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Graphical abstract

Give a simple structure of edge-critical
graphs and provide some useful properties

<~

Use the famous stability lemma

<

Decide the Ramsey number of edge-critical graphs
versus large generalized fans

Research framework.

Public summary

m The Ramsey number R(G, H) is the smallest positive integer N such that every 2-coloring of the edges of K contains
either a red G or a blue H.

m Ramsey numbers of odd cycles and complete graphs versus large generalized fans have a few excellent results.

m Extend odd cycles or complete graphs to edge-critical graphs, the relevant result has the natural promotion.
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Abstract: Given two graphs G and H, the Ramsey number R(G,H) is the smallest positive integer N such that every 2-
coloring of the edges of K, contains either a red G or a blue H. Let K,_, LI K, be the graph obtained from K, by adding a
new vertex v connecting k vertices of K, ,. A graph G with x(G) = k+1 is called edge-critical if G contains an edge e such
that x(G—e) =k. A considerable amount of research has been conducted by previous scholars on Ramsey numbers of
graphs. In this study, we show that for an edge-critical graph G with y(G) =k+1, when k>2, t>2, and n is sufficiently
large, R(G,K, +nK,) = knt+1 and r.(G,K, +nK,) = (k— l)nt +1¢.
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1 Introduction

Given two graphs G and H, the Ramsey number R(G, H) is
the smallest positive integer N such that every 2-coloring of
the edges of K, contains either a red G or a blue H. Let x(G)
be the chromatic number of G, and s(G) be the minimum size
of a color class over all proper x(G)-coloring of G. Burr!"
gave the following fundamental result about the lower bound
of the Ramsey number R(G, H).

Theorem 1.1.!" Let G and H be graphs such that H is con-
nected and |V(H)| > s(G). Then,

R(G.H) 2 (x(G) - D(IV(H)| = 1) + 5(G). (D

We call H G-good if the lower bound in (1) is tight for G
and H. There are fruitful results on Ramsey numbers
R(G,H); one can refer to an excellent survey”. In this note,
we are mainly concerned with the pairs (G, H) with H being
G-good (we also call (G,H) agood pair). Before we intro-
duce more results for good (G, H)-pairs, we give some nota-
tions. Write K, for a complete graph on k vertices, and 7, for
a tree on n vertices. For disjoint graphs G and H, let G+ H
be the joint graph of G and H, i.e., the graph obtained by
connecting V(G) and V(H) completely, and write nG for the
disjoint union of n copies of G. For example, a fan
F, =K, +nK,. Write C, for a cycle on k vertices. There are
some good pairs (G, H) that we have known, here is a list of
them.

()" Let k,n>1 be integers. Then R(K,,T,)=(k—1)-
n-1+1.

O If k>2 and ¢>2 are fixed, then R(K,,,,K, +nk,) =
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knt+1 for sufficiently large n.

(©) If k>2 and t >3 are fixed, then R(K,,,,K,+nk,) =
k(n+t—1)+1 for sufficiently large n.

(d) If integers k,t>1 are fixed, then R(Cy,,,K, +nK,) =
2nt+1 for sufficiently large n.

An interesting problem proposed by Hook and Isaak™ is
the following: If we know the Ramsey number R(G,H) =r,
what is the largest number of edges we can delete from K,
such that every 2-coloring of the edges of the resulting graph
still contains either a red G or a blue H. More precisely, let
K, LUK, , be the graph obtained from K, , by adding a new
vertex v connecting k vertices of K, ,. Hook and Isaak!
defined the star-critical Ramsey number r.(G, H) as the smal-
lest integer k such that every 2-coloring of the edges of
K, UK, , contains either a red G or a blue H. There are a
few known results of the star-critical Ramsey number, and we
list some of them.

(e)® For any fixed integers k>2 and (>2,
7.(Ki1, K, +nK,) = (k— D)tn +1 for all sufficiently large n.

¥  For any fixed integers k>2 and (>2,
7.(Kio1, K, +nK,) = (k—1+0(1))n as n — oo. They also asked
the question of the exact value of r.(K,,, K, + nk,).

(2" For a fixed odd cycle C,,,,, if n is large, then
r.(Cypit, Ky +nK,) =nt+t.

A graph H with y(H)=k+1 is called an edge-critical
graph if H contains an edge e such that y(H —e) = k. Note
that C,,.,, and K,,, are edge-critical graphs. Recall that a fan
F,=K +nkK,. We call K, +nK, a generalized fan. In this
study, we give the Ramsey number and star-critical Ramsey
number of an edge-critical graph versus a generalized fan.
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The main results of this work are as follows.

Theorem 1.2. Let k>2 and #>2 be integers and G be a
fixed edge-critical graph with y(G)=k+1. If n is suffi-
ciently large, then R(G, K, +nK,) = knt + 1.

Theorem 1.3. Let k>2 and 7>2 be integers and G be a
fixed edge-critical graph with x(G)=k+1. If n is suffi-
ciently large, then r.(G,K, +nK,) = (k— )nt +1.

Clearly, Theorems 1.2 and 1.3 extend the results of (b), (d),
(e), and (g).

The rest of this article is organized as follows. In Section 2,
we provide some preliminaries. Next, we prove Theorem 1.2
and Theorem 1.3 in Section 3 and Section 4, respectively. Fi-
nally, We present some conclusions in Section 5.

2 Preliminaries

In this section we present some useful lemmas and results
needed in our proofs. The first lemma is an upper bound of
R(G,nH) due to Ref. [10].

Lemma 2.1.'7 Let G and H be graphs.
R(G,nH) < (n— D)|V(H)|+R(G, H).

The following is the classical stability lemma due to Refs.
[11-14]. Let G be a graph and V,,V; C V(G). Write E;(V,, V)
for the set of edges with one end in V; and the other in V;, and
write E;(V;) for Es(V,V;). For a vertex ve V(G), write
ds(v, V) =|E;({v}, V)I. Let [k] ={1,2,---,k} for positive in-
teger k.

Lemma 2.2."%1 Let G be a given graph with y(G) =p+1.
For every & >0 there exist 6 = 6(¢) and n, = n,(d) > 0 such
that if H is a graph of order N>n, and e(H)>

Then,

1
E(P —1)N? —6N? that does not contain G, then there exists a
partition of V(H) into classes V,,V,,---,V, such that
o D (VIVI=IELV,V)]) <N

I<i<j<p

P
o D IELV)I <N’ for i€ [pl;

i=1
e forevery ve V,and i,j € [p], d;(v,V)) <d;(v,V));

° E—§N<|V,|< E+§N for each i € [p].

Thg following lemma obtained by Hao and Lin™ gives a
general lower bound for the star-critical Ramsey number
r.(G,H). Denote a proper k-coloring of G with color classes
U,U,,---,U, by W,,U,,---,U,). Let

7(G) = min {d;(v,U): (U,,U,,---,U,) is a proper
veUy,1<i<y

x-coloring of G with |U,| = s(G)}.

Lemma 2.3." Let G be a graph with y(G) >2, and H be a
connected graph of order n > s(G)+ 1 with minimum degree
O0(H). We have

r.(G,H) = (x(G)-2)(n— 1)+ min{n,6(H) + 7(G) — 1}.
Furthermore, if H contains no cut vertex or 6(H) = 1, then
r.(G,H) > (x(G)—-2)(n—1)+min{n,6(H)+7(G)— 1} + s(G) + 1.

We also call (G,H) a good pair if the lower bound in
Lemma 2.3 is tight for r,(G, H). Finally, we give a structural
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property of the edge-critical graph.

Lemma 24. Let G be an edge-critical graph with
X(G)=k. Then there exists a proper k-coloring
Vi, V,,---, V) of G such that |V,|]=1 and |E(V,,V))|=1 for
some i € [k—1].

Proof. Choose an edge e=uve E(G) with y(G—e)=
k—1. Then G—-e has a proper (k—1)-coloring n’ with
'(u) = ' (v), otherwise, we obtain a proper (k— 1)-coloring
of G, a contradiction. Now we recolor the vertices by setting
7. V(G) — [k] as follows:

2(x) = { ' (x),

X FV;
k,

Then 7 is a proper k-coloring of G, and vertex v is what we
want to find.

As a direct corollary of Lemma 2.4, we have

Corollary 2.1. Let G be an edge-critical graph. Then
s(G)=1and 7(G) = 1.

3 Proof of Theorem 1.2

Write K,, .., for a k-partite graph with color classes of sizes
n, My, .0 and let K; be the graph obtained by adding
an extra edge in one class of K,,, ,,.., -

Proof of Theorem 1.2. Let G be an edge-critical graph
with y(G) =k+1. By Corollary 2.1, s(G)=1. By Theorem
1.1, R(G,K,+nK,)) > knt+ 1. Let N = knt+ 1. Then it suffices
to show R(G,K,+nK,) <knt+1, i.e., we prove that any 2-
coloring of the edges of K, contains either a red G or a blue
K, +nK, when n is sufficiently large.

In contrast, suppose that there exists a 2-coloring of the
edges of K, that contains neither a red G nor a blue K, +nK,.
Let R and B denote the subgraphs consisting of red and blue
edges in K, respectively. The subgraph of K, induced by
Ny(v) contains neither a red G nor a blue nK,. By Lemma 2.1,
we have

dp(v) <R(G,nK,) < (n—1)t+R(G,K)).

Thus dp(v) = N—-1-dsz(v) > (k—1tn—0(), which implies
that

1 k-1
eR) =3 de(v) > 2—sz —O(N).

Set £ >0, a very small real number. Applying Lemma 2.2
to graph G and the G-free graph R, we have a partition of
V(R) = V(Ky) into k classes V,,V,,---,V, such that

@) 2. (VIVI=IEAV, V) < €N,

I<i<j<k
(ii) |Ex(V)| < éN? for every i € [K];
(iii) for every v € V; and i, j € [k], dx(v,V)) < d;(V,V));
N N
(iv) % —éN <V < Z +&N for every i € [k].
With loss of generality, we may assume that |V,| > |V|| for
N

i=2,---,k. Thus |[V||>th+1> e Define a subset V, C 'V, as

follows:

V = {x €V, |du(x,V) > (1-2E)V, forall je[k] and j # i}.
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Claim 1. |V}| > (1 =2k \E)|V/| for i € [k].
Proof. Suppose to the contrary that there is an i € [k] with

1
[V A\ VI > 2k A€V > 2k \/g(% —§)N.
By the definition of V/, for any vertex v € V;\ V/, we have

dy(n, V) =|V | =de(x, V) 2 2JEIV| = 2 \/E(% —§)N,
for all j e [k] and j # i.

Thus

\ 1 1
D EVL V> (k= 1)-2k JE(; —5)N-2¢E(z —g)N =

=
j#i

4k(k — l)f(i —f) N> > EN°.
However,

k
DBV, V) < Y IEL(V, V)] =
j=1,j#i 1<i<j<k

VIV = ELV,V)I) < €N,

I<i<j<k

a contradiction.

Let m be the maximum size of a color class over all proper
(k+ 1)-coloring of G. The construction of a copy of red G in
R will be used throughout the remainder of the proof.

Claim 2. If there is a red edge e = u,u, in some V; such
that  dp(u;, V) +dp(u, V) 2 (1+)|V;| for some constant
a >0 and j# i, then R contains a copy of G.

Proof. Without loss of generality, we assume that
e =u, U, is a red edge in V,. Note that, for any vertex ve V/,
we have

d(v, V) > (1 =2OV,| = 2k JEIV)| = (1 = 2(k + 1) {/EV.

We will construct a copy of G in R with e = u,,u;, € E(G).
In the following proof of this claim, the host graph we con-
sidered is R. First, we choose m—1 vertices w3, ", Ui
from V] and let U, = {u,,, U, ty3,** , Uy} Then, when n is
large enough, the common neighbors of U, in V; with j>2
are

m+1

> (L+)V)|+ Y dyly, V) =mlV)] 2
i=3

m+1

ﬂNR(uli’le’)
i=1

(@ =20+ 1)m—1) V&) IV)| 2 m.

m+1

. AN (1
For ease of notations, we denote ﬂNR(u”’Vf) =W, for

i=1
j=2,3,---,k. Second, we take m vertices U, = {u,,us,
- U} from W”. When n is large enough, the common
neighbors of U, U U, in V] for j=3,--- ,k is

[ﬁNk(u,,,v;)]ﬂ[ﬁNk(um v;))| >

(o =20k + 1)@m= 1) VE) V)| 2 m.
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m+1 m
Similarly, denote [ﬂ NR(”mV;)]ﬂ(ﬂNR(”% V/”)] = W(f2>,

for j=3,---,k. Note that w2 Ccw, We continue to choose
m vertices Us = {us, us, "+ ,u5,,} from W and compute the
common neighbors of U,UU,UU; in V,,---,V,. Repeat the
above process, until the last step we get k—1 disjoint vertex
sets U,,U,,--,U,_,, consider their common neighbors in V.
Let

(ﬁ NR(Ml,, V/z)) ﬂ [ﬁ NR(MZi, VA’)] ﬂ v ﬂ
(ﬁ NR(M(/H]);, VA’)] = W:k—l).

When 7 is large enough, we still have
WD = (a/— 2(k+ 1)((k—Dm-1) \/§)|vk| >m.

Thus we can still choose m vertices U, = {uy, tio, -+ , Uy}
from W*". Note that W Cc W’ for 2<i<k and 1</ <
j<k—-1. Thus R[U,UU,U---UU,] contains a copy of
K\ 1y, With an extra edge e = uyu;, in R[U,]. By the defin-
ition of m and Lemma 2.4, we know that there is a copy of G
in K;, ... ©R.

Claim 3. The induced subgraph B[V/] is a complete graph
for i € [k].

Proof. By symmetry, it is sufficient to show that B[V|] is a
complete graph. Suppose not, then there exists an edge
e ={u,,u,} in R[V]]. Note that, for any vertex veV/, we

i
have

de(v, V) 2 (1 =2/EV)| = 2k JEIV)| = (1 = 2(k + 1) VOV .

Thus dy(uy,, Vi) +de(uz, Vi) 2 2= 4(k+ D VOV = (1+ )|V
for some constant @ > 0. By Claim 2, we have a red copy of
G in R, a contradiction.

Claim 4. E(V;,V\V!) C E(B) for every i € [k].

Proof. By symmetry, it suffices to prove that
E(V,,V\\V!) C E(B). Suppose that there exists a red edge
e =u,u, with u, € V\\V, and u,, € V. Again note that, for
j=2.3,,k,

de, V) > (1 =2/EV)| = 2k JEIV)| = (1 =20k + 1) OV .

By Lemma 2.2, dg(u,,,V;) > dg(u,,,V,) for u,, € V,\ V|. Thus,
when € is very small and # is large enough, we have

dk(umvj,-) >
1
z (dk(um V) +di(uyy, Vj)) - |V; \ V,/| =

1 k
z[dk(ulo—gw,w]—|v,v\V,| >
l((k— l)nt—RJO(l)—(k—2)(ﬁ +§N))—|V.\V’| >
2 3 A
1 N-1 N
5 ((k—I)T—O(l)—(k—Z)(;+§N))—2k VEIV|>
1
(3 -2k \/E)W;-L
Therefore,

CSTR: 32290.14.JUSTC-2024-0008
DOI: 10.52396/JUSTC-2024-0008
JUSTC, 2025, 55(5): 0506


https://cstr.cn/32290.14.JUSTC-2024-0008
https://cstr.cn/32290.14.JUSTC-2024-0008
https://cstr.cn/32290.14.JUSTC-2024-0008
https://cstr.cn/32290.14.JUSTC-2024-0008
https://cstr.cn/32290.14.JUSTC-2024-0008
https://doi.org/10.52396/JUSTC-2024-0008
https://doi.org/10.52396/JUSTC-2024-0008
https://doi.org/10.52396/JUSTC-2024-0008
https://doi.org/10.52396/JUSTC-2024-0008
https://doi.org/10.52396/JUSTC-2024-0008

Zzsrg "

Ramsey numbers of edge-critical graphs versus large generalized fans

Jiang et al.

iy, V1) + di(un, V) 2 (g —2(2k+1) \/E)|V,| > (1+a)|V)|

for some constant @ > 0. Again by Lemma 2.2, we have a red
copy of G in R, a contradiction again.

Notice any vertex ve V,\V, and t—1 vertices in V| in-
duces a complete graph K, in B. Since |[V\V|| < |V]|/(t-1),
we can repeat the above process until the vertices of V,\V]
have been used up; now we have |V, \ V|| copies of blue K, in
B[V,]. Note that |V,| > nt+ 1. By Claim 3, we can continue to
find copies of blue K, in the remaining vertices of B[V,] until
we find n disjoint copies of blue K, in B[V,]. Note that if
|[Vi| > nt+1, at least one vertex left in V| that is completely
connected with the n vertex disjoint copies of blue K, thus
we construct a blue K, +nK,, which leads to a contradiction.

4 Proof of Theorem 1.3

Proof of Theorem 1.3. By Corollary 2.1, we have 7(G) = 1.
Note that 6(K,+nK,)=t. Thus when 7 is large, we have
r.(G,K,+nkK,) > (k—1)nt+t by Lemma 2.3. In the following,
we will show that 7,(G, K, +nK,) < (k— 1nt +t.

Let N =knt. Then R(G,K, +nK,)=N+1 by Theorem 1.2.
Thus there is a {R, B}-coloring of the edges of K, such that it
contains neither a red G nor a blue K, +nK,. By Lemma 2.1,
we have

dy(v) < R(G,nK,) < t(n— 1)+ R(G, K)).

Therefore, dy(v) =N—-1-dy(v) > (k—1)tn—0O(1) which im-
plies that

1 k-1
«(R)= 3 Z dy(v) 2 —=N*~O(N).
veV(R)

Apply the stability Lemma 2.2 to R with the forbidden
graph G, for a sufficiently small real number & > 0, there is a
partition of V(R)=V(K,) into k classes V,V,,---,V, such
that

2

@) 2, (VIVI=IEAV, V) <N,

I<i<j<k
(ii) |Ex(V)| < éN? for every i € [k];
(iii) for every veV, and i€l[k], di(v,V) <di(v,V;) for
every j € [k];

(iv) %—§N< |Vi| < %+§-‘N for every i € [k].

Similar to the proof of Theorem 1.2, define V; CV; as
follows:

V) =(x e Vide(x,V) 2 (1-2~E)|V, |,
for all j € [k] and j # i}.

With the same discussion as in the proof of Theorem 1.2, we
have the following three claims.

Claim 5. |V/| > (1 — 2k \&)|V}| for every i € [k].

Claim 6. B[V/] is a complete graph for every i € [k].

Claim 7. E(V},V,) C E(B) for every i € [k].

By Claims 6 and 7, we have |V;| < nt, otherwise, we can
construct a copy of K, +nK, in B with the same discussion as
in the last paragraph of the proof of Theorem 1.2. Note that
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Vi, Va,--+, V, is a partition of V(K,) and N = knt. We have the
following claim.

Claim 8. For every i € [k], |V,| = nt and there are n disjoint
copies of blue K, in B[V/].

We further claim that there are no red edges in V;\ 'V, for
i € [k]. Recall that m denotes the maximum size of a color
class over all proper (k + 1)-coloring of G.

Claim 9. B[V/\V/] is a complete graph for every i € [k].

Proof. By symmetry, we will show that B[V,\V|] is a com-
plete graph. Suppose to the contrary that there exists a red
edge v, v, with vy,vi, € VIAV]. Then, dy(v,,V))<t-1 for
j=2,---,k, since, otherwise, {v,,}UV, contains a copy of
blue K, +nK,. Similarly, we have ds(v,, V)) <7—1. Thus, we
have

A, V) 2 V)| =t+1 2 (1 =2k JEIV,|—1+1 fori = 1,2.
Therefore, when 7 is sufficiently large and & is very small,
dy(v11, V) +dp(vip, V) 2 (2 -4k VO =2t+2> (1 +a)V)

for some constant @ > 0. By Claim 2, R contains a copy of G,
a contradiction.

By Claims 6, 7, and 9, the graph induced by V; is a blue K,
for i € [k].

Now, assume Vv, is a new vertex outside V(Ky). We claim
that if d(v,, V(Ky)) > (k— 1)nt +t, then there exists either a red
G or a blue K, +nKk,.

Without loss of generality, suppose d(vy,V,) <d(vy,V, ;) <
---<d(v,, V). Then we have t<d(v,,V,) < (k—Dnt/k+t/k.
By Claim 8, d(v,,V)) <|V,|=nt. We can easily prove that
d(v,, V,_;) = nt/2, since, otherwise,

k-2

DA, V) +d(v, Vi) +d(v, Vo) <

i=1

(k—=2)nt+nt/2+nt/2 = (k—Dnt <

d(vo, V(Ky)),
a contradiction. Thus we have d(v,,V,) > d(v,,V,_,) > nt/2 for
i€[k—1]. Note that V; induces a blue K,,. Then for each
i€ k], ds(v,,V;) <t—1, otherwise, {v,}UV, contains a blue
K, +nK,. For the same reason, we know that, for ueV,,
dp(u,V;) <t—1 for every j € [k] and j # i. Therefore,

dr(vo, Vi) Z2d(v, Vi) - (t-1D 2t-(-1) =1

and forueV,,

i@, V) 2 |V)|=(t=1) 2 (1-2k VOV —t+1,
jelkland j#i.

Thus there exists a vertex v,, € V, such that vyv,, is a red
edge. Note that

(v, V) 2 "Et—|v,.\v;|—(z— > (% —2k\/§)|V,-|—t+ 1,
for je[k—1].

Therefore, when n is sufficiently large and & is very small,
we have
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3
de(vo, V1) +dp(v11, V1) > (5 — 4k \/E)|Vj| —2t+2>(1+a)V),

for some constant @ > 0 and j € [k—1]. We can view v, as a
vertex in V; and v,v,, as a red edge in V,. Then, by Claim 2,
we have a copy of red G in R, a contradiction. This com-
pletes the proof of Theorem 1.3.

5 Conclusions

In this study, we show that for an edge-critical graph G with
x(G)=k+1, when k>2, t>2, and n is sufficiently large,
R(G,K, +nK,)) =knt+1 and r.(G,K, +nK,) = (k—1)nt+t. We
extend some results as mentioned in the intrduction. We ask
the question of what the exact value of r.(K,.,,K,+nK,) is.
One may naturally ask the question of what the exact values
of (G,K,+nK,) and r.(G,K,+nK,) are. More generally, de-
termining the exact values of (G, K, +nK,) and r.(G, K, +nKk,)
deserves more further discussion.
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