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Research framework of coherent Wasserstein—Kelly portfolio optimization.

Public summary
m We study the Kelly portfolio optimization problem based on coherent Wasserstein metrics.
m We propose the generalized Wasserstein—Kelly portfolio optimization model, which is robust and data-driven.

m We conduct real and meaningful numerical simulations that demonstrate the validity and superiority of our new models.
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Abstract: The Kelly strategy is a common approach in portfolio optimization problems that aims to maximize the expec-
ted portfolio growth rate in the long term. Its computation requires complete knowledge of the asset return distribution,
which is obviously not observable, but can be inferred from sample data. Motivated by recent developments in data-driven
optimization methods, we propose a new class of coherent Wasserstein data-driven Kelly portfolio optimization models. In
particular, we establish a class of ambiguity sets based on coherent Wasserstein metrics, and these new metrics can strike a
good balance between robustness and data-drivenness, thus providing richer choices for ambiguity set design. The Kelly
portfolio optimization model, which is data-driven and based on coherent Wasserstein balls, can be solved efficiently as a
finite-dimensional convex program. This model also provides a robust data-driven solution. In addition, we numerically in-
vestigate the proposed model and find that it outperforms the type-1 Wasserstein—Kelly portfolio, especially the classical
Kelly portfolio. Moreover, it indicates that we can obtain a portfolio with higher final value and stability, especially in con-

trolling volatility and maximum drawdown.
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1 Introduction

First introduced by Kelly in 1956, the Kelly strategy refers to
how to choose the optimal bets in a repetitive betting game to
maximize wealth accumulation'’. Since then, the Kelly
strategy has attracted considerable attention and has been ap-
plied in diverse fields such as optimal allocation, portfolio
selection®¥, and fund management®. Specifically, the Kelly
strategy maximizes the expected portfolio growth rate, which
is defined as the natural logarithm of the geometric mean of
the total returns over the entire investment horizon.
Luenberger! noted that if the asset returns are mutually inde-
pendent and identically distributed, the portfolio growth rate
over an infinite investment horizon is equal to the expected
logarithm of the total portfolio return over any single rebalan-
cing period according to the strong law of large numbers. The
Kelly strategy has many desirable properties. For example,
Mossin!”! and Hakansson™ noted an important practical result
with respect to Kelly’s strategy, i.e., it has a myopic property.
This property means that we can obtain the optimal solution
over a multiperiod investment process by solving a single-
period optimization problem, and then using convex optimiz-
ation techniques to solve numerically. In addition, MacLean
et al.' showed that the portfolio invested using the Kelly
strategy has a probability of 1 of outperforming any other
portfolio over the long term.

However, the Kelly strategy has an obvious weakness,
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which requires an adequate understanding of the distribution
of joint asset return. Regrettably, the true distribution of re-
turns is typically unknown, or at best only partially known in
practice. Previous research on the Kelly strategy has often as-
sumed the distribution of joint asset return and fitted it to
sample data. However, this approach is subject to significant
misspecification bias. Thus, this method often leads to disap-
pointing performance in out-of-sample experiments! . Anoth-
er natural idea is directly to use the empirical return distribu-
tion, which is fully data-driven. It can avoid bias, but this is
an over-fitting method, and the gap between the empirical in-
sample and the out-of-sample distributions still leads to poor
performance.

To overcome these shortcomings, two types of distribution-
ally robust optimization (DRO) methods have emerged in the
literature. One is the moment-based uncertainty set, which
considers distributions satisfying certain constraints on mo-
ments, e.g., the first and second-order moments. Another one
is the distance-based uncertainty set, which considers distri-
butions that are within a distance from a reference distribu-
tion. A well-known distance-based ambiguity set is defined
by the Wasserstein metric!”, which contains both discrete and
continuous distributions. With the Wasserstein metric, the
DRO model also becomes the well-known Wasserstein DRO
problem, which can be effectively tackled. Specifically, Esfa-
hani and Kuhn'"! showed that the problem of Wasserstein
DRO can be transformed efficiently into a convex program
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and enjoy finite-sample performance guarantees, these results
can also be seen in Refs. [14, 15]. Further research has ex-
plored additional benefits of Wasserstein DRO, including
generalization bounds and regularization effects!*'”. Wasser-
stein metrics contain a series of metrics with different orders,
i.e., the type-p Wasserstein metric, p € [1,00)!"". Regarding
the application of the type-p Wasserstein metric in DRO, we
recommend Refs. [16, 19]. It is well known that the type-p
Wasserstein ball, which is the ambiguity set defined based on
the type-p Wasserstein metric, contains only distributions
with finite pth-order moments. As discussed by Li and
Mao™: A higher-order Wasserstein ball is less conservative
or can be considered more data-driven. Thus, it needs to bal-
ance robustness and data-drivenness when designing ambigu-
ity sets. To address this trade-off, they presented a general
framework termed coherent Wasserstein metrics, which not
only satisfy the desirable properties but also provide a power-
ful tool for reconciling the type-1 and type-co Wasserstein
metrics. Furthermore, the DRO problem based on coherent
Wasserstein metrics can be tractably solved as a convex
program.

Recent studies have concentrated on solving the Kelly
strategy from the perspective of robust optimization or DRO.
Rujeerapaiboon et al.”! designed fixed-mix strategies for
solving a data-driven model, whose ambiguity set is com-
posed of first and second-order moments using the empirical
distribution. They showed that the problem is indeed a tract-
able cone program that can be computed efficiently. Sun and
Boyd® used many different classes of ambiguity sets includ-
ing polyhedral sets, f-divergence balls, and Wasserstein
balls, and ultimately derived the disciplined convex program-
ming forms of distributionally robust Kelly problems. Li®"
employed the classic type-p Wasserstein metric to construct
an ambiguity set, resulting in the Wasserstein—Kelly portfolio
optimization model. This model can be expressed as a con-
vex program with finite dimensions. Hsieh™" rewrote the ori-
ginal distributional robust log-optimal portfolio problem into
a linear program using a supporting hyperplane approxima-
tion approach.

Motivated by Refs. [20, 23], our paper incorporates two
merits, i.e., robustness and data-drivenness, in designing
uncertainty sets. To be more concrete, we attempt to
apply coherent Wasserstein metrics to the Kelly portfolio op-
timization problem. This method leads to a generalized
Wasserstein—Kelly portfolio optimization model, which can
be solved efficiently as a convex program. In numerical simu-
lations, we find that such a portfolio based on our new model
performs well in out-of-sample experiments and outperforms
other portfolios in terms of computational speed, stability,
and final portfolio values, which provides innovative ideas for
solving the data-driven distributionally robust portfolio op-
timization problem.

The rest of the paper is organized as follows. Section 2
presents the preparation work, which introduces some neces-
sary background and coherent Wasserstein metrics. Section 3
presents the generalized Wasserstein—Kelly portfolio optimiz-
ation model, and gives its convex optimization program. Sec-
tion 4 conducts a real meaningful numerical study based on
the S&P 500 index, taking the CVaR Wasserstein—Kelly

0805-2

portfolio as an example. We also compare the numerical res-
ults with those of other strategies and highlight the advant-
ages of our model. Section 5 concludes the paper.

Notation. Positive integers and non-negative real numbers
are denoted by N and R,, respectively. Denote [n]=
{1,---,n} for any n € N. For two vectors a,b € R", the inner

product is given by {(a,b) = Za,-b,. Then the dual norm is

defined through ||z]], := supHEH;(z,‘f) for a given norm ||-|| on
R". We use A" to denote the transpose of the matrix or vec-
tor A. Consider an atomless probability space (Q,F,P), de-
noted by J; the Dirac distribution concentrating unit mass at
R € R. Moreover, X £ Y is used to denote that X and Y have
the same distribution.

2 Preliminaries

In this section, we first review the settings of the Kelly
strategy in Subsection 2.1. Then the definitions of coherent
Wasserstein metrics and their properties are collected from Li
and Mao™" in Subsection 2.2. Readers who are familiar with
the Kelly strategy and coherent Wasserstein metrics can skip
this section.

2.1 Kelly strategy

The Kelly strategy is a good way to calculate the optimal pro-
portion of all bets to be placed each time in a repetitive
gambling game, based on the probability of winning or los-
ing. This strategy has been extended to more general applica-
tion scenarios and is often used to solve portfolio optimiza-
tion problems. We begin by introducing the basic setup in this
subsection.

Now suppose that a long-term investment market is made
in n €N assets. A decision maker (DM) can adjust his asset
allocations only at trading time points € [T] with T € N.
Define the prices of these assets at various trading times

N

te[T] as §,:=(S,,,---,S,,)-and their returns can be de-
noted by g := (R,,,--- ,R,,)> 1€

R“. — Sr.i - Srfl,i ,

S te[T], i€[n].

Besides, a series of vectors w, = (w,,,-- ,w,,) is the wealth
allocation to the n assets at different trading time points #, re-
flecting the investor’s decisions about the proportion of total
capital in these n different assets. Naturally, we require w, to
satisfy the properties of non-negativity and that the sum is
equal to 1. For simplicity, assume that w, €W, where
Wi={weR [T'w=1]}.

The DM determines his optimal allocation {w,}", based on
the market information available at time ¢ € [T]. Under the as-
sumption that the initial capital of the DM is 1, the final value
of the portfolio at point 7 can be expressed as

T
vV, = ]_[(1 +Rw,).

=1

Thus, the growth rate of the portfolio can be expressed as the
natural logarithm of the geometric mean of the total absolute
returns, i.e.,
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T ur T
. 1 .
v, = log[l_[(l +R,Tw,)] =T Zlog(l +R'w,).
=1 =1

The reverse formula V; =exp{Ty,} indicates that there is a
monotonic relationship between the final value and the
growth rate of the portfolio, so maximizing the final value of
the portfolio is equivalent to maximizing the growth rate.

According to the theory of efficient market hypothesis
(EMH)™>1 if the market is weakly efficient, all the existing
historical information is reflected by the current market price
at any moment. Thus, it is impossible to obtain abnormal
profits from investing in these n assets. Then the asset re-
turns g, from a statistical point of view, can be regarded as a
white noise process, i.e., this process is independent and
identically distributed. Based on EMH, we can use g to de-
note a random vector that has the same distribution as Ié for
any t€([T]. Also, there are several optimal investment
strategies in the literature for maximizing the growth rate of a
portfolio. One of the most popular and important portfolio
mechanisms is the fixed-mix strategy, also known as the con-
stant proportions strategy, which means keeping the portfolio
composition fixed throughout the entire investment horizon,
we refer to Ref. [27] for the performance of the constant pro-
portions strategy. Therefore, we only need to make appropri-
ate adjustments to the asset allocation at the trading time
points. In this setting, the fixed-mix strategy still requires dy-
namic adjustments because the market changes randomly
between trading periods. This necessitates periodic rebalan-
cing to maintain the target portfolio allocation.

Based on the above statement, we can set the portfolio
composition to a fixed value w € W. This value remains con-
stant throughout the investment interval, i.e., w, =w for all
t € [T]. The asymptotic growth rate of the portfolio, com-
bined with the strong law of large numbers, is as follows:

limy, = E|log(1+R'w)). (1)

This suggests that the problem of maximizing the growth rate
over the whole investment plan can be reduced to a single-
period optimization problem. In particular, the Kelly strategy
is a mix-fixed strategy that maximizes the right-hand side of
(1), ie.,

IE%E[log(l +R w)]. 2)

In fact, the Kelly strategy has excellent performance and
has been shown to outperform all other causal portfolio
strategies, including but not limited to the fixed-mix strategy,
in maximizing the growth rate problem. In addition, convex
optimization techniques can be used to solve this single-
period Kelly portfolio optimization model”.

2.2 Coherent Wasserstein metrics

As shown in (2), it usually assumes that the DM has full
knowledge about the distribution of asset returns, denoted by
R ~ F,. Actually, obtaining an accurate distribution of asset
returns is a challenging task, especially for multivariate distri-
butions. The available information for the investor to infer the
true distribution is partially a finite set of historical samples,
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denoted by R, Ry, Therefore, a natural idea is the direct
replacement of the true distribution F; in (2) with its empiric-

N

al distribution £, .= %Z(sk , and then to solve instead the
=1

following optimization p/roblem

1

N
{g%ﬁglog(l +Rw). 3)

This approach is also referred to as sample average approxim-
ation (SAA). It is an optimization method based entirely on
the empirical distribution. It is obvious that SAA is very sens-
itive to sample errors, as well as an over-fitting approach that
leads to very poor out-of-sample performance.

In recent years, several studies have attempted to reduce
the impact of sample errors using DRO, which essentially in-
volves building an uncertainty set, based on the empirical dis-
tribution £,. Then, the DM optimizes against the worst-case
distribution over the ambiguity set, thus obtaining a more ro-
bust result:

max inf E,, []og(l +I?Tw)]. 4)
WweW FreB(Fg)
The set B(F,) is the constructed uncertainty set that most
likely contains the true distribution Fi. A natural idea of the
set B(F;) is of the general form:

B(F,) = {F e MR") : d(F. F,) < &}

where M(R") is the set of all distributions supported on R”,
d(F\,F,) is a probability metric used to measure the distance
between any two distributions F,,F, € M(R"), and ¢ is the
radius of the ball at the center of the empirical distribution
Fy.
When dealing with (4), it is crucial for the DM to determ-
ine the structure of the ambiguity set B(F x), which depends
on choosing the probability metric d. The type-p Wasser-
stein metric is a common approach for ambiguity sets among
several popular probability metrics, because the set construc-
ted by the type-p Wasserstein metric contains both discrete
and continuous distributions. First, recall the definition of the
Wasserstein metric with order p,

I is a joint distribution
of & and &,
with marginals F,
and F,, respectively

d,(F, F>):=inf ) E[IE - &I D™

for any p €[1,00), and d..(F,,F,) is defined as limd,(F,, F,)
and corresponds to essential supremum, i.e., !

I1 is a joint distribution
of & and &,
with marginals F,
and F,, respectively

d.(F\,F,):= i1[1]f ess-sup [[|& = &ll]

Suppose that &Ly represent N random samples drawn
from the distribution F. Then the empirical distribution of F

N
s fFi= %Z St Therefore, the ambiguity set induced by the
j=1
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type-p Wasserstein metric, called the Wasserstein ball, is
given by

B(F):={F e M(R"): d,(F,F) < &}.

The most commonly used type-p Wasserstein metric is the
type-1 and type-co cases, i.e., p=1 or p = co.

As demonstrated by Li and Mao™, B, (F)isa good choice
from a robustness perspective because it will contain all dis-
tributions with finite first-order moments, but this point also
makes B,(F) overly conservative because it may include
many distributions that are very different from F. A useful
contrast to highlight this limitation of the type-1 Wasserstein
ball, B.(F) can make full use of the known information to
control the distributions with bounded support. Thus, the am-
biguity sets constructed by the type-1 and type-co Wasser-
stein metrics, respectively, can be found to be in conflict, so
Li and Mao® introduced a more mild Wasserstein metric that
can achieve robustness and data-drivenness at the same time.

Below, we continue to recall the definition of the coherent
Wasserstein metric, which is a key concept of this paper.

Definition 1. (Coherent Wasserstein metric) A metric
dy (R X M@R") = R, is called a coherent Wasserstein met-
ric if it takes the form of

I1 is a joint distribution
of £ and &,
with marginals F,
and F,, respectively

d,(F\, F>):=infq p(lg =&l

)

where p : M(R") - RU{+0c0} is a functional that satisfies the
following properties:

(P1) (Translation invariance) p(X +c¢) =p(X)+c for any
c>0;

(P2) (Monotonicity) p(X,) > p(X,) for any X, > X;;

(P3) (Subadditvity) p(X, +X,) < p(X,) +p(X,);

(P4) (Positive homogeneity) p(1X) = A4p(X) for any A > 0;

(P5) (Law invariance) p(X,) = p(X,) for any X, < X;

(P6) (Normalize) p(0) = 0.

In fact, p satisfying Properties (P1)—(P6) in Definition 1 is
a law-invariant coherent risk measure in the field of risk man-
agement, which represents the minimal amount of capital that
has to be raised and injected in a financial position to ensure
that the position is acceptable (safe)”. However, Subsection
2.1 considers the return random vectors, so p, satisfying prop-
erties (P1)—(P6) of Definition 1, is only a functional and can-
not be interpreted as the minimal amount of capital. It is easy
to see that the expectation E and the ess-sup satisfy proper-
ties (P1)—(P6) listed in Definition 1, so considering the role of
the general functional p in Wasserstein metrics is a natural
forward step. Also, coherent Wasserstein metrics can be
viewed as natural risk-averse formulations of the classical op-
timal transport problem"*. These new coherent Wasserstein
metrics, similar to classical Wasserstein metrics, are valid dis-
tance metrics with the following properties: identity of indis-
cernibles, non-negativity, symmetry, and triangle inequality™”.

This family of metrics combines the excellent qualities of
Wasserstein metrics with orders 1 and oo, that is, robustness
and data-drivenness”” (see Definitions 2 and 3 below for their
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formal definitions). For a simpler representation, we use a
random variable X called a transportation random variable to
replace ||£, —&,|| if there exists X 2 €, —&,l|. Denote A as an
index set.

Definition 2. (Robustness) A family of metrics {d e is
said to have the property of robustness, which means that for
each @ €A, p, is well-defined (takes finite value) for any
transportation random variable X with finite first moment,
ie., XeL,.

Definition 3. (Data-drivenness) A family of metrics {d..} e
is said to have the property of data-drivenness, which means
that there exists a series of indices @, € A,n € N, such that p,,
converges to ess-sup, i.e., the worst-case risk measure. The
Wasserstein ball B, (1:“ ) converges to Bw(l:“ )asn— oo,

Li and Mao"" argued that the flexibility needed to build a
new family of metrics is provided by the coherent Wasser-
stein metrics. These new metrics {d,,},., satisfy the robust-
ness and data-drivenness. They also provided an equivalent
proposition for characterizing robustness and data-drivenness
using the dual representation of p,.

Below, we introduce two families of coherent Wasserstein
metrics based on two popular risk measures, namely condi-
tional value-at-risk (CVaR) and expectile. These two families
of metrics not only conform to the definition of the coherent
Wasserstein metric, but can also be easily proven to satisfy
robustness and data-drivenness requirements. Recall that the
value-at-risk (VaR) at level @ € (0,1) of X is defined by

VaR,(X) = F (o) =inf{x: F(x) >}, X~F.

Example 1. (CVaR-Wasserstein metric) Let’s first review
the definition of CVaR as follows:

p(X) = CVaR,(X) = ﬁ [ VaR, (). @ €[0.1).
By Definition 1, it is easy to see that

devir, (Fy, ) := Inf{CVaR, (I, = &1 < TT € TI(F,, Fy)),
and the CVaR-Wasserstein ball is defined by

(6]

Bi\(F) = (F € M(R") : devar (F.F) < 8}, a€0,1).

Example 2. (Expectile-Wasserstein metric) Consider a ran-
dom variable X with E[X*] < co. Then the expectile e,(X) at
level a € [0, 1) of X is the minimizers of an asymmetric quad-
ratic loss,

e,(X) = argmin {E [((X = x),)’] + (1 = @)E[(X = x)_)’]},
xeR
where a, = max{a,0} and a_ =max{-a,0}. Actually, by the
first-order-condition, we can simply require X € L, since
e,(X) is defined as the unique solution to

aE[(X -x),] = (1 -)E[(X-X)_],

where x € R. It is well known that e,(X) is coherent for any
a €[1/2,1) and reduces to the expectation E when o =1/2.
Also, expectile converges to the worst-case risk measure
ess-sup as @ — 1; see Ref. [29]. For a level @ €[1/2,1), let
p(X)=e,(X), then we obtain the following metric by
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Definition 1:
d.,(F\, F>) = inf{e, (¢, — &I ITe TI(F, )b
and the expectile-Wasserstein ball

By (F):={F e M(R"):d,(F.F) <&}, aell/2,1).

3 Main results

In this section, we first present how we can apply the coher-
ent Wasserstein metric to the Kelly portfolio optimization
problem. Note that the support set of F; from the coherent
Wasserstein ball may be unbounded. This may cause the ab-
solute return 1 +RK™w to be negative, which conflicts with the
feasible range of the logarithmic function. To overcome this
deficiency, Li® introduced the following transformation:

1+Rw=exp(®) w,

where

r_.)r::(rt.l""’rt.n): In ,"',ll’l

Sr,l Sr.n )
Sr—l.l Srfl,n .

In fact, the composition of 7 is consistent with the stochastic
behavior models of stock prices often used in the financial
field. Now, let 71,7y represent N samples of log-returns
and the empirical distribution of log-returns be £, :=

1 N
N Z(Sf/. The ball based on the coherent Wasserstein metric

for ﬁlle distribution of log-returns is defined by
B, (F):={F e MR :d, (F.F) <&,

where {40)os is a family of coherent Wasserstein metrics.
Thus, the following data-driven coherent Wasserstein Kelly
portfolio optimization model is the main object of this paper:
max inf E, [log(exp(P)"w)]. (6)
)

WeW FeBy, (Fy

(6) provides a new way of thinking about portfolio selec-
tion with the Kelly strategy, as well as an application of co-
herent Wasserstein DRO, so we call it the generalized
Wasserstein—Kelly portfolio optimization model. From a
computational point of view, it is easy to address because it
makes the objective function associated with the variable 7
convex, allowing further reconstruction of the model into a
convex program with finite dimensions that can be solved by
a standard solver. We leave the proof of Theorem 1 below to
the following subsection.

Theorem 1. The following convex optimization program
can be used to solve the generalized Wasserstein—Kelly port-
folio optimization model (6):

1 ¢ e
max Z [?Iv(” + Z v log(%)] - e,
W
j=1 i=1 i

where |- ||. represents the dual norm of the norm || ]|, and A,
is a subset of a probability simplex, defined by

1 N
Ap:{yERN:3Z~ NZ&,, ZeZ‘,},

i=1

and Z, represents the risk envelope of p, ie., Z,=
{Z>0:E[Z] =1, E[ZX] < p(X) for all X}. It is defined that
q/0¢ A, forany g #0 and 0/0 € A,.

If p(-)=E[-] in Theorem 1, then Z;={1}, ie., Az=

. .. 4 .
{(1,---,1)} € R". The constraint condition 1 €A; in (7) re-

duces to g;=¢g; when i,j€ [N]. Therefore, Theorem 1 re-
duces to

1 < & ‘
max E (?;v‘“+ E vf.“log(—vt}]f)))—/ls,

V!

j=1 i=1 i

subjectto we W, v >0, 1> ||v‘”||*.

®)

It is well known that p(-) = E[-] reduces to the type-1 Wasser-
stein metric, then our conclusion recovers Proposition 2.2 in
Ref. [23].

Note that, the objective functions of (7) and (8) are the
same, with only different constraints. Furthermore, if the co-
herent Wasserstein metric is induced by CVaR or expectile,
i.e., the CVaR-Wasserstein metric (Example 1) or expectile-
Wasserstein metric (Example 2), we have the following corol-
laries, which will be used for simulations in Section 4.

Corollary 1. For any a €[0,1), CVaR, can be expressed
as (see Ref. [28, Theorem 4.52])

CVaR,(X)= sup E[ZX]

ZEZcvarg

with
1
Zevr, = {ZZO (E[Z]=1,Z< _}
l-a

Therefore, we obtain

N
1
Acvr, = {yERf : Zyi =N,y < m}

i=1

Therefore, according to Theorem 1, problem (7) can be
solved by

IRl PO C R
E AT () ) i\
maxN 2 (rjv + él v, log(_vﬁj) )) Ae,

subjectto we W, 1>0,v >0,
) A
@M., 9 < = Zq,- =NA

Corollary 2. For any a€[1/2,1), expectile e, can be
expressed as (see Ref. [29, Proposition 8])

e, (X) = sup E[XZ]

Z€Ze,

. . 7 .
subjectto we W, 1>0, % €A, VW >0, @) with
. ess-supZ a }
) Y = Z =3Z>0:E[Z]=1, —— < —}.
9= HV ”’ Zq’ NA. “ { 2] ess-infZ ~ 11—«
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Therefore, we get
N
max; y; a
A, ={yeR": =N, —— < —— .
femr 3 om e ]

Therefore, according to Theorem 1, problem (7) can be
solved by

1 & O w,
max — E Ty 4 E vWlog|— | |- e,

N J i V(»/)

Jj=1 i=1 i

subjectto weWw, 120,V >0,

g,z va”*’ 4= %‘1/’ qu =Na.

3.1 Proof of Theorem 1

The optimization problem (6) is

max inf E, [logexp(®)"w)], ©9)
)

weW FreB,(Fy

where B,(F,) := {F e M(R") : d,(F,F,) < 8}, and p is a coher-
ent Wasserstein metric. We will solve the optimal solution of
the wealth allocation vector w from (9), which is also the res-
ult of the optimization problem below:

min sup E; [-log(exp(P) w)]. (10)

VW FeB,(Fy)

Let u(r,w) :=log(exp(P)"w) = log(Z e"w;). It is observed that

u(r,w) is a convex function with'=lrespect to r and, hence,
€(r,w) = —u(r,w) is concave with respect to r. For ease of
notation, we ignore the variable w and denote £(r,w) by £(r).

We first focus on the inner maximization problem of (10),
i.e., the worst-case expectation problem. Following the defini-
tion of coherent Wasserstein metric, it can also be expressed
in terms of the joint distributions IT:

sup E"[£(r)]
i
subjectto  p"(IIF -rll) <&, (1D

I1 is a joint distribution of 7 and r

with marginals £, and F,, respectively.

Since €(r) is concave in r, (11) is equivalent to (see Ref. [20,
Theorem 1])

1 N
sp g ;f(r_,)
subjectto  p"(|IF—r|) <&, (12)
1 .
(7, r) = (F;, 1)) = N eR’, je[N].

Notice that given any random variable Y that satisfies
P(Y=r)=1/N for j€[N], any law-invariant convex risk
measure p can also be written in terms of (see Ref. [20, Prov-
ing (44)])

0805-6

where A, is a subset of a probability simplex, defined by

1 &
Apz{yERN:E]Z~ NZ@,,, ZEZP},
=1

and Z, denotes the risk envelope of p, ie., Z,={Z>0:
E[Z] =1, E[ZX] < p(X) for all X}.
According to this, we can write problem (12) as

1 N
sup v Z (r))
neman N 45

. BN
subject to ig{){ﬁg||?j—rj||zj}§s, r,€R", j€[N],

(13)
and its Lagrange dual by
IS 1 <
infsup ;f(r_f)+ﬂ[s—§;g{ﬁ ;Hff—rfllzj}) =
1 v 1<
Tfsjuflgfﬁ ;5(4) Hl[g_ {ﬁ ; 7, r,||z,}) =
1 N
nt, swpdet 7 > ()=l =rfl2) =
JEN j=
1 N
nf det 3 sup(e(r) = Al =), (14)

j=1

where the second equation abides by Sion’s minimax theor-
em, which states that the objective function is convex in z and
concave in r;, and A, is a compact set. When & > 0, strong
duality holds since the slater condition is satisfied. Strong du-
ality also holds when & = 0, because both the original and the

N
dual degenerate to % Z o).
Taking g = Az, consiiler the problem
sup (€ =17, =1l 4))- (15)
Note that g(r) := ||?, - rH p; is convex in r. Therefore, we
apply the Fenchel duality theorem to (15), which leads to
Sup(e(r) = [, = rll¢,) = sup(e(r) - g1 =
- Hg (=Ur) +g(r) =
—max(=(=0)' (M) -g'(-v)) =
—max(-u'(v)-g'(-v)) =
mm uww)+g(-v), (16)

where u* and g* represent the convex conjugates of u and g,
respectively, i.e.,

uw) = —Zv,»log(%), v>0,

i=1 !

. —Fv, IVIL <g;
g=v= .
00, otherwise.
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Substituting these convex conjugates into (16), we have

0

. " « . w N

minu'(v)+g'(-v)= min — » vlog(—|-7v.

=042, L v,
.

Putting this result into (14), we can get the equivalent expres-
sion for the worst-case expectation problem, i.e.,

1 N . n . »
minﬁ E {—?}v(”— E vﬁ')log(%)]+/ls,

V:

J=1 t

i=1

. ) 17
subjectto 12> 0, % €A, W >0, a7

g, WL, Y4 =Na.

The final step is to replace the inner maximization in (10)
with the minimization problem above, we obtain the final for-
mulation as follows:

1 < & _
min N E [—?;v(”— E vf’)log(—vg)]+/ls,

vV

P i

i=1

o VU) > Oa (18)

g,z ]| Z‘b‘ =NA.

We know that the optimal wealth allocation vector w
solved by (9) and (10) are the same, differing only by a minus
sign in the result of the objective function, so the reformula-
tion of (9) is obtained by transforming the minimum problem
in (18) into a maximum problem, which is the desired result
in Theorem 1.

subjectto weW,1>0, % €A

4 Numerical studies

In this section, we compare the generalized Wasserstein—
Kelly portfolio optimization model based on the CVaR-
Wasserstein metric at a level of 0.9 (i.e., @ =0.9) with the
Kelly strategy based on the SAA method (3) and the classical
type-1 Wasserstein—Kelly portfolio optimization model™’ (8)
to evaluate the effectiveness of our model (6). The main reas-
on for choosing CVaR is that it not only includes expectation
E, but is also a commonly used measure in quantitative risk
management. Daily closing prices data for each S&P 500
stock from January 1, 2020 to December 31, 2023 are collec-
ted. The following illustrates the effect of the radius paramet-
er € on portfolio diversification. It is based on a few selected
stocks in Subsection 4.1. Then we use many randomly selec-
ted stocks from the index to assess the out-of-sample per-
formance of three different portfolios in Subsection 4.2. All
the simulations are performed based on the CVXPY package
for Python.

4.1 Diversification effects

The distance between the true and the empirical distributions
is limited by the radius parameter & under the CVaR-
Wasserstein metric. The effects of changing the parameters
on the composition of the generalized Wasserstein—Kelly
portfolio are studied. To relate this radius with the historical
data, we specifically set € = ¢ -7, where 7 denotes the average
log-return over all assets, and 6 can be considered as a

0805-7

scaling parameter, which shows the size of ¢ relative to 7. We
first select 10 major stocks in the S&P 500 index with prices,
as shown in Fig. 1.

The generalized Wasserstein—Kelly portfolios are optim-
ized based on the historical data of 2020 (the first 253 trading
days in Fig. 1). The trend of the portfolios with different &
values is displayed in Fig. 2, which shows the change in the
proportion of each stock. Obviously, when ¢ =0, it is the
Kelly strategy with the SAA method, and as ¢ increases, it
leads to greater portfolio diversification. We find that the pro-
portions of different stocks will gradually converge to 1/N,
which means that the generalized Wasserstein—Kelly portfo-
lio converges to 1/N portfolio in the limit. This is also a good
illustration of how the generalized Wasserstein—Kelly portfo-
lios achieve robustness through diversification.

4.2 Out-of-sample performances

In this subsection, we use three methods, i.e., SAA, the type-1
Wasserstein metric and the CVaR-Wasserstein metric, on the
data-driven Kelly portfolio to compare their out-of-sample
performances. For simplicity, we call them the Kelly portfo-
lio, type-1 portfolio, and CVaR portfolio, respectively. Ten
stocks from the S&P 500 index are randomly selected, then
using historical closing prices from 2020 (253 trading days)

Stock Prices

600 PG
vz
HD
500 LLY
PEP
wMT
400 v
] cvx
2
[ BAC
o
£ 300 T
7
o
&)
200
100
0
0 200 400 600 800 1000
Time

Fig. 1. The closing prices of 10 major stocks.

Composition of Portfolio
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vz
HD
LY
08 PEP
wMT
.
§ \
<06 cvx
5 BAC
c
S T
g
g
o 0.4
2
£
0.2
0.0
0.0 0.2 0.4 0.6 0.8 1.0

6

Fig. 2. Composition of the generalized Wasserstein—Kelly portfolio with
different scaling parameters ¢.
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to calculate the Kelly portfolio and two Wasserstein—Kelly
portfolios. The out-of-sample tests are conducted over the
period from 2021-01-01 to 2023-12-31. We simulate the port-
folio values of the three methods on each trading day. The
above process is repeated 100 times, thus reducing the im-
pact of the subjectivity and extreme cases of stock selection
on the experimental results. Below, we set 6 =0.05, 0.1,
0.15, 0.2, 0.25, and 0.3 to further observe the effect of the

Portfolio Values

1.8
Kelly
— Kelly
CVaR Wasserstein-Kelly
1.6 4 = CVaR Wasserstein-Kelly
Type-1 Wasserstein-Kelly
w— Type-1 Wasserstein-Kelly
1.4
o
32
T 1.21
2
2
£ 1.0
a
0.8
0.6 4
300 400 500 600 700 800 900 1000
Time
(a) 6=0.05
Portfolio Values
1.8
Kelly
— Kelly
CVaR Wasserstein-Kelly
1.6 4 = CVaR Wasserstein-Kelly
Type-1 Wasserstein-Kelly
w—— Type-1 Wasserstein-Kelly
1.4
o
2
T 1.21
o
2
£ 1.0
&
0.8
0.6 4
300 400 500 600 700 800 900 1000
Time
(¢) 5=0.15
Portfolio Values
1.8
Kelly
— Kelly
CVaR Wasserstein-Kelly
1.6 4 = CVaR Wasserstein-Kelly
Type-1 Wasserstein-Kelly
= Type-1 Wasserstein-Kelly
1.44
[
=
T 1.2
o
o
£ 1.0
I
0.8
0.6 1
300 400 500 600 700 800 900 1000
Time
(e) =025

radius parameter € on the results of the optimization.

The simulation results with different ¢ values for the Kelly
portfolio and two Wasserstein—Kelly portfolios over the out-
of-sample horizons 2021-01-01-2023-12-31 are displayed in
Fig. 3. The bold lines represent the average portfolio value of
100 repetitions, and the standard deviation of these repeti-
tions is depicted by the shaded parts. According to the simula-
tion, the CVaR portfolio is the optimal portfolio in terms of

Portfolio Values

1.8
Kelly
—Kelly
CVaR Wasserstein-Kelly
1.6 = CVaR Wasserstein-Kelly
Type-1 Wasserstein-Kelly
w—— Type-1 Wasserstein-Kelly
1.4
o
32
T 1.29
2
£
£ 1.0
a
0.8
0.6 4
300 400 500 600 700 800 900 1000
Time
Portfolio Values
1.8
Kelly
—Kelly
CVaR Wasserstein-Kelly
1.6 4 == CVaR Wasserstein-Kelly
Type-1 Wasserstein-Kelly
w—— Type-1 Wasserstein-Kelly
1.4
o
2
g12
°
£
£ 1.0
&
0.8
0.6 4
300 400 500 600 700 800 900 1000
Time
Portfolio Values
1.8
Kelly
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CVaR Wasserstein-Kelly
1.6 4 m— CVaR Wasserstein-Kelly
Type-1 Wasserstein-Kelly
w— Type-1 Wasserstein-Kelly
1.44
[
=
c12
o
£
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I
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Time

Fig. 3. The development of portfolio values for the Kelly portfolio, the CVaR portfolio, and the type-1 portfolio with ¢ over the period from 2021-01-01

to 2023-12-31.
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both the return values and the stability. As ¢ increases, this
method converges quickly. Thus, we can obtain the optim-
ized results in the “neighborhood” of the empirical distribu-
tion, which has several advantages in terms of computational
complexity and speed.

The following boxplots in Fig. 4 respectively show the an-
nualized return, annualized volatility, Sharpe ratio, maximum
drawdown, and log of final portfolio value. We can observe
that the CVaR portfolio outperforms the other two portfolios

the CVaR portfolio show significant “shrinkage” as ¢ in-
creases. This suggests that our model (6) will be superior in
terms of robustness.

5 Conclusions

In this paper, we incorporate coherent Wasserstein metrics into
the Kelly strategy, thus providing new ideas for solving the
generalized Wasserstein DRO problem. We construct a ball
of radius & centered at the empirical distribution relying on

on these performance indicators. Furthermore, the boxplots of coherent Wasserstein metrics. Then we propose the
Annualized Returns Annualized Volatility
041 o| °¢ © o0 o 0o o 0o © o o o o
o o
o
0.34
o o
0.5 1
0.2 4 o
011 %
0.4 1
© ©
0.01 ° °
o
-0.14 ° 0.3 1
~024
o 0.2
—0.3 1
o
© 0.0(" N 0.6’ N Q’f’ N 0,0" o Q_\f’ NS Q’f’ N © 09(" N 0_«? N Q’f’ NG @‘" o °§> N fo’ N
] &
(a) (b)
Sharpe Ratio Maximum Drawdown
1.00 1 o o o
T 0.8 1
0.75 4 o o o 8 o o o o
0.7
0.50 1 H o
0.6 1
0.251
0.5 1
0.00 4
0.4 4
—0.25 1 -
0.3 1
—0.50 1
o 0.2 1
-0.75

Log-Portfolio-Value

—0.5 4

-1.01

JjHBRaes p

(e

Fig. 4. The boxplots for three portfolios with different J, and ¢ = 0 corresponds to the Kelly portfolio, while 6 = 0.05, 0.1, 0.15, 0.2, 0.25, and 0.3 corres-
pond to the two Wasserstein—Kelly portfolios, where the former is type-1 portfolio and the latter is CVaR portfolio.
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generalized Wasserstein—Kelly portfolio optimization model
(6). Within convex techniques, it is easy to reformulate the
model as a tractable convex program with finite dimensions
that can not only be computed efficiently but also obtain solu-
tions that perform well in out-of-sample tests. In particular,
we perform meaningful numerical simulations using the fam-
ily of CVaR-Wasserstein metrics. The numerical results show
that it outperforms the Kelly portfolio and the type-1 Wasser-
stein— Kelly portfolio in both final value and stability. In ad-
dition, the CVaR Wasserstein—Kelly portfolio will be a more
desirable choice for investors who are more concerned with
volatility and maximum drawdown. Overall, our findings
provide a new attempt to explore the potential of the general-
ized Wasserstein DRO in portfolio optimization problems.
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