ,ni — St
g Yol 7 ki Wy el 4 -0 J_dro
: g \ - oo~ o [ . | / =
o 13' i ¥ W \A’_‘ "\, a8 “-_ \/’\ = 9 ‘--_\i],-l;l\ ’\/‘ﬂ‘\l\\——) == J saa
S 0.064 | ‘ L 083 | | 61 | | |
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Fig. 1. Out-of-sample costs versus training sample size under Gaussian noise.
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5.2 Comparison of out-of-sample cost

In this section, we first evaluate the performance of our 2-
Wasserstein DRO method and compare it to the SAA method
and the optimal solution, which can be evaluated due to the
known distribution of noise € and B. Therefore, we can com-
pare the out-of-sample costs of these methods.

For each experiment, given the training set size, the re-
sponse variable value in the training set is generated via (22)
along with the training feature vector. Both the 2-Wasserstein
DRO method and the SAA method use a training set. Sub-
sequently, i.i.d. noise is simulated 50 times for each of the
500 feature vectors in the test set, resulting in a total of 25000
data samples. The worst-case out-of-sample performances of
the optimal solution and solutions of the SAA method and the
2-Wasserstein DRO method are evaluated using the average
cost on the test set, which are denoted by Jo,, Ju., and Jy.,
respectively.

Fig. 1 illustrates that the out-of-sample performance of the
different approaches in different configurations of the
quantile level @ and the residual standard deviation 0. From
Fig. 1, we observe that our 2-Wasserstein DRO method out-
performs the SAA method, particularly with a small sample
size. Additionally, we find that the SAA method exhibits un-
stable performance under the “fixed-design” setting. As the
sample size increases, both the DRO and SAA methods con-
verge to the optimal solution and the rate of convergence of
the DRO method is much higher than that of the SAA meth-
od. However, owing to the nonrandom generation of data
points in the training and test sets, the performance guarantee
no longer holds for the SAA method; for further details, see
Ref. [28]. Therefore, the 2-Wasserstein DRO method per-
forms better and is more robust than the SAA method. Table |
summarizes the quantified out-of-sample performance. For
comparison, we incorporate the performance of the DRO
method proposed by Ref. [23], which is denoted by Jy,. In
Table 1, the percentage ratio described in parentheses corres-
ponds to the improvement of our DRO method with the p-
Wasserstein distance relative to the SAA method and the
DRO method, calculated as (Jyo—Jw)/Jw  and
(Jsto = Jirog )/ Jaro, - These values indicate that compared with
the SAA method and the DRO method proposed by Ref. [23],
our DRO strategy with 2-Wasserstein distance achieves bet-
ter quantile prediction.

6 Conclusions

In this paper, we propose a new DRO framework by extend-
ing the classical Wasserstein measure to conditional quantile
prediction and constructing the problem under the general p-
Wasserstein metric. The feasibility and reconfigurability of
the conditional quantile prediction DRO problem under the
quantile loss function are studied. By using OLS estimators of
linear coefficients, we develop a regression and then robust
framework, and derive new concentrated inequalities. We
bind the expected out-of-sample cost to the probability of any
expectation. In addition, we show that the proposed distribu-
tionally robust framework implements a simple and practical
reformulation that can be solved in polynomial time. Finally,
a numerical experiment was conducted to evaluate the per-
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formance of the proposed DRO method, along with comparis-
ons against the SAA method and the DRO method developed
by Ref. [23] under the 1-Wasserstein metric. The results
demonstrate that our DRO method achieves superior perform-
ance over the other two methods.

This work provides an alternative to relying solely on the
empirical residual distribution for conditional quantile predic-
tion. By combining a residual-based Wasserstein ambiguity
set with finite-sample guarantees and a tractable reformula-
tion, the proposed framework offers a practical way to ad-
dress distributional uncertainty when only limited data are
available. Future research could extend the regression-then-
robustify approach to nonlinear regression models and invest-
igate adaptive selection of the Wasserstein order and radius.
An important consideration in these extensions is how to ac-
count for regression estimation error and data-dependent cal-
ibration while preserving computational tractability and valid
finite-sample guarantees.
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