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The overall pipeline of our proposed UTSC-Solver.

Public summary

m We propose a novel UTSC-Solver for solving math word problems, which uses an iterative inference to generate math-
ematical expressions in a non-autoregressive framework.

m The key contribution is iterative inference with self-correction mechanism, which refines mathematical expressions by

alternating between a generator and a discriminator, improving the accuracy and interpretability of mathematical
reasoning.
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Abstract: Automatically answer math word problems is a challenging task in artificial intelligence. Previous solvers con-
structed mathematical expressions in sequence or binary tree. However, these approaches may suffer from the following is-
sues: Models relying on such structures exhibit fixed-order reasoning (e.g., left-to-right), limiting flexibility and increas-
ing error susceptibility; prior models rely on autoregressive reasoning in a single pass, accumulating minor errors (e.g., in-
correct math symbols) during generation, resulting in reduced accuracy. To address the above issues, we emulate the
human “check and modify” process in reasoning and propose a unified M-tree self-correction solver (UTSC-
Solver) by iterative inference with self-correction mechanism. First, we use an iterative, non-autoregressive process for
generating mathematical expressions, free from fixed generation orders to handle complex and diverse problems.
Additionally, we design a self-correction mechanism based on alternating execution between a generator and a discriminat-
or. This module iteratively detects and rectifies errors in generated expressions, leveraging previous iteration information
for subsequent generation guidance. Experimental results show that our UTSC-Solver outperforms traditional models in

accuracy on two popular datasets, while it improves the interpretability of mathematical reasoning.

Keywords: mathematical reasoning; non-autoregressive generation; math word problems
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1 Introduction

With the impressive advancement of artificial intelligence
(Al), it becomes increasingly crucial for Al to solve funda-
mental tasks'"”, including mathematical reasoning. Mathemat-
ical reasoning plays a pivotal role in AI’s capabilities and en-
compasses tasks like solving math word problems (MWPs),
which continue to present a challenge. MWPs are deceptively
simple yet intricate elementary-level applied problemst,
which requires a system to understand the mathematical
meaning of the problem, construct appropriate expressions,
and perform accurate calculations. As depicted in Fig. 1, a
standard MWP"! provides a brief narrative describing math-
ematical relationships between quantities, such as “4 roses”,
and poses a query about an unknown quantity, like “total
earned money”. MWP solvers are expected to automatically
construct a mathematical expression for calculating the final
answer, which is considered an important stride toward gener-
al artificial intelligence. In addition, MWP solvers can be ap-
plied in various domains such as intelligent education',
decision-making”, and engineering applications'”. Therefore,
MWP solvers are meaningful for both general Al and practic-
al applications, and they have attracted extensive research
interest” .

In recent years, various effective MWP solvers have been
proposed'*”. Based on different forms for organizing the ex-
pressions, they can be roughly categorized into the following
four types: (i) Sequence-based method like DNS!"! and
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GSF' are based on an encoder-decoder architecture” and
construct mathematical expression sequences sequentially
from left to right (e.g., “30+7x(9-4)" in Fig. 1). (ii) Bin-
ary tree-based method like GTS!'? and HMS!'? use a
goal-driven decoder to construct the binary tree of mathemat-
ical expression from top to bottom, which improves the reas-
oning accuracy by structure information. (iil) DAG-based
method like Seq2DAG" extend the tree structure to encom-
pass directed acyclic graphs, allowing for the representation
of multiple equations to solve multi-equation math problems.
(iv) M-tree based method like SUMC-Solver'” considers that
there exist various equivalent expressions for the same prob-
lem, thereby adopting a unified M-tree structure to unify them
in a singular, standardized structure. Specifically, as illus-
trated in Fig. 1, the M-tree structure, through its multi-branch
(M-ary) structure and composite operators, unifies the above
three different binary tree structures. This significantly re-
duces the uncertainty in mathematical reasoning (details will
be presented in Section 3.1).

Despite the advancements in reasoning capabilities of
MWP solvers, they still struggle with notable challenges in
achieving complex mathematical reasoning®’. A primary lim-
itation originates from the widespread use of the autoregress-
ive framework like DNS™ and GTS!"". This framework dic-
tates a rigid generation sequence, either from left to right or
by constructing binary trees from top to bottom. Such inflex-
ibility hampers the model’s adaptability, preventing it from
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Problem:
April's discount flowers was having a sale where each rose was $7. If April started with 9 roses and

had 4 roses left, and she had earned $30 before the sale, how much money did she earn in total?

Expression:
30+7x(9 - 4)

Binary tree structure of various solutions:

O,

@ ®
@ Q
OO OO OO

30+7x(9 - 4) 9x7 - 4x7 +30 30+7x9 - 7x4

M-Tree structure:
O,
® @ ®
O©OO®

Answer:
65

Fig. 1. A typical MWP with a problem, various solutions and final
answer.

adjusting the generation order based on context reasoning.
Also, the sequence and binary tree structure lead to multiple
mathematical expression variants for a single problem, mak-
ing it difficult to grasp the mapping from input to output.

Furthermore, current solvers primarily reason as one-pass
systems, constructing mathematical expressions in a single
sweep”', and do not change. This design inherently lacks the
capability to fix errors during the reasoning phase, leading to
an accumulation of inaccuracies. The precision required in
mathematical expression generation surpasses that in typical
text generation. A minor error in a symbol or number can in-
validate the entire mathematical expression, unlike text gener-
ation, where similar errors may not substantially affect the
overall meaning. This contrast emphasizes the need for spe-
cialized techniques to address cumulative errors.

To tackle the challenges mentioned above, we take inspira-
tion from the human reasoning process, where individuals
continually write, check, and modify their work™. Emulating
this approach, we introduce a unified M-tree self-correction
solver (UTSC-Solver) for MWPs. This solver is designed for
multiple iterative self-correction processes in a non-
autoregressive manner. Unlike the fixed generation orders,
our method can construct mathematical expressions in vari-
ous directions through iterations, which enhances flexibility
and addresses the cumulative error issue inherent in autore-
gressive solvers. Furthermore, to achieve more precise math-
ematical reasoning”’, we devise an iterative inference pro-
cess featuring a self-correction mechanism, which refines
mathematical expressions by alternating between the generat-
or and the discriminator. In each iteration, we detect errors in
the generated expressions using the discriminator, and then
employ the generator to re-create them, facilitating explicit
error detection and correction. By incorporating insights from
previous iterations, it directs subsequent generation steps,
guaranteeing the creation of progressively precise mathemat-
ical expressions. Through convergence analysis, we’ve dis-
covered that this self-correction mechanism substantially en-
hances accuracy with only a few iterations, yielding com-
mendable accuracy.
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Our experimental results on widely recognized datasets,
MAWPS™! and Math23K"™, reveal that UTSC-Solver sur-
passes state-of-the-art traditional models in terms of answer
accuracy. These results also underscore the efficacy of the
self-correction mechanism in rectifying errors.

2 Related work

2.1 Math word problem

The journey of MWP solvers has evolved significantly over
the decades, mirroring the broader shifts and advancements™*”!
in the field of Al and logical reasoning”". Tracing back to
the 1960s, the initial stages of MWP solvers were dominated
by rule-based methods”**. These methods, while pioneering,
were heavily reliant on manually formulated rules and heur-
istic approaches. The subsequent era saw the emergence of
statistical machine learning methods®™” and semantic parsing
techniques®'’. Despite their advancements, these non-neural
network methods had their limitations, particularly in scalab-
ility and adaptability to new problem types.

With the emergence of deep learning, the scenario of MWP
solvers witnessed a significant shift. Wang et al.l"”!, in 2017,
pioneered this transformation with the introduction of DNS, a
deep learning-based solver that utilized the power of RNNs.
Following this, the field saw innovations like GTS by Xie et
al." which leveraged goal-driven binary tree structures, and
Graph2Tree by Zhang et al."”, which tapped into graph struc-
tures for enhanced problem comprehension. The integration
of external knowledge, as seen in the KAS2T model by Wu et
al.?%] further enriched the capabilities of MWP solvers. The
recent trend of integrating large-scale pretrained models, such
as BERT", has also been explored, with models like MWP-
BERT by Liang et al.?”, aiming to refine numerical represent-
ation and reasoning.

The inherent variability in mathematical expressions, influ-
enced by arithmetic laws such as commutativity, associativ-
ity, and distributivity®”, has long posed challenges in the do-
main. As shown in Fig. I, we can calculate the answer fol-
lowing the rules of “pricexcount, — priceX count,” or
“count, X price — count, X price”, leading to different expres-
sions and binary tree structures. Such variability can lead to
multiple valid representations for the same mathematical
concept, introducing ambiguities and uncertainties in the
model’s output space. This not only complicates the learning
process but also makes error correction more challenging, as
there isn’t a single “correct” representation to target. To ad-
dress this, the M-tree structure was introduced by Wang et
al.' in their SUMC-Solver. The primary advantage of the
M-tree is its ability to unify various expression variants into a
singular, standardized structure. By doing so, it provides a
unique framework and direction for corrections, significantly
reducing uncertainties associated with multiple possible rep-
resentations. In our work, we adopted the M-tree structure as
the foundation of UTSC-Solver, reducing uncertainty and
unifying various binary tree structure variants. Additionally, it
provides a singular direction for the multiple potential correc-
tion strategies associated with our designed self-correction
mechanism. This enables the generator and discriminator to
operate with greater precision.
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2.2 Text correction

Text correction has long been a pivotal area of research in
natural language processing””, aiming to rectify erroneous
text sequences. Historically, the field was dominated by rule-
based and statistical models™ "), exemplified by Lee and
Seneff’s syntax tree-based statistical model”. However, the
advent of sequence-to-sequence models ushered in a new era
of advancements™ 1, with Chollampatt et al."! pioneering an
end-to-end text correction approach. Despite their potential,
these models are often criticized for their sluggish training
and inference speeds.

Considering the challenges posed by autoregressive frame-
works in mathematical reasoning, as discussed earlier, recent
research has shifted towards non-autoregressive models for
their efficiency in text generation tasks. Ge et al.l”! were pion-
eers in employing non-autoregressive models for text correc-
tion, introducing the MaskPredict network. This innovative
approach masks potentially erroneous words in the input se-
quence and predicts accurate replacements, eliminating the
need to generate the entire output sequence.

Mathematical reasoning is inherently complex and being
highly sensitive to textual accuracy. Even minor text errors
can disrupt the entire inference process. By utilizing non-
autoregressive models, we can streamline the correction pro-
cess and enhance the resilience of mathematical reasoning,
ensuring that generated expressions are both efficient and
precise.

3 Methodology

As depicted in Fig. 2, the UTSC-Solver has been designed to
emulate the cognitive reasoning process of humans in iterat-

2

ive self-correction to solve MWPs™. This section will
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finished just 5(0.33) pie . How much more pie did Erik
eat than Frank ?”

Fig. 2. The overall pipeline of our proposed UTSC-Solver.
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Problem Representation Vector % .

provide a detailed description of the methodology behind
UTSC-Solver, including problem definition, model architec-
ture, inference process, training methods, convergence
analysis.

3.1 Preliminary

In this section, we will formally introduce the definition of
the MWP task, as illustrated in Fig. 3. For each MWP, we
define the input problem P = {p,,p,,- -, p,}, like “Input: a B
At a...?”. It is the raw problem in datasets that have under-
gone preprocessing, which comprises a set of numbers
Ve ={vi,vy, -+, v}, like “y: 0.67, 6: 0.33”. The normal out-
put should be a mathematical expression. However, to avoid
multiple different expression variants for a single problem,
we follow SUMC-Solver!”! and output unified M-tree codes.
So the ultimate goal is to obtain target code outputs through a
target vector set C = {code,,code,, - ,code,}, where code; is
an [-dimensional vector corresponding to the number v;, such
as 0: [‘'1 0 +’]. The vector set C can construct a target
M-tree to calculate the final answer. Next, we will elaborate
on the structure of the M-tree, and thereby explain why we
need to output such a vector set.

As hinted at in Section 2.1, we leverage the M-tree struc-
ture to unify various mathematical expressions and determine
a unique correction direction to reduce uncertainty. The
M-tree comprises both leaf and internal nodes, with internal
nodes representing operators, including {+, X, x—,+/}. Tradi-
tional operators include {+,—,X%,/}, where “—” and “/” are
non-commutative, leading to variations. In the M-tree, com-
mutative composite operations {X—,+/} are employed as re-
placements, and “—” and “/” are moved to leaf nodes. The
composite operation “+/” represents the division of the sum-
mation of multiple values. For instance, “+/” with operands
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Data Processing Flow

Input Problem
Input: “o(1) 3(3.14) At a pie-eating contest , Erik got through

(0.67) pie before time was called ; Frank finished just 6(0.33)
pie . How much more pie did Erik eat than Frank ?”

Pick up numbers

a: 1
Replace the numbers B:3.14

with greek letters :0.67
8:0.33

Problem: At a pie-eating contest , Erik got through 0.67 pie
before time was called ; Frank finished just 0.33 pie . How much
more pie did Erik eat than Frank ?"

Raw problem

Fig. 3. Illustration of the data preprocessing workflow for a MWP.

{1,2,3} is equivalent to*/{1,2,3}” . Leaf nodes in the MWP
represent the values associated with the operators. In MWPs,
inherent values v can manifest in four variations within leaf
nodes: {v,-v, %,—%}, signifying the implicit {—, /} operations.
This design choice ensures the consistency and commutativ-
ity of the M-tree, addressing potential mathematical
inconsistencies.

To enhance the flexibility in constructing the M-tree, we
transform it into M-tree codes following the approach of the
SUMC-solver!”. Fig. 3 illustrates target M-tree and target
codes outputs for a given problem. Each numerical value in
the problem corresponds to one or multiple M-tree codes.
These codes consist of two parts: a two-bit binary number
representing the four forms of the value in the leaf nodes and
a string that records the path from the root node to the leaf
node, maintaining the M-tree’s structure. For example, since
0 appears in the form of —v in a leaf node, its corresponding
code is [“1_0_+"]. Conversely, since @ does not appear in the
M-tree, its corresponding code is [“None”]. So, our desired
output is one or multiple codes for each numerical value in
the problem.

We merge all codes from datasets into a code set B to facil-
itate the code generation process. Consequently, B is repres-
ented as {b,,b,,---,b,}, and all the codes we want to generate
are included in the code set B. Therefore, we only need to
simplify the code generation process by outputting the in-
dices of B, specifically a target vector set C = {code,,
code,,--- ,code,}. For example, code; may be represented as
[1,0,0,---,0], with “1” indicating that code; corresponds to
[“None™] (the first code in set B). It is essential to note that
code; might contain multiple “1”’s. However, the initially gen-
erated codes may not always be accurate. To address this
issue, we employ an iterative self-correction mechanism to
optimize the generated codes, ensuring more precise mathem-
atical reasoning.

3.2 [Iterative inference with self-correction mechanism

Inspired by human cognitive reasoning patterns, we have
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Target code outputs
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Initial binary tree

conceptualized iterative reasoning with a self-correction
mechanism. It meticulously fine-tunes mathematical expres-
sions by alternating between a generator and a discriminator.
The overall process of UTSC-Solver is depicted in Fig. 2. On
the left side, it involves a multi-step pipeline that includes an
encoder, an iterative self-correction process with a generator,
and a discriminator. Ultimately, this process yields the codes
outputs and result. On the right side, we can see the specific
details of the generator and discriminator. The inputs for the
generator are the embeddings of every number in the prob-
lem from the output of encoder and partially masked codes,
then the generator predicts the codes for masked number. The
“Emb” represents the combination of numerical embeddings
and code embeddings. The inputs for the discriminator are the
number embeddings and the codes from the generator, then
the discriminator predicts whether the codes are right or
wrong.

The inference process is depicted in Algorithm 1. The
function IterativeInference(P) encompasses the entire
process from the problem encoder to the iterative inference,
ultimately resulting in the output codes. The UTSC-Solver
begins with the problem encoder, which interprets the input
mathematical problem (“At a pie-eating contest...?””). The
generator, informed by the discriminator’s feedback, inputs
mathematical expressions with masked judgments. Using
transformer blocks, it regenerates accurate codes for these
masked portions. Notably, the generator constructs mathemat-
ical expressions in a non-autoregressive manner, generating
codes for all values in a single step (e.g., y: [“0_0 +”]). The
discriminator, a binary classifier, evaluates the rationality of
the previously generated code outputs. It classifies each code
as either right (1) or wrong (0).

During each iteration, the discriminator pinpoints inac-
curacies in the generated expressions. Accurate codes receive
a right label, while erroneous ones are tagged as wrong.
These erroneous codes are then replaced with <mask>,
prompting the generator to regenerate them, sequentially
forming iterative self-correction. As illustrated in Fig. 2, the
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generator’s initial input is entirely <mask>. The iterative in-
ference persists until either all codes are approved by the dis-
criminator or the iteration count reaches the predefined max-
imum 7. Finally, the generated codes are utilized to construct
the M-tree structure, which is then transformed into an equi-
valent mathematical expression, leading to the final result.

For example, the first iteration is depicted on the right side
of Fig.2. Initially, the generator receives a completely
masked input, and it produces two code outputs: y: [“0_0_+]
and 0: [“0_0_+"]. Subsequently, we use these code outputs as
input for the discriminator, which results in the statement:
Code [“0_0_+7] is wrong for number 6. After the iteration, it
is corrected to the accurate code [“1_0 +”], leading to the
final correct answer. Next, we will provide a detailed descrip-
tion of the structure of each component of UTSC-Solver.

3.3 Problem encoder

First in the problem encoder, we input the preprocessed prob-
lem P ={p,,p,, -, p,} to obtain representations {h,,h,, - ,h,}.
We extract the representation h;, as e, for each numerical
value v; in V,. Second, we perform average pooling on prob-
lem representations to obtain the semantic representation of

1
the entire problem, denoted as P, = — Zh Finally, we
n

merge numerical value representation and problem represent-
ation to obtain the numerical embedding n; = [e;, Py,]. This
encoding scheme allows the model to understand semantic re-
lationships between each numerical value in the problem and
obtain the overall semantic representation of the problem
through average pooling. This representation serves as the
holistic objective to drive the model for mathematical
reasoning.

3.4 Generator and discriminator

Now, we will introduce the architecture of the generator and
discriminator. The generator is a decoder based on the trans-
former architecture™”, utilizing a non-autoregressive frame-
work. In total, the input consists of the representation vector

where W,, Wy, W,, and W° are learnable parameter
matrices. Next, we use the cross-attention mechanism to in-
corporate the semantic information from the original problem,
which helps drive the construction of the complete M-tree.
The computation process for the cross-attention mechanism is
similar, with the only difference being Q = W, N, where
N =n,,n,,---,n,, representing the output of the encoder as
the query vector. Finally, the vector d; obtained from the two
attention modules is passed through a three-layer feed-
forward neural network (FFNN) to generate M-tree codes for
the decoder. The specific formula is shown in Eq. (4):

code; = (o(o(d" W, +B)- W, +B,))" - W, +B;, (4)

where o is the activation function, and W, B are learnable
parameters in the FFNN. It should be noted that the one-hot
vectors code,, code,, ‘-, code, are generated independently
and in parallel.

The discriminator, a binary classifier, encodes all code;
from the current output to obtain ¢; = FFNN(code;). We then
add the corresponding numerical representation as the input
d; = c¢;+n; for the discriminator. Subsequently, it undergoes
the same multi-head self-attention and multi-head cross-
attention modules as the generator. It then classifies (0 or 1)
through a three-layer FFNN, where a value of 0 indicates a
wrong code that requires masking.

In essence, our model strives to enhance code generation
accuracy by iteratively refining and rectifying generated

Algorithm 1: UTSC-Solver iterative inference with self-correction
mechanism.

Input: Problem P from datasets D.

Output: M-tree codes Codes for each number to compute the result.

—_

Function IterativeInference(P):
2  H < Encoder(P);

3 Extract numerical embeddings N = {[e;, Pgoal} in H for each
number v; in Vp;

n; from the encoder and the M-tree codes from previous itera- 4  Initialize Codes with all code; as <mask>;
tion with some portions partially masked. It is required to pre- S for iteration = 1 to = do
dict the M-tree codes for each number. We add the represent-
ation vector n; and the code vector code; corresponding to the 6 Codes — Generator(Codes,N);
partially masked unified M-tree codes, resulting in d;, = n; +¢; 7 Judgments — Discriminator(Codes,N);
as the input to the generator. The masked c¢; corresponds to 8 if Judgments are all right then
the special character <mask>. For d,, the self-attention mech- 9 break:
anism aims to better understand the M-tree structure com-
. . . 10 end
posed of the current code sequence. It is applied as shown in
Egs. (1) and (2): 11 for i « 1 to len(Judgments) do
12 j < Judgments[i];
Q=W,-D, K=W,-D, V=W,-D, (1)
13 code; «— Codesli];
. 14 if j is wrong then
MulitiHead(Q, K, V) = Concat(head,, head,,-- ,head,)W°, J g
15 code; < <mask>;
(2)
) ) 16 end
where D is the input sequence of the decoder {d,,d,, - ,d,}, 1 J
and head; is defined as: e
K 18 end
head,(Q,K,V) = softmax( 0 ) -V, 3) 19  return Codes and convert to mathematical expressions to compute
\/Ek the result.
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codes, leveraging both the generator’s capabilities and feed-
back from the discriminator.

3.5 Training process of UTSC-Solver

Given a training dataset D = {(P,,C)li=1,---,N}, where P,
denotes the ith problem and C; is the corresponding M-tree
codes for the mathematical expression. Our training process
involves iterative refinement through a joint training mechan-
ism of the generator and discriminator.

3.5.1 Generator loss

The generator’s loss is computed using the cross-entropy
between the predicted codes and the target C;. However, in
the iterative self-correction mechanism, only the masked posi-
tions contribute to the loss, ensuring the model’s focus on rec-
tifying erroneous predictions:

10 ssgeneralor =

Z Z % ZI: —[C;-log(c;)) + (1= C;;)-log(1 —c;)],

(P;,Ci)ED cieC; j=1 (5)

where ¢; is the code at the masked position and / denotes the
dimensionality of the code vector, equivalent to the size of the
code set B.

3.5.2 Discriminator loss

The discriminator evaluates the validity of all code outputs
from the generator. Its loss is derived from the cross-entropy
between the predicted probability p; of code; being valid and
the actual label y;:

lO 88 discriminator

1
= — 3 [l Tog(p)+ (1 =) log(1=p)]]. (6)

i

3.5.3 Jointloss formulation

The joint training process optimizes a combined loss, which
is a weighted sum of the generator and discriminator losses,
where A is a hyperparameter determining the balance between
the generator and discriminator losses:

lOSS = /l . lossgenera(or + (1 - /1) : lossdiscriminamr' (7)

3.6 Convergence analysis

The UTSC-Solver conducts mathematical reasoning through
an iterative self-correction mechanism. Given the time com-
plexity of the reasoning process, we set the maximum num-
ber of iterations to 7. Now, we attempt to prove that our al-
gorithm can converge to a desired accuracy threshold within a
fixed number of iterations. Formally, We aim to demonstrate
that there exists a maximum iteration number, denoted as 7,
such that the accuracy can converge to a desired threshold P,
(e.g., 95%) within 7 iterations.

We start by defining some important notations as follows:
The code discriminator has a minimum accuracy threshold «.
The code generator has a minimum generation accuracy
threshold 8. And the accuracy in the kth iteration is P,.

Then, we divide the iterative process of UTSC-Solver into
three kinds of situations:

0703-6

( 1) The discriminator correctly identifies valid codes.

(ii) The discriminator misidentifies valid codes, which are
then rectified by the generator.

(iii) The discriminator correctly identifies invalid codes,
which are rectified by the generator.

From these scenarios, the lower bound on the accuracy for
the next iteration is:

Py, =C-P+C,, (8)

where C, = a+—-2af and C, = af5.

Using mathematical induction, we can derive that:

G-(1-C)
P,=C-Pj+ —— 2, 9
1 0 1— Cl ( )

Given the constraints on @ and 8, we deduce C, < 1. Thus,
as n increases, P, approaches a constant value. To achieve
P, the required iterations are:

Pe= 1C2C
n; =[log,, —Cl]' (10)
P _ 2
°1-c

By setting 7 = n;, we ensure convergence to the desired ac-
curacy within a finite number of iterations, optimizing the ef-
ficiency of the inference process.

4 Experiments

4.1 Datasets

To validate the effectiveness of our UTSC-Solver, we evalu-
ated our model on two widely used MWP datasets:
MAWPS®! which consists of 2373 English problems, and
Math23K"™! which consists of 23162 Chinese problems. For
Math23K, we used the publicly available test set containing
1000 problems. For MAWPS, we performed five-fold cross-
validation. We used answer accuracy as the evaluation metric,
which is determined by checking if the mathematical expres-
sion obtained by converting the unified M-tree codes gener-
ated by UTSC-Solver is equivalent to the provided answer.

4.2 Experimental settings

All experiments were conducted on a Linux server equipped
with four 2.30 GHz Intel Xeon Gold 5218 CPUs and one
Tesla V100 GPU. The initial global learning rate for both
datasets was set to 2x 10~ and was dynamically adjusted
using the warm-up learning rate algorithm™”. We employed
the AdamW™" optimizer for training. For the FFNN in the de-
coder, the dimensions were set to (2048, 1024,1), where [ rep-
resents the size of the code set B. For Math23K, the size of /
was 153, while for MAWPS, it was 28. During inference, the
maximum number of iterations T was set to 10.

4.3 Comparisons with baselines

To evaluate and analyze the effectiveness of our proposed
UTSC-Solver, we compared its performance with state-of-the-
art baselines. First, we compare our proposed UTSC-Solver
with baseline models based on the autoregressive (AR) gener-
ation framework:
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e T-RNN™: This model applies a sequence-to-sequence
approach to predict a tree structure template that includes in-
ferred numbers and unknown operators.

e Seq2Seq™: This model uses a basic sequence-to-
sequence model with attention mechanism to directly trans-
late MWPs into equation templates.

e GTS!'": GTS employs a heuristic, target-driven inference
approach to construct expression binary trees in a top-down
manner.

e Graph2Tree™: This model is based on the graph2tree
framework and utilizes an external graph-based encoder to
capture dependencies and positional information between nu-
merical values, enriching the representation of quantities in
the problem.

e HMS!': HMS utilizes a hierarchical word-clause-
question relationship to better extract the semantic meaning of
math problems.

e NS-Solver™: NS-Solver incorporates four auxiliary tasks
into the training process to better handle mathematical sym-
bol constraints.

e BERT-GTS: This model replaces the RNN-based en-
coder in the original GTS model with a pretrained language
model BERT.

e GPT-3°": An advanced autoregressive large language
model capable of generating human-like text. GPT-3 utilizes
a transformer-based model with 175 billion parameters, mak-
ing it capable of understanding and generating human-like
text based on the input. We input the math word problem by
the API and extract the numeric answer from its text
response.

Next, we compare our proposed UTSC-Solver with solvers
based on the non-autoregressive (NAR) generation
framework:

o SUMC-Solver": This is the first solver to perform MWP
mathematical reasoning in a non-autoregressive manner. It in-
troduces the concept of M-tree, a unified binary tree repres-
entation that accounts for diversity.

4.3.1 Comparative analysis of experimental results

The experimental results, as tabulated in Table 1, emphasize
the prowess of UTSC-Solver, particularly its self-correction
mechanism and non-autoregressive generator. First, UTSC-
Solver consistently outperforms both autoregressive solvers
and the non-autoregressive SUMC-Solver across Math23K
and MAWPS datasets, demonstrating the effectiveness of our
overall architecture and the iterative reasoning process.
Second, UTSC-Solver surpasses the SUMC-Solver"” by 1%+
on both datasets, emphasizing the significance of the iterative
self-correction mechanism. Third, when compared to
sequence-based solvers like T-RNN and Seq2Seq, UTSC-
Solver exhibits an improvement of 10% or more. Even when
compared to advanced binary tree-based solvers like GTS,
HMS, Graph2Tree, and NS-Solver, UTSC-Solver surpasses
them, highlighting its superior performance. These results
underscore the necessity of the M-tree structure, which out-
performs sequences and binary trees in mathematical reason-
ing. Especially, UTSC-Solver surpasses BERT-GTS by ap-
proximately 3%. This directly underscores the efficacy of the
attention-based generator and discriminator, since they
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Table 1. Answer accuracy comparison of different models on Math23K
and MAWPS" datasets.

Type Model Math23K MAWPS’
AR T-RNN®I 0.669 0.668
AR Seq2Seq!"” 0.640 0.797
AR GTS! 0.756 0.752
AR Graph2Treet™ 0.766 0.781
AR HMS!" 0.761 0.803
AR NS-Solvert™” 0.757 -
AR BERT-GTS 0.795 0.798
AR GPT-30" 0.181 0.643

NAR SUMC-Solver'"”! 0.825 0.820

NAR UTSC-Solver (ours) 0.829 0.834

harness the same problem encoder (i.e., BERT). In essence,
the iterative and self-correcting nature of UTSC-Solver, as
detailed in Fig. 2, not only mirrors human-like problem-
solving but also ensures superior mathematical reasoning. Fi-
nally, we observe that GPT-3"" has an accuracy of 64.3% on
the MAWPS dataset, indicating that GPT-3 possesses basic
mathematical reasoning abilities. Its accuracy on Math23K is
not good, standing at 18.1%. This suggests that GPT-3 may
lack training data for Chinese math word problems and has
room for improvement in multi-step reasoning and accurate
calculation. Additionally, this conclusion potentially proves
the necessity of enabling models to self-correct even for large
language models (LLMs). Our UTSC-Solver can achieve this
through a non-autoregressive mechanism, indicating a direc-
tion towards empowering LLMs with the ability to
self-correct.

4.4 Ablation study

In order to study the influence of each module in the UTSC-
Solver model, namely the self-correction mechanism, atten-
tion mechanism, and problem semantic encoding P,.., we
conducted ablation experiments. The purpose and results of
these experiments are presented in Table 2. The UTSC-
Solver represents the complete model, while “w/o Self-
Correction mechanism” refers to the model with the self-
correction mechanism removed, performing only one genera-
tion. “w/o Attention” indicates the model without self-
attention and cross-attention mechanisms in the decoder. Fi-
nally, “w/o P.,,” represents the model without problem se-
mantic representation in the encoder, using only numerical
representations as the encoder’s output.

From the experimental results, it can be observed that the
accuracy of our model decreases when any of the compon-
ents is removed. This indicates that all the components have
an effect and complement each other in terms of problem se-
mantic understanding, mathematical expression generation,
and optimization. Furthermore, the results highlight the
significant role of the self-correction mechanism in improv-
ing answer accuracy and enhancing the mathematical reason-
ing ability of the UTSC-Solver model. Furthermore, the im-
pact of removing P,, (referred in Section 3.3) is minimal.
The marginal performance decrease could be attributed to the
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Table 2. Ablation experiment results on Math23K and MAWPS" datasets.

Model Math23K MAWPS’
UTSC-Solver 0.829 0.834
w/o Self-correction mechanism 0.820 0.819
w/o Attention 0.824 0.820
0.826 0.831

W/0 Pgoal

rich information inherent in numerical value representations.
Even without P,,, the encoder’s self-attention and the de-
coder’s cross-attention mechanisms, along with the self-
correction mechanism, compensate for its absence.

4.4.1 Effectiveness of self-correction mechanism

To offer a detailed perspective on iteration effects, we intro-
duce code accuracy in addition to answer accuracy. Code ac-
curacy signifies the proportion of correctly generated code
segments relative to the total number of code segments in the
problem. To visualize the impact of the self-correction mech-
anism, we depict the answer accuracy and code accuracy on
the MAWPS dataset as the number of iterations increases in
Fig. 4. Both code accuracy and answer accuracy exhibit
gradual improvement with deeper iterations, illustrating the
self-correction mechanism’s role in iteratively rectifying er-
rors in mathematical expressions.

During each iteration, the generator leverages intermediate
results from the previous round and feedback from the dis-
criminator. By integrating information from previously gener-
ated code segments through the self-attention mechanism, the

Accuracy with self-correction iterations

0.92 —e— Code Acc 09137 0.9155 09155
—e— Ans Acc
0.907 o951
>0.88
[9)
©
o
=
3
< 0.86
0.84 0.8344 0.8344
0.8304
0.8229
0.82

t=0 t=1 t=2 t>2

Fig. 4. Enhancement of answer accuracy and code accuracy by iterative
inference.

generator gains awareness of other sub-expressions, resulting
in the construction of a more coherent and comprehensive
M-tree structure. Furthermore, we observe that beyond 7> 2,
the model’s accuracy stabilizes. When we plug in the accur-
acy of the generator and discriminator into Eq. (10), we ob-
tain a maximum number of iterations between 2 and 3. There-
fore, when ¢ > 2, the UTSC-Solver achieves a saturated max-
imum accuracy.

4.5 Case study

To provide a clearer understanding of the iterative and self-
correcting characteristics of UTSC-Solver, we present a com-
parative case study between UTSC-Solver and SUMC-
Solver!” using the MAWPS and Math23K datasets, as visual-
ized in Fig. 5. In both cases, we first present the problem text

Case 1: “o(1) (3.14) At a pie-eating contest , Erik got through y(0.67) pie before time was called ;

Frank finished just 6(0.33) pie . How much more pie did Erik eat than Frank ?”

SUMC-Solver
0%

']
']

3

o O

LT

il
30 [

+ +

_0
_0

t=0 )¢

UTSC-Solver (ours)

=1

y: [(0_0_+’]
o: [‘None’]

Case 2: “o(l) (3.14) Lana picked y(36) tulips and 6(37) roses to make flower bouquets . If she only

used ¢ (70) of the flowers though , how many extra flowers did Lana pick ?”

SUMC-Solver
0%

ORORCO,

® ® ©

UTSC-Solver (ours)
t=0 ¢ t= 1%/

y:[0_0_+7] y:[0_0_+7] v:[0_0_+7]
8:[°0_0_+7] 3:[°0_0_+"] 3:[°0_0_+"]
&: ['None’] &: [‘None’] e [1.0_+7]
Fig. 5. Case study of UTSC-Solver’s iterative self-correction mechanism.
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and the solution obtained by SUMC-Solver. Next, we illus-
trate the iterative reasoning process of UTSC-Solver, with
different “#” representing different iterations.

In case 1, the task is to calculate how much more pie Erik
ate compared to Frank. However, the model generates an in-
correct addition operation at first. Through two iterations, the
addition operation is successfully corrected to subtraction.
Specifically, for ¢ = 0, the code corresponding to the number
0 is [“0_0_+"], with a probability value of 0.9610975. Addi-
tionally, the code [“1 0 +”] has a probability value of
0.08277654. For ¢t = 1 and ¢ = 2, the self-correction mechan-
ism identifies the code [“0_0 +”] as incorrect and replaces it
with the code [“1_0 +”] as the new output. As a result, the
self-correction mechanism, through three iterations, corrected
the incorrect operator from “y+¢6” to “y—¢6”. On the other
hand, SUMC-Solver'” produces the same error and ulti-
mately gives an incorrect answer. Similarly, in case 2, the
UTSC-Solver model corrects the missing number € with the
[“1_0_+"] form, resulting in the correct M-tree structure.

These case studies underscore UTSC-Solver’s prowess in
emulating human-like iterative refinement, a demonstration of
its innovative design and the efficacy of its self-correction
mechanism.

5 Conclusions

In this work, we introduced the unified M-tree self-correction
solver (UTSC-Solver) to address challenges in traditional
MWP solvers. UTSC-Solver employed a non-autoregressive
framework for flexible mathematical reasoning, aligning with
human cognitive patterns. A key feature was the self-
correction mechanism, which iteratively refined mathematic-
al expressions. By alternating between a generator and a dis-
criminator, it identified and corrected minor errors, improv-
ing accuracy and offering interpretable reasoning. Extensive
experiments on MAWPS and Math23K datasets demon-
strated UTSC-Solver’s superiority over traditional MWP
models, highlighting the self-correction mechanism’s effect-
iveness. UTSC-Solver advanced MWP solvers by emulating
human-like iterative refinement, promising more accurate and
interpretable automated mathematical reasoning. Future work
could apply this mechanism to large language models (LLMs)
to address hallucination issues".
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