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Graphical abstract

Supercritical p(x)-Laplace equation.

Public summary
■ Extend  the  multiplicity  of  solutions  to  p(x)-Laplacian  problem  with  subcritical  and  critical  growth  to  supercritical
growth.

■ Overcome the supercritical growth via the truncated technique and De Giorgi iteration.

■ The existence of solutions to the truncated equation is given by means of the variational principle of Ricceri.
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1    Introduction
In this paper we study the following problem:{

−div(|∇u|p(x)−2∇u) = λ f (x,u)+µ|u|q(x)−2u, in Ω;
u(x) = 0, on ∂Ω;

(1)

Ω ⊂ RN

p,q : Ω→ R
where   is a bounded domain with a smooth boundary,

 are continuous and satisfy

1 < p− =min
x∈Ω

p(x) ≤ p+ =max
x∈Ω

p(x) < N, (2)

p ∈ L∞
+

(Ω) = {p ∈ L∞(Ω) | ess inf
Ω

p(x) ≥ 1}, (3)

p+ < p∗(x) =
N p(x)

N − p(x)
, q ≻ p∗; (4)

q ≻ p∗ infΩ(q(x)− p∗(x)) > 0 λ,µ > 0
f (x,u)

 means  ,    are  nonnegative
parameters, and   is a Caratheodory function satisfying

sup
s∈[−M,M]

| f (x, s)| < +∞, ∀M > 0. (5)

f (x,u)We  suppose  that  the  nonlinearity    satisfies the   fol-
lowing conditions:

lim
|s|→+∞

f (x, s)
|s|p(x)−1

= 0, uniformly in x ∈ Ω; (6)

lim
|s|→0

f (x, s)
|s|p(x)−1

= 0, uniformly in x ∈ Ω; (7)

sup
u∈W1,p(x)

0

w
Ω

w u

0
f (x, s)dsdx > 0. (8)

p(x)
Several studies have investigated related problems. Fan and

Deng[1] studied the  -Laplacian equation:

{
−div(|∇u|p(x)−2∇u)+a(x)|u|p(x)−2u = λ f (x,u)+µg(x,u), in Ω;
u(x) = 0, on ∂Ω;

(9)

λ = 1 f g

a(x) = 0 λ = 1
g(x,u) = |u|q(x)−2u q(x) ≤ p∗(x) f (x,u)

m
m ∈ N µ > 0

λ = 1 µ = 0 f (x,u) = |u|q(x)−2u
k a(x) p(x)

q(x)

p(x)

a(x) = 0 g(x,u) = |u|q(x)−2u q ≻ p∗

q ≻ p∗

where  ,   and   satisfy the subcritical growth, and three
solutions are obtained via the variational principle of Ricceri.
Da  Silva[2]  addressed  problem  (9)  with  ,  ,

,  , and   satisfying the sym-
metry  condition;  he  found  that  problem  (9)  has  at  least 
pairs of solutions for a given   when   small by the
symmetric mountain pass lemma and the concentration com-
pactness lemma of Lions[3] for the variable exponent. Fan and
Zhao[4] studied the existence of nodal radial solutions to prob-
lem  (9)  with  ,  ,  and  ;  obtained  a
pair  of  solutions that  have exactly   nodes when  ,  ,
and    satisfy  suitable  conditions.  Through  truncation  and
Moser iteration[5], Zhao et al.[6] studied Eq. (1) with supercrit-
ical  growth  as    is  a  constant  exponent,  and  obtained  at
least three solutions. In this work, we study problem (1) with
supercritical growth via the truncated technique and De Gio-
gri  iteration[7–9].  If  ,  ,  and  ,
problem (9) is (1). For the case where  , we cannot dir-
ectly use  the  variational  techniques  because  the   correspond-
ing functional is not well defined in the Sobolev space.
Obviously, condition (8) implies

θ := sup
Φ(u),0

J(u)
Φ(u)

> 0, (10)

Φ(u) =
w
Ω

1
p(x)
|∇u|p(x)dx J(u) =

w
Ω

w u

0
f (x, s)dsdxwhere   and  .

The main results of this study are as follows:
θ

[a,b] ⊂ (
1
θ
,+∞)

γ > 0 λ ∈ [a,b]
δ > 0 µ ∈ [0, δ]

Theorem  1.1.  Let  (2)–(8)  hold,  and    be  given  by  (10).

Then  for  each  compact  interval    there  exists
 with the following property: For every  ,  there

exists    such that,  for  each  ,  problem (1)  has  at
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W1,p(x)
0 (Ω)

∩
L∞(Ω) W1,p(x)

0 (Ω)
γ

least  three  solutions  in  ,  whose  -
norms are less than  .

q ≻ p∗

u
W1,p(x)

0 (Ω) ↪→ Lq(x)(Ω) q(x) ≤

p∗(x) =
N p(x)

N − p(x)
q ≻ p∗

W1,p(x)
0 (Ω) ↪→ Lq(x)(Ω) q ≻ p∗

p(x)

Remark 1.1. For the condition   in problem (1),  this
case is not the natural growth condition on  . One can obtain
only  the  Sobolev  embedding  , 

. In this study we are interested in the exist-
ence and multiplicity of solutions to problem (1) with  .
One cannot directly use variational methods, as there does not
exist an embedding  , where  . There
is difficulty for the  -Laplacian equation with supercritic-
al  growth.  The  difficulty  is  the  lack  of  Sobolev  embedding
and  compactness,  and  we  overcome  this  difficulty  via  the
truncated technique and De Giogri iteration[7–9]. 

2    Preliminaries
Ω RNLet   be an open domain of  , where

L∞
+

(Ω) = {p ∈ L∞(Ω) | ess inf
Ω

p(x) ≥ 1}.

p ∈ L∞
+

(Ω)For  , define the space

Lp(x)(Ω) = {u : Ω→ Rmeasurable |
w
Ω
|u(x)|p(x)dx <∞}

with the norm

∥u∥Lp(x) = inf{t > 0 |
w
Ω
|u(x)

t
|p(x)dx ≤ 1},

and Sobolev space with a variable exponent

W1,p(x)(Ω) = {u ∈ Lp(x)(Ω) | |∇u| ∈ Lp(x)}

with the norm

∥u∥W1,p(x) = ∥u∥Lp(x) + ∥∇u∥Lp(x) .

W1,p(x)
0 (Ω) =C∞0 (Ω)

∥·∥
∥u∥ = ∥∇u∥Lp(x)We denote  , with the norm  .

ρ(u) =
w
Ω
|u(x)|p(x)dx u,uk ∈

Lp(x)(Ω)
Lemma  2.1[1,2,10].  Let  .  For 

, we have

(R1) For u , 0, ∥u∥Lp(x) = t⇔ ρ( u
t

) = 1;

(R2) ∥u∥Lp(x) < 1(= 1;> 1)⇔ ρ(u) < 1(= 1;> 1);

(R3) ∥u∥Lp(x) > 1⇒ ∥u∥p−
Lp(x) ≤ ρ(u) ≤ ∥u∥p+

Lp(x) ;

(R4) ∥u∥Lp(x) < 1⇒ ∥u∥p+
Lp(x) ≤ ρ(u) ≤ ∥u∥p−

Lp(x) ;

(R5) ∥uk∥Lp(x) = ok(1)⇔ ρ(uk) = ok(1);

(R6) ∥uk∥−1
Lp(x) = ok(1)⇔ (ρ(uk))−1 = ok(1).

Lp(x)(Ω) W1,p(x)(Ω)
p− > 1

Lemma 2.2[10]. The spaces   and   are separ-
able Banach spaces, and they are reflexive as  .

Ω RN

p q ∈C0(RN) p∗ ≻ q
W1,p(x)(Ω) ↪→ Lq(x)(Ω)

p∗ ≻ q infΩ(p∗(x)−q(x)) > 0

Lemma 2.3[1,10].  Let   be  an open bounded domain in 
with the cone property,   satisfy (2),  , and  ,
then  the  embedding    is  compact,  where

 means  .
ai i = 0,1, · · · ,Lemma  2.4[8].  Suppose  that  a  sequence  ,    of

nonnegative numbers satisfies the recursion relation

ai+1 ≤ cbia1+η
i , i = 0,1,2, · · · , (11)

c b η b > 1where  ,  ,  and    are  positive  constants  and  .  If

a0 ≤ c−
1
η b−

1
η2 ai→ 0 i→∞, then   as  .

X WX

ϕ : X→ R
{un} ⊂ X u ∈ X

liminf
n→∞

ϕ(un) ≤ ϕ(u) {un}
u X

g : [0,+∞)→ R
u→ g(∥u∥)

WX

If   is a real Banach space, we can denote by   the class
of  all  functionals    possessing the  following   prop-
erty:  If    is  a  sequence  converging  weakly  to 
and  ,  then   has a  subsequence conver-
ging  strongly  to  .  For  instance,  if    is  a  uniformly  convex
Banach space and   is a continuous, strictly in-
creasing  function,  then  the  functional    belongs  to
the class  .

X
Φ : X→ R

C1 WX

X
X∗ J : X→ R C1

Φ x0

Φ(x0) = J(x0) = 0

Lemma  2.5[11,12].  Let    be  a  separable  and  reflexive  real
Banach space;   a sequentially  weakly lower semi-
continuous   functional, belonging to  , bounded on each
bounded subset of   and whose derivative admits a continu-
ous  inverse  on  ;    a    functional  with  compact
derivative. Assume that   has a strict local minimum   with

. Finally, setting

α =max
{

0, limsup
∥x∥→∞

J(x)
Φ(x)

, limsup
x→x0

J(x)
Φ(x)

}
,

β = sup
x∈Φ−1(0,+∞)

J(x)
Φ(x)

,

α < β

[a,b] ⊆ I = (
1
β
,

1
α

)
1
0
= +∞ 1

+∞ = 0

ρ > 0 λ ∈ [a,b]
C1 Ψ : X→ R
δ0 > 0 µ ∈ [0, δ0]

assume  that  .  Then,  for  each  compact  interval

  (with  the  conventions  ,  ),

  with  the  following  property:  For  every    and
every   functional   with compact derivative, there
exists   such that, for each  , the equation

Φ′(u) = λJ′(u)+µΨ ′(u)

X γ

∥ui∥ ≤ γ i = 1,2,3
has at least three solutions in   whose norms are less than  ,
i.e.,  ,  .

ρ µ

Remark  2.1.  From  the  proof  of  Lemma  2.5,  Ricceri[12]

shows that   does not depend on  . One can refer to Ref. [12]
for details.

f
λ ∈ (0,+∞) Φ−λJ

W1,p(x)
0 (Ω) vλ

Φ(u) =
r
Ω

1
p(x)
|∇u|p(x)dx J(u) =

w
Ω

w u

0
f (x, s)dsdx

Lemma  2.6.  Let    satisfy  (5)  and  (6).  Then  for  every
,    is  sequentially  weakly  lower  continuous

and  coercive  on  ,  and  has  a  global  minimizer  ,

where   and  .

λ ∈ (0,+∞) ∀ε > 0
M0 > 0

Proof. Let us fix  . By (6), for  , there ex-
ists  , such that

| f (x, s)| ≤ ε|s|p(x)−1 as |s| ≥ M0.

C0 > 0
Considering  this  inequality  and  (5),  we  may  find  a  constant

, such that

| f (x, s)| ≤C0 +ε|s|p(x)−1 as s ∈ R,

which implies

|F(x,u)| ≤C0|u|+
ε

p(x)
|u|p(x). (12)

u ∈W1,p(x)
0 (Ω)Thus, for  , we obtain
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Φ(u)−λJ(u) =
w
Ω

1
p(x)
|∇u|p(x)dx−λ

w
Ω

F(x,u)dx ≥
w
Ω

1
p(x)
|∇u|p(x)dx−λ

w
Ω

(
ε

p(x)
|u|p(x) +C0|u|

)
dx ≥

1
p+
∥ u ∥p(x) −λε

p−

w
Ω
|u|p(x)dx−λC0

w
Ω
|u|dx ≥

1
p+
∥ u ∥p(x) −

λεC p
p

p−
∥ u ∥p(x) −λC0C1 ∥ u ∥,

∥u∥Lp(x) ≤Cp∥u∥ ∥u∥L1 ≤C1∥u∥
C1,Cp > 0 p(x) > 1 ε > 0
Φ(u)−λJ(u)→ +∞ ∥ u ∥→∞ Φ−λJ

where    and  ,  with  constants
.  Since  ,    is  small  enough,  we  have

 as  . Hence   is coercive.
W1,p(x)

0 (Ω) ↪→ Lp(x)(Ω)
J Φ(u) =w

Ω

1
p(x)
|∇u|p(x)dx ∈WX

W1,p(x)
0 (Ω) Φ−λJ

Φ−λJ
vλ

Since  the  embedding    is  compact  and
by  (12),    is  weakly  continuous.  Obviously, 

  is  weakly  lower  semicontinuous  on
. We can deduce that   is sequentially weakly

lower  semicontinuous.  Thus,    has  a  global  minimizer
.
The proof is completed.

Φ−λJ
λ f

Next,  we  will  show  that    has  a  strictly  local,  not
global minimizer for some   when   satisfies (5)–(8).

fLemma 2.7. Let   satisfy (5)–(8), then
(i) 0 Φ−λJ

λ ∈ (0,+∞)
   is a strict local minimizer of the functional   for

;
(ii) 0 , vλ 0 vλ

λ ∈ (
1
θ
,+∞) vλ

  ,  i.e.,    is  not  the  global  minimizer    for

, where   is given by Lemma 2.6.
Proof. First, we prove

lim
∥u∥→0

J(u)
Φ(u)

= 0.

∀ε > 0 ∃δ > 0In fact, by (7), for  ,  , such that

| f (x,u)| ≤ ε|u|p(x)−1, as |u| < δ. (13)

Considering the inequalities (13) and (6), we have

| f (x,u)| ≤ ε|u|p(x) + |u|r(x), for x ∈ Ω, u ∈ R,

r(x) ∈ (p(x), p∗(x))with fixed  . By continuous embedding, we
have

|J(u)| ≤
w
Ω
|F(x,u)|dx ≤
ε

p−

w
Ω
|u|p(x)dx+

1
r−

w
Ω
|u|r(x)dx ≤

εCp

p−
∥u∥p(x) +

Cr

r−
∥u∥r(x).

This implies

lim
∥u∥→0

J(u)
Φ(u)

= 0.

(i) (ii)Next, we prove   and  .

(i) λ ∈ (0,+∞) lim
∥u∥→0

J(u)
Φ(u)

= 0 <
1
λ

Φ(u) > 0

u , 0 U 0
V ⊆ U 0 Φ(u)−λJ(u) > 0

u ∈ V \ {0} 0 Φ−λJ

  For  ,  since    and 
for  each    in  some neighborhood   of  ,  there  exists  a
neighborhood    of    such  that    for  all

. Hence,   is a strict local minimum of  .

(ii) λ ∈ (
1
θ
,+∞) θ  For  ,  from  the  definition  of    (Eq.  (10)),

u∗ ∈W1,p(x)
0 (Ω) min{Φ(u∗) J(u∗)} > 0

J(u∗)
Φ(u∗)

>
1
λ

Φ(u∗)−λJ(u∗) < 0 =Φ(0)−λJ(0)

0 , vλ Φ−λJ

there  exist  ,  with  ,  ,  such

that  ,  i.e.,  .
Therefore,   is not a global minimum of  .
The proof is completed. 

3    Proof of Theorem 1.1

W1,p(x)
0 (Ω)

q ≻ p∗

|u|q(x)−2u

Our main difficulty in proving the existing solutions to prob-
lem (1)  by  using  variational  methods  is  that  the  associations
with  the  functional  are  not  well  defined  on    for

. We follow the idea of Refs. [6, 7]. Let the truncation
of   be given by

gK(x,u) =
{
|u|q(x)−2u, if 0 ≤ |u| ≤ K;
Kq(x)−p+ |u|p+−2u, if |u| ≥ K;

(14)

K ≥ 2
gK(x,u)

where    is  a  real  number,  whose  value  is  fixed  later.
Then   satisfies the subcritical growth

|gK(x,u)| ≤ Kq(x)−p+ |u|p+−1.

hK(x,u) = λ f (x,u)+µgK(x,u)
hK

Setting  , we  study  the   trunca-
tion problem associated with  :{
−div(|∇u|p(x)−2∇u) = hK(x,u) = λ f (x,u)+µgK(x,u), in Ω;
u(x) = 0, on ∂Ω.

(15)

u ∈W1,p(x)
0 (Ω)Definition 3.1. We say that if   is a weak solu-

tion to the truncated problem (15) ifw
Ω
|∇u|p(x)−2∇u · ∇φdx =

w
Ω

hK(x,u)φdx (16)

φ ∈W1,p(x)
0 (Ω)for every  . We introduce

Ψ (u) =
w
Ω

w u

0
gK(x, s)dsdx.

Φ−λJ−µΨ
Φ(u) =w

Ω

1
p(x)
|∇u|p(x)dx J(u) =

w
Ω

w u

0
f (x, s)dsdx

ε > 0 ∃δ > 0 f

The  critical  points  of  the  functional    are  the
weak  solutions  to  problem  (16),  where 

  and  .  From  (7),  for
small  ,   such that the function   satisfies

| f (x, s)| ≤ ε|s|p(x)−1,

|s| < δ [a,b] ⊂ (
1
θ
,+∞)

λ ∈ [a,b] |gK(x,u)| ≤ Kq(x)−p+ |u|p+−1

C > 0

for  .  For  each  compact  interval  ,
, considering (6) and  , we can

choose constant   such that

|hK(x, s)| ≤C|s|p(x)−1 +µKq(x)−p+ |s|p+−1, (17)

∀s ∈ R hK(x,u) gK(u)
Ψ (u) W1,p(x)

0 (Ω)

γ > 0
λ ∈ [a,b] δ0 > 0 µ ∈ [0, δ0]

u0 u1 u2

W1,p(x)
0 (Ω) W1,p(x)

0 (Ω) γ

∥ui∥W1,p(x)
0
≤ γ i = 0,1,2 γ λ

µ

ui i = 0,1,2

for  .  Hence,    and    satisfy  the  subcritical
growth.   has a compact derivative in  . By Lem-
mas  2.2,  2.3,  2.6,  and  2.7,  all  the  hypotheses  of  Lemma 2.5
are  satisfied.  Then    exists  with  the  following  property:
For  every  ,    exists,  such  that,  for  ,
problem  (15)  has  at  least  three  solutions  ,  ,  and    in

  whose  -norms  are  less  than  ,  i.e.,
,  ,  where    is  depend on  , but  not  de-

pend on   (see (5) of Ref. [12] for details). If the three solu-
tions  ,  , satisfy
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|ui(x)| ≤ K, a.e. x ∈ Ω, i = 0,1,2, (18)

gK hK(x,u) =
λ f (x,u)+µ|u|q(x)−2u ui i = 0,1,2

δ > 0 µ ∈ [0, δ]

in view of the definition of   (Eq. (14)), we have 
,  therefore  ,  ,  are also solutions

to  the  original  problem  (1).  Thus,  to  prove  Theorem  1.1,  it
suffices to show that   exists, such that for  , the
solutions obtained by Lemma 2.5 satisfy the inequality (18).

∀ BR(x0) ⊂⊂ Ω R ≤ 1
∀ l ≥ 1 ∀ t, s 0 ≤ t < s ≤ 1

u = ui i = 0,1,2

Step 1. We first prove that   any ball  ,  ,
  real  number    and      satisfying    the

solutions  ,  , satisfy the following inequality:

w
Al,t

|∇u|p−dx ≤ (C′ +C′′µKq+−p+ )
(w

Al,s

∣∣∣∣∣u− l
s− t

∣∣∣∣∣p∗−

dx+ (lp+ +1)|Al,s|
)
,

(19)

p∗− =
N p−

N − p−
C′,C′′ > 0 Al,s =

{x ∈ Bs | u(x) > l}

where  ,    are  constants,  and 

.
Bt(x′) ⊂ Bs(x′) ⊂ BR(x0) x′ ∈ Ω

ξ C∞ 0 ≤ ξ ≤ 1 suppξ ⊂ Bs ξ = 1

Bt |∇ξ| ≤ 2
s− t

l ≥ 1 φ = ξp+ max{u− l,0} ∈
W1,p(x)

0 (Ω)

For arbitrary balls  , some  , let
 be a   function such that  ,  ,   on

,  and  .  For    taking 

 as a test function in problem (16), we obtain
w
Ω
|∇u|p(x)−2∇u∇φdx =

w
Ω
[λ f (x,u)φ+µgK(x,u)φ]dx, (20)

and
w
Ω
|∇u|p(x)−2∇u∇φdx =w

Al,s

|∇u|p(x)ξp+dx+ p+
w

Al,s

|∇u|p(x)−2ξp+−1(u− l)∇u∇ξdx.
(21)

From (17), we have
w
Ω
[λ f (x,u)φ+µgK(x,u)φ]dx =w

Al,s

[λ f (x,u)φ+µgK(x,u)φ]dx ≤

λC
w

Al,s

|u|p(x)−1ξp+ (u− l)dx+

µ
w

Al,s

Kq(x)−p+ |u|p+−1ξp+ (u− l)dx.

(22)

By (20)–(22), it follows that
w

Al,s

|∇u|p(x)ξp+dx ≤− p+
w

Al,s

|∇u|p(x)−2ξp+−1(u− l)∇u∇ξdx+

λC
w

Al,s

|u|p(x)−1ξp+ (u− l)dx+

µ
w

Al,s

Kq(x)−p+ |u|p+−1ξp+ (u− l)dx ≤

p+
w

Al,s

|∇u|p(x)−1ξp+−1(u− l)|∇ξ|dx+

λC
w

Al,s

|u|p(x)−1ξp+ (u− l)dx+

µ
w

Al,s

Kq(x)−p+ |u|p+−1ξp+ (u− l)dx.

(23)

Let us estimate the terms of the right hand side of (23),

p+
w

Al,s

|∇u|p(x)−1ξp+−1(u− l)|∇ξ|dx ≤

p+

[w
Al,s

p(x)−1
p(x)

ε
p(x)

p(x)−1 |∇u|p(x)ξ
(p+−1)p(x)

p(x)−1 dx +

w
Al,s

1
p(x)
ε−p(x)|∇ξ|p(x)|u− l|p(x)dx

]
≤

(p+ −1)ε
p+

p+−1

w
Al,s

|∇u|p(x)ξp+dx+
p+
p−
ε−p−2p+

w
Al,s

|u− l
s− t
|p(x)dx ≤

1
2

w
Al,s

|∇u|p(x)ξp+dx+Cp,ε(
w

Al,s

p(x)
p∗−
|u− l
s− t
|p∗−dx+

p∗− − p(x)
p∗−

|Al,s|) ≤

1
2

w
Al,s

|∇u|p(x)ξp+dx+Cp,ε(
w

Al,s

|u− l
s− t
|p∗−dx+ |Al,s|),

(24)

ε ε ∈ (0,1)

(p+ −1)ε
p+

p+−1 =
1
2

Cp,ε =
p+2p+

p−
·

(2p+ −2)
(p+−1)p−

p+

where  we  use  Young’s  inequality  with    and  take 

such  that    and  denote 

. Using Young’s inequality, we obtain

λC
w

Al,s

|u|p(x)−1ξp+ |u− l|dx ≤

λC[
w

Al,s

1
p(x)
|u− l|p(x)dx+

w
Al,s

p(x)−1
p(x)

|u|p(x)dx] ≤

λC
p+

w
Al,s

|u− l|p(x)dx+

λC(p+ −1)2p+−1

p+
[
w

Al,s

|u− l|p(x)dx+ lp+ |Al,s|] =

λC
p+

[((p+ −1)2p+−1 +1)
w

Al,s

|u− l|p(x)dx+ (p+ −1)2p+−1lp+ |Al,s|] ≤

λC
p+

[2p+−1 p+(
w

Al,s

p(x)
p∗−
|u− l
s− t
|p∗−dx+

w
Al,s

p∗− − p(x)
p∗−

dx)+

2p+−1 p+lp+ |Al,s|] ≤

λC2p+−1[
w

Al,s

|u− l
s− t
|p∗−dx+ (lp+ +1)|Al,s|].

(25)

K ≥ 2 0 ≤ ξ ≤ 1Considering   and  , we obtain

µ
w

Al,s

Kq(x)−p+ |u|p+−1ξp+ |u− l|dx ≤

µKq+−p+
w

Al,s

|u|p+−1|u− l|dx ≤

µKq+−p+ (
w

Al,s

|u|p+dx+
w

Al,s

|u− l|p+dx) ≤

µKq+−p+ [2p+−1(
w

Al,s

|u− l|p+dx+ lp+ |Al,s|)+
w

Al,s

|u− l|p+dx] ≤

µKq+−p+2p+ (
w

Al,s

|u− l
s− t
|p+dx+ lp+ |Al,s|) ≤

µKq+−p+2p+ (
w

Al,s

p+
p∗−
|u− l
s− t
|p∗−dx+

p∗− − p+
p∗−
|Al,s|+ lp+ |Al,s|) ≤

µKq+−p+2p+ (
w

Al,s

|u− l
s− t
|p∗−dx+ (lp+ +1)|Al,s|),

(26)

0 < t < s ≤ 1where  . From (23)–(26), it follows that

Supercritical p(x)-Laplace equation Zhao
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w
Al,t

|∇u|p−dx ≤
w

Al,t

p−
p(x)
|∇u|p(x)dx+

p(x)− p−
p(x)

|Al,t | ≤w
Al,t

|∇u|p(x)dx+ |Al,t | ≤w
Al,s

|∇u|p(x)ξp+dx+ |Al,s| ≤

2Cp,ε(
w

Al,s

|u− l
s− t
|p∗−dx+ |Al,s|)+

(Cλ2p+ +µKq+−p+2p++1)[
w

Al,s

|u− l
s− t
|p∗−dx+ (lp+ +1)|Al,s|]+ |Al,s| ≤

(2Cp,ε +Cλ2p+ +µKq+−p+2p++1 +1)·

[
w

Al,s

|u− l
s− t
|p∗−dx+ (lp+ +1)|Al,s|],

(27)

Cp,ε =
p+
p−

2p+ (2p+ −2)
(p+−1)p−

p+ C′ =

2Cp,ε +Cλ2p+ +1 C′′ = 2p++1

where  .  If  we  denote 

  and    in (27),  we  can  obtain   in-
equality (19).

∃δ > 0 |u| ≤ K
x ∈ Ω µ ∈ [0, δ]

Step  2.  We  will  show  that    such  that    a.e.
 for  .

BR ⊂⊂ Ω K ≥ 2Let us fix  ,   in Step 1 and set

ρi =
R
2
+

R
2i+1
, ρ̄i =

ρi +ρi+1

2
,

and

Ki = K(1− 1
2i+1

),

i = 0,1,2, · · · .with   Obviously,

ρi+1 ≤ ρ̄i ≤ ρi,

ρ0 ≥ ρ1 ≥ · · · ≥ ρi · · · →
R
2
,

(28)

and

1 ≤ K0 =
K
2
≤ K1 ≤ · · · ≤ Ki · · · → K (29)

i→∞as  .
We define the sequence

ai =
w

AKi ,ρi

|u−Ki|p
∗
−dx

p∗− =
N p−

N − p−
ζ(·) ∈C1[0,+∞)

0 ≤ ζ(t) ≤ 1

with    and  fix  a  function  ,

,

ζ(t) =


1, if t ≤ 1

2
;

0, if t ≥ 3
4

;

|ζ ′(t)| ≤ 1and  . Set

ζi(x) = ζ(
2i+1

R
(|x| − R

2
)).

We have

ζi(x) =
{

1, x ∈ Bρi+1 ,

0, x < Bρ̄i .

ai

ai+1 ≤ cbia1+η
i

Next,  we  will  show  that    satisfies  the  inequality
.

ai+1 =
w

AKi+1 ,ρi+1

|u−Ki+1|p
∗
−dx ≤w

AKi+1 , ρ̄i

|(u−Ki+1)ζi|p
∗
−dx ≤w

BR

|(u−Ki+1)ζi|p
∗
−dx ≤

S −
p∗−
p− [

w
BR

|∇((u−Ki+1)ζi)|p−dx]
p∗−
p− ≤

S −
p∗−
p− [

w
BR

|ζi∇u+ (u−Ki+1)∇ζi|p−dx]
p∗−
p− ≤

S −
p∗−
p− 2p∗− [

w
AKi+1 , ρ̄i

|ζi∇u|p−dx+

w
AKi+1 ,ρi

|(u−Ki+1)∇ζi|p−dx]
p∗−
p− .

(30)

l = Ki+1 t = ρ̄i s = ρiSetting  ,  , and   for inequality (19) in Step
1 and from (30) we have

ai+1 ≤

S −
p∗−
p− 2p∗− {Cµ,K[

w
AKi+1 ,ρi

(
2i+3

R
)p∗− |u−Ki+1|p

∗
−dx+

(K p+
i+1 +1)|AKi+1 ,ρi |]+

w
AKi+1 ,ρi

(
2i+1

R
)p− |u−Ki+1|p−dx}

p∗−
p− ≤

S −
p∗−
p− 2p∗− {Cµ,K[

w
AKi+1 ,ρi

(
2i+3

R
)p∗− |u−Ki+1|p

∗
−dx+ (K p+

i+1 +1)|AKi+1 ,ρi |]+

(
2i+1

R
)p− (

w
AKi+1 ,ρi

p−
p∗−
|u−Ki+1|p

∗
−dx+

p∗− − p−
p∗−
|AKi+1 , ρi|)}

p∗−
p− ≤

S −
p∗−
p− 2p∗− {Cµ,K[(

2i+3

R
)p∗−

w
AKi+1 ,ρi

|u−Ki+1|p
∗
−dx+ (K p+

i+1 +1)|AKi+1 ,ρi |]+

(
2i+1

R
)p− (

w
AKi+1 ,ρi

|u−Ki+1|p
∗
−dx+ |AKi+1 ,ρi|)}

p∗−
p− ,

(31)

where

Cµ,K = (C′ +C′′µKq+−p+ ) = (2Cp,ε +Cλ2p+ +µKq+−p+2p++1 +1).

u > Ki+1 > Ki ≥ · · · ≥ K0 ≥ 1 AKi+1 ,ρi

Ki

Since   on   and the definition
of  , we have

(Ki+1 −Ki)p∗− |AKi+1 ,ρi | ≤
w

AKi+1 ,ρi

|u−Ki+1|p
∗
−dx ≤ ai, (32)

|AKi+1 ,ρi | ≤ (
2i+2

K
)p∗−ai ≤

2(i+2)p∗−

K p∗−
0

ai ≤ 2p∗− (i+2)ai, (33)

and

K p+
i+1|AKi+1 ,ρi | ≤

2p∗−(i+2)

K p∗−−p+
i+1

ai ≤ 2p∗−(i+2)ai. (34)

By inequalities (31)–(34), we have
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ai+1 ≤S −
p∗−
p− 2p∗− {Cµ,K[(

2i+3

R
)p∗−ai +2p∗−(i+2)+1ai]+

2(i+1)p−

Rp−
(ai +2p∗− (i+2)ai)}

p∗−
p− ≤

S −
p∗−
p− 2p∗− [Cµ,K(

23p∗−

Rp∗−
+22p∗−+1)+

2p−

Rp−
+

2p−+2p∗−

Rp−
]

p∗−
p− 2

2p∗−
2 i

p− a
p∗−
p−

i =

c(2
2p∗−

2

p− )ia1+η
i = cbia1+η

i ,
(35)

c = S −
p∗−
p− 2p∗−

[
Cµ,K

(
23p∗−

Rp∗−
+22p∗−+1

)
+

2p−

Rp−
+

2p−+2p∗−

Rp−

] p∗−
p−

Cµ,K =

2Cp,ε +Cλ2p+ +µKq+−p−2p+ +1 b = 2
2p∗−

2

p− > 1 η =
p−

N − p−
u ∈W1,p(x)

0 (Ω) ↪→ Lp∗ (x)(Ω) ⊂ Lp∗− (Ω)

where  , 

,  ,  and  .
From  , we obtain

w
A K

2
,R
|u− K

2
|p∗−dx ≤

w
A K

2
,R
|u|p∗−dx < +∞,

|u(x)| < +∞ A K
2 ,R

|A K
2
,R| → 0 K→∞

which  implies  that    a.e.  in  .  That  is
 as  . Obviously,

a0 =
w

A K
2
,R

∣∣∣∣∣u− K
2

∣∣∣∣∣p∗−

dx ≤
w

A K
2
,R
|u|p∗−dx→ 0, (36)

K→∞ K µas  .  Next,  we  find  some  suitable  values  of    and 
such that the inequality

a0 ≤ c−
1
η b−

1
η2 (37)

b c η

a0 =
w

A K
2
,R

∣∣∣∣∣u− K
2

∣∣∣∣∣p∗−

dx

holds in Lemma 2.4, where  ,  , and   are given by (35), and

. This implies

Cµ,K

(
23p∗−

Rp∗−
+22p∗−+1

)
+

2p−

Rp−
+

2p−+2p∗−

Rp−
≤ S 2−p_–2N(r

A K
2
,R

∣∣∣∣∣u− K
2

∣∣∣∣∣p∗−

dx
) p−

N

.

KFrom  (36)  choose  a  suitable    to  satisfy  the  following
inequality

(
23p∗−

Rp∗−
+22p∗−+1)−1[

S 2−p–2N

(
w

A K
2
,R
|u− K

2
|p∗−dx)

p−
N

− 2p−

Rp−
− 2p−+2p∗−

Rp−
]−

2Cε,p −λC2p+ −1 > 0,

δ1and fix   such that

µ ≤ δ1 =
1

Kq+−p+2p++1

(23p∗−

Rp∗−
+22p∗−+1

)−1

·[
S 2−p_–2N(w

A K
2
,R
|u− K

2
|p∗−dx

) p−
N

− 2p−

Rp−
− 2p−+2p∗−

Rp−

]
−

2Cε,p −λC2p+ −1
}
,

Cp,ε =
p+
p−

2p+ (2p+ −2)
(p+−1)p−

p+ a0 ≤

c−
1
η b−

1
η2 µ ∈ [0, δ1]

where  .  Thus  we  obtain 

  for  .  All  the  hypotheses  of  Lemma 2.4  are

ai→ 0 i→∞satisfied when (35) and (37), and we obtain   as  ,
which implies

u ≤ K on B R
2
, for µ ∈ [0, δ1],

δ =min{δ0, δ1} δ0 > 0
−u

B R
2

u(x)|∂Ω = 0 Ω

|u| ≤ K Ω µ ∈ [0, δ]

by (28) and (29). Set  , where   is given by
Lemma 2.5. Similarly, we can prove that   is also bounded
on  . Since   and   is a bounded smooth domain,
we can obtain   a.e.   for  . We obtain inequal-
ity (18), and the proof is completed. 
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