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Graphical abstract

p(x)-Laplace equation with supercritical growth
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Truncate the supercritical term and obtain the
truncated equation
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Use variational methods and a priori estimate of
solutions to study the truncated equation

N

The solutions to the truncated equation are also
solutions to the equation with supercritical growth

Supercritical p(x)-Laplace equation.

Public summary

m Extend the multiplicity of solutions to p(x)-Laplacian problem with subcritical and critical growth to supercritical
growth.

m Overcome the supercritical growth via the truncated technique and De Giorgi iteration.

m The existence of solutions to the truncated equation is given by means of the variational principle of Ricceri.
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Abstract: We consider the multiplicity of solutions to a p(x)-Laplacian problem involving supercritical Sobolev growth
via Ricceri’s principle. By means of truncation combined with De Giorgi iteration, we can extend the results of subcritical
and critical growth to supercritical growth and obtain at least three solutions to the p(x)-Laplacian problem.
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1 Introduction
In this paper we study the following problem:

—div(|Vu|'©2Vu) = Af(x,u) + ulu|*u,  in Q; 1
u(x) =0, on dQ;

where 2 c R" is a bounded domain with a smooth boundary,
P,q : £ — R are continuous and satisfy

1 <p_=minp(x) < p, =max p(x) <N, )

peLI(Q) ={pe L (Q]essinfp(x) = 1}, 3)
o Np(x) .

P+<p(X)—N_p(x),q>p, “4)

g > p* means inf,(g(x)—p*(x)) >0, 4,1 >0 are nonnegative
parameters, and f(x,u) is a Caratheodory function satisfying

sup |f(x,s)| < +oo, VM > 0. (5)

s€[-M.M]

We suppose that the nonlinearity f(x,u) satisfies the fol-
lowing conditions:

lim L6529

Nim e =0, uniformly in x € Q; (6)
lim { (l’f’)sl) — 0, uniformly in x € Q; 7
Isi»0 |.s|Pt0=

sup LL f(x, s)dsdx > 0. (8)

1p(x)
ueW,

Several studies have investigated related problems. Fan and
Deng!! studied the p(x)-Laplacian equation:
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=div(|Vul'“2Vu) + a(xX)|ul’?u = Af (x,u) + pug(x,u),in Q;
u(x) =0, on 09,
)

where A =1, f and g satisfy the subcritical growth, and three
solutions are obtained via the variational principle of Ricceri.
Da Silva” addressed problem (9) with a(x)=0, 1=1,
g(x,u) = u]"u, q(x) < p*(x), and f(x,u) satisfying the sym-
metry condition; he found that problem (9) has at least m
pairs of solutions for a given m € N when y > 0 small by the
symmetric mountain pass lemma and the concentration com-
pactness lemma of Lions for the variable exponent. Fan and
Zhao!" studied the existence of nodal radial solutions to prob-
lem (9) with =1, u=0, and f(x,u) = |u[*u; obtained a
pair of solutions that have exactly k nodes when a(x), p(x),
and g(x) satisfy suitable conditions. Through truncation and
Moser iteration”, Zhao et al."! studied Eq. (1) with supercrit-
ical growth as p(x) is a constant exponent, and obtained at
least three solutions. In this work, we study problem (1) with
supercritical growth via the truncated technique and De Gio-
gri iteration™. If a(x)=0, g(x,u)=|u""u, and ¢q> p’,
problem (9) is (1). For the case where g > p*, we cannot dir-
ectly use the variational techniques because the correspond-
ing functional is not well defined in the Sobolev space.
Obviously, condition (8) implies

0:= su )
ol D)

>0, (10)

where ®(u) = L ]ﬁIVuI”“)dx and J(u) = L j: f(x, s)dsdx.

The main results of this study are as follows:
Theorem 1.1. Let (2)—(8) hold, and 8 be given by (10).

1
Then for each compact interval [a,b] C (5,+oo) there exists

v > 0 with the following property: For every A € [a,b], there
exists d > 0 such that, for each u € [0,6], problem (1) has at
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Supercritical p(x)-Laplace equation Zhao

least three solutions in W,””(2) (N L*(L), whose W,””(Q)-
norms are less than .

Remark 1.1. For the condition g > p* in problem (1), this
case is not the natural growth condition on #. One can obtain
only the Sobolev embedding W,””(Q) — L“(Q), q(x)<

N
p(x)= Np& In this study we are interested in the exist-
— X

ence and multiplicity of solutions to problem (1) with g > p".
One cannot directly use variational methods, as there does not
exist an embedding W,”(Q) — L™ (), where g > p*. There
is difficulty for the p(x)-Laplacian equation with supercritic-
al growth. The difficulty is the lack of Sobolev embedding
and compactness, and we overcome this difficulty via the
truncated technique and De Giogri iteration! ).

2 Preliminaries
Let £ be an open domain of R, where
L) ={peL”(Q)| essigfp(x) >1}.
For p € L7 (£2), define the space
L) = {u: Q — R measurable | | u(x)I*"dx < oo}

with the norm
lltll o = inffe > 0 L'MTX)V’““X <1},
and Sobolev space with a variable exponent
WO(Q) = {u € L"V(Q) | |Vul| € L'}
with the norm

el lwro = [l + 11Vl | oo -

—
We denote W(Q) = (), with the norm |Jul] = [Vl .

Lemma 2.1 Let p(u)= L lu(x)"”dx. For u,u, €
L'™(Q), we have

(R)) Foru#0, lullo =t e p<§> =1;

R) Mullpo <1(=1>1) & pw) < 1(= 1;> 1);
Rs) Nl > 1= lually,ey < p(ue) < luall,

Lp(x)

Ry) Nl < 1= lully,, < pue) < lull;,

L) — Lr(0 2

Rs) Nl = 0(1) & pu) = 0,(1);
(Re) Nl = 04(1) & (o)™ = 0x(1).

Lemma 2.2!", The spaces L"(Q) and W' (Q) are separ-
able Banach spaces, and they are reflexive as p_ > 1.

Lemma 2.3, Let Q be an open bounded domain in RY
with the cone property, p satisfy (2), g € C°(R"), and p* > ¢,
then the embedding W' (Q) — L™ (Q) is compact, where
p' > q means inf,(p*(x) — g(x)) > 0.

Lemma 2.4". Suppose that a sequence a;, i =0,1,---, of
nonnegative numbers satisfies the recursion relation

a,, <cba”, i=0,1,2, -, 11

where ¢, b, and 5 are positive constants and b>1. If
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1 1
a,<c b 7 ,thena;, > 0asi— oo,

If X is a real Banach space, we can denote by Wy the class
of all functionals ¢ : X — R possessing the following prop-
erty: If {u,} C X is a sequence converging weakly to u € X
and liminf ¢(u,) < ¢(u), then {u,} has a subsequence conver-
ging s;;(;ongly to u. For instance, if X is a uniformly convex
Banach space and g : [0,+00) — R is a continuous, strictly in-
creasing function, then the functional u — g(||u|]) belongs to
the class 2.

Lemma 2.5""%, Let X be a separable and reflexive real
Banach space; @ : X — R a sequentially weakly lower semi-
continuous C' functional, belonging to Wy, bounded on each
bounded subset of X and whose derivative admits a continu-
ous inverse on X*; J: X —> R a C' functional with compact
derivative. Assume that @ has a strict local minimum x, with
D(x,) = J(x,) = 0. Finally, setting

a = max< 0,limsu ﬂ limsu Jx)
- ' uxuaoop <D(x)’ ) P D(x) ’
J(x)

sup ——,
et 040 P(X)

B:

assume that a <pB. Then, for each compact interval

11 1 1
cl=(=,— i i —=+00, — =0
[a,b] C ( ’a) (with the conventions 0 o0, oo ),
p >0 with the following property: For every A€ [a,b] and
every C' functional ¥ : X — R with compact derivative, there

exists d, > 0 such that, for each u € [0,d,], the equation
D' (u)=AJ (u) +u¥ (u)

has at least three solutions in X whose norms are less than vy,
re., lwll<y,i=1,2,3.

Remark 2.1. From the proof of Lemma 2.5, Ricceri!”
shows that p does not depend on . One can refer to Ref. [12]
for details.

Lemma 2.6. Let f satisfy (5) and (6). Then for every
A€ (0,+00), @—AJ is sequentially weakly lower continuous
and coercive on W,”(2), and has a global minimizer v,,

1 .
— p(x) —
where ®(u) = [, gVl dx and S = [ fors)dsdx.

Proof. Let us fix 4 € (0,+00). By (6), for Ve > 0, there ex-
ists M, > 0, such that

If(x,9)] < gls]’@" as|s| > M,.

Considering this inequality and (5), we may find a constant
C, >0, such that

If(x,8)| < Co+eéls|'™" ass€eR,
which implies

£
|F(x,u)] < Colul + m|u|p<x)~ (12)

Thus, for u € W,” (L), we obtain
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D(u) — A (1) = L 1 IVuI”‘”dx ~2 L F(x,u)dx >

p(x) p(x)
L ()IVuI dx— /1]( lul +C|u|)dx>

Nl -

j |l dx — Acof luldx >

1 _ /lsC »
— el ===

+ _

ull" =AC,Cy lull,

where ||u|lyo < C,llull and |jull, < Cillull, with constants
C..C,>0. Since p(x)>1, £>0 is small enough, we have
D(u) — AJ(u) = +o00 as || u ||— oo. Hence @ — AJ is coercive.
Since the embedding W,”"(Q) — L"(Q) is compact and
by (12), J is weakly continuous. Obviously, P(u)=

(x) : . .
LEWW’ dx € Wy is weakly lower semicontinuous on

W,"(Q). We can deduce that @ — AJ is sequentially weakly
lower semicontinuous. Thus, @ —AJ has a global minimizer
V.

The proof is completed.

Next, we will show that @®—AJ has a strictly local, not
global minimizer for some A when f satisfies (5)—(8).

Lemma 2.7. Let f satisfy (5)—(8), then

(i) 0 is a strict local minimizer of the functional @ — AJ for
A€ (0,+00);

(i) O0#v,, ie., O is not the global minimizer v, for

1
e (5, +00), where v, is given by Lemma 2.6.
Proof. First, we prove

i J(u)
Hunr—I}) D(u)

In fact, by (7), for Ye > 0, 36 > 0, such that

=0.

|f(x, )| < el as |u| <. (13)
Considering the inequalities (13) and (6), we have
Lf(x,u)| < elul™® +|ul®, forxeQ, ueR,

with fixed r(x) € (p(x), p*(x)). By continuous embedding, we
have

W@l < || IF(wldy <

€ . 1 }
= [ Jurdx+ — [ urdx <
p-Je r Je

eC C )
Ll + = .

This implies

. J(u)
lim =0.
-0 D (1)
Next, we prove (i) and (ii).
J 1
(i) For A€ (0,+00), since lim @) =0< - and @) >0
-0 D (1) A

for each u # 0 in some neighborhood U of 0, there exists a
neighborhood V C U of 0 such that @(u)—AJ(u) > 0 for all
u € V\{0}. Hence, O is a strict local minimum of @ - AJ.

1
(ii) For A€ (§,+00), from the definition of 6 (Eq. (10)),
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there exist u* € W,""(Q), with min{®u"), J(u’)} >0, such
J(w) .
that ) Z e ie, D(w)—-AJ(w) <0=@0)—-1J(0).
Therefore, 0 # v, is not a global minimum of @ —A4J.
The proof'is completed.

3 Proof of Theorem 1.1

Our main difficulty in proving the existing solutions to prob-
lem (1) by using variational methods is that the associations
with the functional are not well defined on W,"(Q) for
q > p'. We follow the idea of Refs. [6, 7]. Let the truncation
of |u|"™*u be given by

|M|q<x)—2u’
gK(x9 M) = Kq(x)*]u |u|p+72u,

where K >2 is a real number, whose value is fixed later.
Then g« (x,u) satisfies the subcritical growth

if 0<|ul <K;
if |ul > K; (14)

lgx(x,w)] < K™ Juf™ .
8

Setting 7, (x,u) = Af(x,u) + ugg(x,u), we study the trunca-
tion problem associated with /i :

—div(|Vul'®2Vu) = he(x,u) = Af(x,u) + ugg(x,u), inQ,
u(x) =0, on 0Q.
(15)

Definition 3.1. We say that if u € W,””(Q) is a weak solu-
tion to the truncated problem (15) if

p(x)-2 . —
L [Vu|"Vu-Vedx = L Ny (x, u)pdx (16)
for every ¢ € W," (). We introduce
Y(u) = LL gx(x, s)dsdx.

The critical points of the functional @ —AJ—u¥ are the
weak solutions to problem (16), where D(u)=

V p(x)
L Cx )| ul™dx and J(u) = j f f(x,s)dsdx. From (7), for
small £ > 0, 36 > 0 such that the function f satisfies

[f(x, 9)| < gls|™,

1
for |s|<¢6. For each compact interval [a,b] C(—,+00),

A € [a,b], considering (6) and |g.(x,u)| < K™ |ul>", we can
choose constant C > 0 such that
|hg(x, $)| < Cls|PO" + uKo@r ||, 17)

for Vs €R. Hence, hi(x,u) and g.(u) satisfy the subcritical
growth. ¥(u) has a compact derivative in W,”(£). By Lem-
mas 2.2, 2.3, 2.6, and 2.7, all the hypotheses of Lemma 2.5
are satisfied. Then y > 0 exists with the following property:
For every A€ [a,b], d,>0 exists, such that, for u € [0,d,],
problem (15) has at least three solutions u,, u,, and u, in
Wyr9(2) whose W,"(Q)-norms are less than vy, i.e.,
||M[||W$»/m <y, i=0,1,2, where y is depend on A, but not de-
pend on u (see (5) of Ref. [12] for details). If the three solu-
tions u;, i =0,1,2, satisfy
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(x| <K, ae.xeQ,i=0,1,2, (18)

in view of the definition of g« (Eq. (14)), we have h(x,u) =
Af(x,u) + plul*u, therefore u;, i =0,1,2, are also solutions
to the original problem (1). Thus, to prove Theorem 1.1, it
suffices to show that 6 > 0 exists, such that for u € [0,6], the
solutions obtained by Lemma 2.5 satisfy the inequality (18).
Step 1. We first prove that ¥V any ball Bg(x,) cC 2, R<1,
V real number />1 and V 1,5 satisfying 0<zr<s<1 the

solutions u = u,, i =0, 1,2, satisfy the following inequality:

e
e | IR TSR
Al As|S—1

(19)

Np_
where prN—p, C',C”>0 are constants,

{xe B, |u(x)>1}.
For arbitrary balls B,(x') C B,(x') C Bu(x,), some x' € Q, let
¢ be a C~ function such that 0 <& <1, suppé C B,, £=1 on

and A, =

2
B,, and |V¢| < Pt For />1 taking ¢ =& max{u—1,0} €
5

W," () as a test function in problem (16), we obtain

L |Vul"*VuVepdx = L [Af(x, w)p + uge(x,u)eldx,  (20)
and

L IVl VuVedx =

ILL Va7 (u = D VEdx <

[ p(x)—
A p(x)

(P+—Dp(x)
8/’(‘) 1|VM|PU)§ r-1 dx +

1
—— & "|VE O |u —llp(‘)dx} <
L p(x) ¢

P

(p+—1)£ﬂl+,t'J Vul g dx S 2 | |"(”d <
1 [
3 warerasec, (f, B ax +”p—”()|A,Y|><
1 u-1 .
5 ), urg des Cu [ 1= 1 dx+ AL,
| | (24)

where we use Young’s inequality with € and take &€ (0,1)
p.2"
p-

and denote C,, =

PE

21
such that (p+—1)8P+‘|:§

(p+—Dp—

@p.-2) »

. Using Young’s inequality, we obtain

AC L P € u — Ijdx <

o] B0t <

1
p(x)
/lC[L —p(x)m I dx

AC(p, — 1)2r!
p+
C pe—1 (x) -1
[(p, - D2 +1)L lu—IP9dx + (p, — D2 1A ] <

[ = lrodx+114,]) =

(21) AC - p(x) u—1 . pt—p(x)
L/ IVul & dx+ p, L IVu?2¢ (u - )VuVedx. o 'pu(| = dxr f =0
27 p 1AL <
From (17), we have P-IIA, |l]
AC27! [L, |Z‘_ (DI
J JAS e+ pg(xuppldx = | (25)
J,, TS e + g, uppldx < o .
A (22) Considering K > 2 and 0 < ¢ <1, we obtain
AC L ™ & (u— Ddx+
" KOO yre= grs jyy — Ildx <
‘UL Kq(-rlfp+|u|p+fl§:p+ (u—1D)dx. #LM a7 & u—I|dx
pKo j ™ u — dx <
By (20)—(22), it follows that s
yK"*"’*(f luldx + f lu— 1 dx) <
J,, WurErdx<—p, f VUl - VuVédrs = =
: - =P+ py—1 _J|P+ Py _
AC [ e - et PR 2 eI e A + a1 dad < 26)
W= | o1 b2 () _ S u—1I .
uf, K e P (f, FErdxe AL <
p. J, IVul e = DIVl p p—p
([ By |” dx+ (A [+ 1"|A,]) <
AC [ g (u=Ddx+ e Pt P
" ~ u—1 .
IUJ;L\ K ) n+|u|1+ lé;ru (u—l)dx /,th PP (LI‘) | s_t|p7dx+ (lp 4 l)lAl,.;|)7
Let us estimate the terms of the right hand side of (23), where 0 <t < s < 1. From (23)—(26), it follows that
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Zhao

j [Vaul-dx <

p(x)—p_

——[Vu"dx+ ———IA,| <

A P(x) p(x)
[ IVurdx+ i, <

[ Ivurverderia,l <
Als

u—1 .
2C,.(f, =P de i)+

-1
(€A ke 2 e (0 + DA 1A, <
A S—1
(ZC!,_E +CA2r+ +#Kll+—p+ opatt 1)

u—1_,
—dx+ (" + DAL,
[f, e P der @+ DAL
(27)
p. (pe=Dp-
where C,, = ;2”*(2p+ -2)
2C,,+CA2" +1 and C” =
equality (19).
Step 2. We will show that 36 > 0 such that |u| <K a.e.
x € Q for pu €[0,6].
Let us fix By cC 2, K > 2 in Step 1 and set

If we denote C' =

27+*!' in (27), we can obtain in-

R R 3 _pf+pi+l
pi= 2 2,“ pPi = >
and
1
K K(1_2:+1)
with i =0,1,2,--- . Obviously,
Pix SﬁiSp,,
R (28)
pOZPIZZP,ﬁE,
and
K
ISKO:ESK1S<K:—>K (29)
as i — oo.

We define the sequence

a;, = f |u—K,|”-dx
AK;p;

N
with pszpf and fix a function ¢(-) € C'[0,+o0),
-
0<Z(n<1,
1, iftsé;
{0 = 3
0, ifr>—;
, 1 f_4,
and [{'(1)] < 1. Set
i+l R
&i(x) = 4( R (IXI—E))

We have
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xX€EB

1’ Pi+1?
Gl = { 0, x¢B,.
Next, we will show that a;
a,, <cba™.

iy :f |u—
Ak,

i1Pix1

[ M=Kk dxs

Kiv1-Pi

satisfies the inequality

K.I"dx <

Ji = Kepzrdx <
Sip_:[J‘BR |V((M_Ki+l)§i)|pidx]p_: S (30)

S [L IEVu+ (u— Kiy)VE - dx]r <

st

E
LK i (e = Ki, )VEI™dx] v

|G Vuldx+

Kiy1 -Pi

Setting [ = K,,,, t = p;, and s = p; for inequality (19) in Step
1 and from (30) we have

a;, <

ST 2’) uk[j )p [z — Ki+1|pidx+

+1

P
(K2 + DlAx,, p,]+j =) =Kol dx) e <

sy M[j = Kol dat (K2 + Dl 1+

Kiy1. /t

i+1 |pi dx+ b

(J,

—p. o
Ak, piD}r- <

= 2
S 2l )f’j Ju—

Kis1-pi

Ki+l |ﬁ1 dx + (KI’+

i+l

+ DA, 0]+

([ m-KaPde+Ag o)
AKiy1Pi
E2))

where
C.x =(C'+C"uK*7)=(2C,, + CA2" + uK*= 720" + 1),

Since u> K, > K;>---> K, >1 on Ay, ,, and the definition

of K;, we have

(K= KY Mgl < [ u-KulPdx<a,  (32)

Kis1pi

2i+2 D22 »
Arnl ()0 —mma < 25%a, - (33)
0
and
PE(i+2)
4 -2
Kl[:-llA Kiv1.pi I< PL-ps a; < 2 )ai' (34)

i+l
By inequalities (31)—(34), we have
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Supercritical p(x)-Laplace equation Zhao

i+3
V-a; + 27" q )+

e 2!
Ay <§ - 2p7{Cp,K[( R

2i+hp- » P
R (ai+2p’('+2)ai)}p’ <
P 3pt pe po+2pt pt 2t PR
S [C”'K(% +27 ) 4 I% + 2R”* ]P_—ZP_—ailL =
22
c2 7 Ya"" =cba”,
(35)

P
NS . 230t . 20- Qp-+2pt "~
wherec =8 »- 2" |:CH~K(F +2¥ l)-" r R~ ] 2 Cux =
2p7?

2C,, +CA2 +uK* "2 +1, b=27 >1, and 5= Np—.
From u € W,"®(Q) — L"®(Q) c L™ (L), we obtain b-

K . ‘
f - =ptdx < f " dx < +oo,
Ag R 2 Ag R
2 2

which implies that [|u(x)|<+co ae. in Ag,. That is
|Ax,R| — 0 as K — co. Obviously,

w=
Ag R
2

as K — oo. Next, we find some suitable values of K and p
such that the inequality

P

dx< [ urdx—o, (36)

)

1
a,<c b

)=

(37

holds in Lemma 2.4, where b, c, and 5 are given by (35), and

*

pL
a, = agh u== dx. This implies
23p1 X 2p, 2,z,+2p', S 27])7 -2N
C,,V,(( - +22”*“) +=—+ < —.
R Rr- Rr- K ” =
(IAM u== dx)

From (36) choose a suitable K to satisfy the following
inequality

5202
K . o=
(Lyﬁ”‘ S dn

2C,,-AC2" —1>0,

L
(ﬁ + 22p,+1)—1[

and fix ¢, such that

1 2 2p* +1 -
H s 6] _qup+2n++1 {( Rr: +27 ) ’

[ S 27[)7 -2N 2p, 2p,+2p: ]

K,
— —|P-
(Lgﬁm | dx)

2C,, - AC2" — 1},

=¥

(p+=Dp-
where C,, = &2”*(2p+ —2) r~ . Thus we obtain g, <
p

1oL -
¢ b 7 for uel0,6,]. All the hypotheses of Lemma 2.4 are

0502-6

satisfied when (35) and (37), and we obtain a, = 0 as i — oo,
which implies

u<K onByg, foruel0,6],

by (28) and (29). Set 6§ = min{d,,,}, where &, > 0 is given by
Lemma 2.5. Similarly, we can prove that —u is also bounded
on By . Since u(x)|s =0 and Q is a bounded smooth domain,
we can obtain |u| < K a.e. 2 for u € [0,6]. We obtain inequal-
ity (18), and the proof is completed.
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