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The bound on two dim-8 coefficients of the Higgs. The orange and red regions represent the results of the current paper using linear

and nonlinear unitarity conditions, respectively, with all the symmetries of the SMEFT Higgs included, while the blue region represents

the previous result using linear unitarity conditions but without full Higgs symmetry.

Public summary

m We cap the positivity cone from above by making fuller use of unitarity conditions.

m We present a systematic method for obtaining more robust positivity bounds by employing nonlinear unitarity condi-

tions and incorporating all symmetries of the SMEFT Higgs.

m We explain the differences in performance between linear and nonlinear unitarity conditions, demonstrating how the

nonlinear unitarity conditions can be reduced to the linear ones.
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Read Online

Abstract: The Wilson coefficients of the standard model effective field theory are subject to a series of positivity bounds.
It has been shown that while the positivity part of the Ultraviolet (UV) partial wave unitarity leads to the Wilson coeffi-
cients living in a convex cone, further including the nonpositivity part caps the cone from above. For Higgs scattering, a
capped positivity cone was obtained using a simplified, linear unitarity condition without utilizing the full internal sym-
metries of Higgs scattering. Here, we further implement stronger nonlinear unitarity conditions from the UV, which gener-
ically gives rise to better bounds. We show that, for the Higgs case in particular, while the nonlinear unitarity conditions
per se do not enhance the bounds, the fuller use of the internal symmetries do shrink the capped positivity cone signific-

antly.

Keywords: positivity bounds; standard model effective field theory (SMEFT); Higgs
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1 Introduction

Effective field theories (EFTs) serve as valuable tools for de-
scribing low-energy physics without explicit knowledge of
the intricate high energy theory. The effectiveness of an EFT
depends heavily on precisely determining its Wilson coeffi-
cients, which often poses a significant challenge because
there can be numerous of them or they might be rather diffi-
cult to measure. Recent developments highlight that the gen-
eral parameter space for the Wilson coefficients is mostly in-
consistent with the fundamental principles of S-matrix theory,
such as causality/analyticity and unitarity, except for a small
subspace defined by the positivity bounds (see, for
example, Refs. [1-43] and Ref. [44] for a review).

The positivity bounds have been used to constrain the
standard model effective field theory (SMEFT)!'*!"-*%1 The
SMEFT parameterizes generic new physics beyond the stand-
ard model (SM) based on the SM field content and symmet-
ries, and has been gaining popularity in both theoretical and
experimental communities in the absence of new particle dis-
coveries at the Large Hadron Collider (LHC). The SMEFT
contains numerous Wilson coefficients particularly from di-
mension-8""" and beyond, as the SM is a theory with many
field degrees of freedom.

For a theory with multiple degrees of freedom, the positiv-
ity bounds significantly reduce the extensive parameter space.
For instance, in vector boson scattering (VBS), the elastic
positivity bounds can confine the physical dimension-8
Wilson coefficient space to approximately 2% of the total
space“*7. For the 10D dimension-8 VBS subspace in-
volving only the transverse vector bosons, generalized elastic
positivity bounds reduce the viable parameter space to about
0.7% of the total*”. Futhermore, for the s* amplitude coeffi-
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cients (s,z,u being the standard Mandelstam variables), the
optimal positivity bounds can be obtained by a convex geo-
metry approach!”'>* . When there are sufficient symmet-
ries in the sub-sector we are interested in, one can use a group-
theoretical method to compute the positivity cone, and the ex-
tremal rays of the cone in this case can be very useful in re-
verse engineering the UV theory in the event of an observa-
tion of non-zero Wilson coefficients'”'>*. Generically, with
fewer symmetries, one can employ a semi-definite program-
ming (SDP) method to compute the the s* positivity cone!'"l.

The preceding s* positivity cones are obtained by using
only the positivity part of the UV unitarity conditions.
Ref. [73] has initiated the use of the non-positivity parts of
the UV unitarity conditions to constrain the SMEFT coeffi-
cients, focusing on the scattering involving only the complex
Higgs modes. Building upon the methods introduced in Refs.
[6, 7, 27], the numerical bounds of Ref. [73] are obtained by
discretizing the UV scales in the fixed-¢ dispersion relations
and using the null constraints and linear programming to ex-
tract the constraints on the Wilson coefficients. Specifically,
Ref. [73] derived a set of linear conditions from (nonlinear)
partial wave unitarity, which allows the numerical optim-
izaiton to be easily carried out with some simple
Mathematica coding.

In this paper, we will revisit the capped positivity bounds
on the SMEFT Higgs sector, making use of the nonlinear
unitarity conditions on the imaginary part of the UV amp-
litudes. We will also more carefully take into account all
available symmetries of the SMEFT Higgs Lagrangian. With
these improvements, significantly better upper bounds are ob-
tained. The paper is organized as follows. In Section 2, we
will first derive the scattering amplitudes and dispersion rela-
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tions from the SMEFT Lagrangian pertaining to the Higgs,
and then introduce the null constraints and the nonlinear UV
unitarity conditions we will use in this paper. In Section 3, we
briefly set up the numerical optimization scheme for comput-
ing the two-sided, optimal numerical bounds. In Section 4, we
present our results on the capped Higgs positivity cone, and
compare with those obtained in Ref. [73]. We will see that,
carefully taking into account the SMEFT Higgs symmetries,
the linear unitarity bounds actually give rise to the same posit-
ivity bounds as those from the nonlinear unitarity conditions.
We conclude in Section 5. In Appendix A.1, we will show
that the linear unitarity conditions of Ref. [73] can be derived
from the nonlinear unitarity conditions. In Appendix A.2, we
will use a bi-scalar theory as an example to demonstrate that
generically the nonlinear unitarity conditions are stronger
than the linear ones.

2 Model and setup

In this section, we derive the amplitudes for Higgs scattering
in the SMEFT and the corresponding fixed-¢ dispersion rela-
tions that are used to extract positivity bounds on the dim-8
Wilson coefficients. Then, we proceed to obtain the so-called
null constraints by imposing st crossing symmetries on these
dispersion relations, and present the nonlinear unitarity condi-
tions we will use in this paper. Combining these ingredients
together, we will derive two-sided bounds for the dim-8
Higgs coefficients in the following sections.

2.1 Amplitudes and dispersion relations

In the SMEFT, the Higgs retains the same symmetry as in the
SM and is a SU(2) doublet. We shall parameterize the Higgs
doublet with two complex fields

T

and will use j to denote the antiparticle of particle i. Thanks
to the SU(2) internal symmetry, a generic 2-to-2 Higgs scat-
tering amplitude can be parameterized by the invariant tensors
of the SU(2) symmetry M™(s,1) = §;04a(s,t) + 5:5:8(s, ).
Here we choose all the particles to be all-ingoing for the amp-
litudes. The rest amplitudes are related to M™ by crossing.
The su crossing symmetry implies that M™(s,7) = M™(u,1),
which means that we must have a(u,?) = B(s,). Thus, we can
express the Higgs amplitude as

Mijki(s’ 1) = 050 f (s, 1) + 63705 f (u, 1). ()

Suppose that below the EFT cutoff the theory is weakly
coupled so that we can take the tree level approximation.
Then, at low energies, we can parameterized f(s,?) as

forr(s,0) =a,s+at+b,s° +b,st+ b, +c¢,8 +c,8°t+++-, (3)

which is the tree level approximation of f(s,f) in the EFT
region. We will be interested in constraining the Wilson coef-
ficients of the dimension-8 SMEFT operators that will con-
tribute to the 2-to-2 Higgs scattering. There are three of these
operators, all of which contain four derivatives and are para-
meterized as follows

0705-2

Lo > C(D,H'D,H)Y(D"H'D*H) + C,(D,H'D,H)
(D*H'D’H) +Cy(D*H'D,H)(D"H' D’ H), 4)

where D" is the gauge covariant derivatives. Matching the C;
coefficients with the amplitude coefficients in fue(s,1), we
find that

C,=b,, C,=2b,—by, C,=2b,—b;. %)

To make use of the null constraints and partial wave unitar-
ity, we need to derive the dispersion relations where the UV
amplitudes are expanded with partial waves. To that end, we
shall perform the following partial wave expansion

MZ(s,1) =16 ) (2L + DP(1 + 2—t)a;(s), (6)
7 N
1212 _ g t
M (s,t)—167rZ(2€+1)Pf(1+ —)ai(s). (7)

Mlizi(s, t) = 167'[2(254- l)P[(l + g)a‘[‘(s), (8)
- s

where P.(x) is the Legendre polynomial and we have defined

a(s)=a'(s), da.(s)=a(s), a'(s)=a?(s). ()

Note that a;, a;, and a; are related, as they are all expan-
ded from the same function but with different arguments:

MID?(S, t) — f(S, t), MIZD(S, t) — f(t, S), MIQZT(S’ t) = f(u’ [)
(10)

These relations will be taken into account by supplying the
dispersion relations with null constraints. The expansions for
the other amplitudes can be related to the above three via
a(s) = (=1)'a’(s). (We adopt the convention that the in-
dices i, j, k, 1 refer to particles, indices i j k,T refer to anti-
particles, and indices i, j,k,/ refer to particles or anti-
particles.) More explicitly, we have

M (s,0) = M™(5,1) = 167 ) (2L + DP(1 + %t)a}m(s)
t

- 16HZ(2€+ DP.(1 + g)(—1)fa;(s), (11)
- N

Mlizi(u’s) — Mlﬁz(bl,t) — Mlzii(s’ l)

2t 1221
= 16HZ(2€+1)P,(1+?)a{ (s)

= 16ﬂZ(2€+ DP,(1+ g)(—1)fa;(s), (12)
7 S

Mlizi(t, M) - Mlzii(u’ t) - Mliiz(s, [)

2%
=167 ) 2L+ DP,(1 + yar(s)
S
14

=167 ) 26+ 1)P(1 + 2—t)(—1)"a;(s). (13)
7 S
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With the above ingredients as well as the Froissart-Martin
bound™ "™, a relative simple use of the residue theorem on the
complex s plane for fixed ¢, plus some straightforward al-
gebra, allows us to derive the twice subtracted dispersion rela-
tions for the amplitudes (for example, Ref. [2]):

Mijkl(lu’t)
2 Ty

EFT poles H

=Zz)(D) +z,(2)s+

S*P.(1+2t/1) ,,d WP, (1+2t/u) ilkj >
/ W)+ ——— 2™}, 14
< w (=) s - ) 9
where we have defined
<eee>= 162Ljdy(2€+1)-“ (15)

and “EFT poles” denotes the poles of the amplitudes M”™ in
the low energy EFT region, A is the EFT cutoff and
o) = Ima(u). z,(¢) are some functions of ¢ that we will
not use in this paper, as we are constraining the coefficients in
front of the terms s"t" with n > 2. The fact that a fixed ¢ dis-
persion relation naturally constrains the terms s"¢" with n > 2
is related to the Froissart-Martin bound. Specifically, the
Froissart-Martin bound states that lim, ., M/s* =0 for fixed
t. Therefore, a direct application of Cauchy’s integral for-
mula on M leads to a dispersion relation with various diver-
ging terms, which should cancel among themselves. The solu-
tion is to apply a twice subtraction, which directly allows us
to constrain terms with s"¢", n>2. In other words, on the
right hand side of the dispersion relation, we have the z,(¢)
and z,(f)s term, where z,(¢) and z,(¢) contain some unknown
information related to various contour integrals going like
JdudmM/(u—s). Thus, the s and s' EFT term on the left
hand side can not be constrained. (Of course, with crossing
symmetries, coefficients in z,(f) can often be related to the
s"”?t" coefficients and thus also be bounded.) Now, Eq. (14) is
convergent on both sides of the equality, so we can taylor-ex-
pand both sides and match the coefficients in front of s"¢",
which gives a set of sum rules that will be used to derive the
positivity bounds. For example, let us consider the dispersion
relation of amplitude M'™(s,?). Taylor-expanding both sides
of the dispersion relation, we get

a,S+at++b, s>+ b,st+ b, +¢,8° +Cy 57t + -+
(1) + 0"
<p[(u) ?p((u)> ( (t)+2< (u)>)s+
I

<(P$(ll)+/3?(u))> ) <p§(/1)—pf(u)> , (16)
T E— s+ E— S+
u u
<(5(1 +5)P?(IJ)+(—3+5+4”)P?(/1)> 2

s s t+

= Zo(t)"‘

and matching the coefficients in front of the terms s"t", we
can get

b, _<M> (17)

7

o= <pf(u) ol (u)>, (18)

iz

0705-3

o <(£’(1 +Op() +(=3+ 1+ fz)ﬂ?(ﬂ)>

© (19)

These sum rules connect the unknown UV amplitudes with
the low energy Wilson coefficients. The positivity bounds are
the imprints of the UV information on the IR physics, passed
down by these dispersion relations/sum rules.

2.2 Null constraints

The fixed ¢ dispersion relations above or the sum rules extrac-
ted from them only include part of the full crossing symmet-
ries of the amplitudes. To utilize the full crossing symmetries,
we can simply impose the unrealized crossing symmetries, as
extra conditions, on these fixed ¢ dispersion relations or the
sum rules. This gives rise to null constraints, which can signi-
ficantly strengthen the positivity bounds, capable to bound the
Wilson coefficients from the below and from the above .

In the Higgs case, the null constraints can be obtained by
equating different expressions of the same Wilson coefficient
in various dispersion relations. For example, the coefficients
in front of the terms s* and s°t in the dispersion relation of
M'12(s,t) give rise to sum rules for ¢, and c,, as shown in
Egs. (18) and (19). On the other hand, from the dispersion re-
lation of M"(t, s), the sum rule obtained from the s*¢ term is
given by

-3¢, +2¢, =

<(1+( DO+ Op () + (1) (=3 ++ ), () +p; (#))>
u

(20)

Plugging the sum rules Egs. (18) and (19) into the sum rule
Eq. (20), we can get one null constraint:

0 <: {B=3(-D"+(=2+ =DV +(=2+ =DV, +p)) +

(1+(=1))e1 +0pi) ).
(21)

To get independent null constraints, we only need to ex-
tract sum rules from the dispersion relations of
M2 (5,6, M2(¢,5), and M'"(s,1). If a coefficient appears
in multiple sum rules, we can obtain null constraints as illus-
trated above. As the order of the sum rules increases, the
number of independent null constraints increases, but all of
these can be easily handled by a symbolic algebra system.

2.3 Nonlinear unitarity

Ref. [73] derived a set of linearized unitarity conditions that
can be used to obtain two-sided bounds on generic dim-8
Wilson coefficients. These linearized unitarity conditions are
explicit, simple and easy to use in a linear program. In fact,
they can be easily implemented with simple Mathematica
coding to compute the numerical bounds. In this paper, we
further use stronger, nonlinear unitarity conditions, which
generally lead to stronger bounds; see Appendix A.2. For the
Higgs case, however, due to the high degrees of the internal
symmetries, the nonlinear unitarity conditions are actually
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equivalent to the linear ones, as we shall see in Section 4.

Recall that the full unitarity condition is SS* =1, where S
is the S-matrix and I is the corresponding identity matrix. If
we restrict to a subspace of the space of all outgoing states,
the reduced unitarity conditions can be written as §§" <1,
where § is the projection of S to the subspace. Splitting the
projected S-matrix into an identity matrix plus a transfer mat-
rix T: §=7+if, we have (I-ImT)*+(ReT)*<I. Since
(ReT)* is semi-positive, a weaker but simpler condition is

— (I —ImT)* > 0, which is equal to the following linear mat-
rix inequalities

ImT>0,  2I-ImT >0. (22)

In the scattering, angular momenta are conserved, so the
above inequalities also apply to each partial waves:

ImT, >0,  2I—-ImT,> 0. (23)

Note that in terms of partial wave amplitudes, these unitar-
ity conditions are highly nonlinear. For the Higgs case we
have in hand, for each partial wave, T, is a 16X 16 matrix
and the partial wave amplitudes are related to it by

:/kl(s)
T (s5)/2, fori# jand k # [;
TH(s), fori=jandk=1;
T7(s)/ V2, for(i# jandk=1I)or(i=jandk #1).
(24)

where the factor 2 comes from the bose symmetry.

These conditions are generically stronger than those linear
unitarity conditions obtained in Ref. [73], as demonstrated in
Appendix A.2 for the case of a simple bi-scalar theory. In Ap-
pendix A.1, we show how to re-derive the linear conditions of
Ref. [73] from the nonlinear conditions Eq. (23).

3 Numerical implementation

In the last section, we have derived the sum rules which ex-
press the Wilson coefficients in terms of a sum of different
UV spin contributions and each UV spin contribution is ex-
pressed as an integral over the UV energy scale. We do not
know the exact values of the UV partial wave amplitudes, but
they should satisfy the partial wave unitarity. Now, we shall
numerically implement the nonlinear unitarity conditions Eq.
(23) within SDPB. Additionally, the UV partial wave amp-
litudes should also satisfy the null constraints, which are also
easy to implement with the SDPB package!”. In this section,
we shall set up the numerical method to compute the optimal
bounds on the Wilson coefficients.

Our strategy is to discretize the UV scale y, after which we
are left with a finite number of the imaginary part of the UV
partial wave amplitudes p;(u), p}(u), and pj(u), the decision
variables in the optimization problem. Specifically, in the nu-
merical scheme, we choose ¢=0,1,...,¢,,¢{, and
N /u=1/N,...,1, where ¢,, and N are two sufficiently large
integers for the numerics to converge and a larger partial
wave (> {, is chosen to make the numerics converge
faster. For example, under the discretization, Eq. (17) be-

07054

comes
3 © () + ()
b = Z 160+ 1) [ =
ot 25

= Z 1620+ 1)2 LR,

where we have defined p;, = p;(A’N/n) and so on. Note that
now b, is a finite, linear combination of the decision vari-
ables. The same discretization is also applied to the null con-
straints. The null constraints are equality constraints, and in
SDPB these equality constraints can be implemented by both
imposing (...) > 0 and (...) < 0. With these setups, we can now
propose our semi-definite program to get the bounds on the
Wilson coefficients:

Decision variables

p;,m prf.nv pI[‘n forf = Oa 1’~~~’£M7€oo andn = 172?""N
(26)
Maximize/Minimize
3
Za,C,, where
Lo
C, A4216(25+1)Z—— (1= (=1}, +p,,)+
n=1
(=D + Dot ): @7
Lo
Z 16(2€+1)Z—— (=1 = 1)}, +p},)+
(1) + g}, ) (28)
Ol
1620+1) > ——(((=1) +1
Z ( )Z (EoDeis )

(1 = Dipt, —ph) )

Subject to
Unitarity conditions (22)

Null constraints such as (21)

a, are constants to be chosen by the user, which specifies
the direction in the Wilson coefficient space {C,} that one
wants to bound. In practice, since some of the unitarity condi-
tions contain constants, we can introduce an extra decision
variable and use the SDPB normalization to set this variable
to 1.

In this paper, we shall only present 1D and 2D bounds. For
the 1D bounds, we calculate the bounds on each of C,. To get
2D bounds, we set one of @, to zero and use the angular op-
timization method to compute the boundary of the bounds.
For example, to obtain the bounds on C, and C,, we set
(a),@,,@;) = (cosO,sinf,0). For each fixed 6, we use the
SDPB package to obtain a lower and an upper bound on the
objective cosdC, +sinfC,, each upper or lower bound delin-
eating a half plane in the C,-C, space. Doing this for a num-
ber of 4, the many half-spaces carve out a 2D boundary in the
C,-C, space.
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4 Bounds on dim-8 Higgs operators

In this section, we present the numerical results on the
SMEFT Higgs coefficients C,, C,, and C;. With the Semidef-
inite Program (SDP) setup in the last section, we can find
both upper and lower positivity bounds on them. We will
compare our results with those from Ref. [73]. The positivity
bounds obtained in Ref. [73] are already often stronger than
the experiments bounds and the so-called partial wave unitar-
ity bounds. As we see below, our bounds here are even
stronger. Note that the partial wave unitarity bounds are not
positivity bounds. The partial wave unitarity bounds reply
only on partial wave unitarity within the low energy EFT, and
dispersion relations are not used in their derivation. In com-
parison, the positivity bounds” (sometimes also known as
causality bounds) are built up on the dispersion relations,
whose existence relies on causality of the S-matrix, and make
use of the partial wave unitarity of the unknown UV theory.

In Table 1, we see that, comparing with the results in Ref.
[73], labeled as “Linear”, our 1D “Nonlinear” bounds are
much stronger, almost by a factor of 2. Comparing to the ex-
periments bounds and the partial wave unitarity bounds that
have also been obtained in Ref. [73], which we shall not re-
peat here, these new results will be more useful in helping the
phenomenological analysis of the collider data. We also com-
pute the 2D positivity bounds in the C,-C,, C,-C;, and C,-C;
plane respectively, which are shown in Fig. 1. From these
plots, we consistently see an improvement by about a factor
of 3 or 4, compared to the results of Ref. [73]. Clearly, in the
total 3D parameter space spanned by C,, C,, and C;, the im-
provement factor is even greater.

Note that, in Fig. 1, we are plotting 3 two-dimensional pro-
jections of the capped positivity cone. This is different from
the positivity cone of Ref. [74] in that the capped positivity
cone now additionally has upper bounds, much like an ice
cream cone; see Fig. | of Ref. [73] for a cartoon explanation.
That is, the rays of the cone of Ref. [10] go to infinity, while
the current capped cone is a set of finite-length line segments.
In the two-dimensional projections of the capped positivity
cone, we can still see some parts of the Ref. [10] cone. For
example, in the left plot of Fig. 1, the projection of the Ref.

Table 1. Comparison of positivity bounds on individual coefficients C;
from the linear and nonlinear unitarity conditions. Here, the “Linear2”
and “Nonlinear” results are our results in this paper obtained using linear
and nonlinear unitarity conditions respectively, while the “Linear” res-
ults are from Ref. [73] using linear unitarity conditions but without using
full Higgs symmetries. In this table, the numerical parameters are N = 10
and ¢y =20, and 42 null constraints are used.

Ci=CiIAY/@dn)?  Cr=CoAY/(dn)? Gz =C3A%/(4n)?

lower  upper lower  upper lower  upper

Linear  —0.130 0.774 0 0.638  -0.508  0.408
Linear2 -0.086  0.467 0 0378  -0.387 0.167
Nonlinear -0.086  0.467 0 0378  -0.387  0.167

(D We emphasize that, in this paper, we have broaden the definition of
positivity bounds, in that we also refer to the bounds obtained by using
the non-positivity part of the unitarity conditions as positivity bounds.

0705-5

[10] cone is given by the lines of C, >0 and C,+C, >0,
which pass through the origin, and we see that this cone is
now capped from the above by a smooth curve. The reason
that we can now bound the cone from above is because: (1)
we now have added the null constraints, which uses the in-
formation away from the forward limit; (ii) we have made
fuller use of the partial wave unitarity conditions in the UV.
For more details about this, readers are referred to Ref. [73].

In Table 1 and Fig. 1, the “Linear2” bounds are the positiv-
ity bounds that can be obtained with the linear unitarity condi-
tions of Ref. [73] but with all the symmetries of the SMEFT
Higgs included. As it happens, these “Linear2” positivity
bounds are numerically the same as our “Nonlinear” bounds.
This is coincidental for the case of the SMEFT Higgs, due to
the presence of strong internal symmetries. To see why this
happens, let us compute the eigenvalues of the matrices Im7,
and 2I —ImT,, which are given respectively

Distinct eigenvalues of ImT, :

—2(=1+(=1))p;, A+(=1))p0;, 2(01+(=1))p}, 2(=1+(=1))p;

201+ (=1)"p;, 2(=1+ (=) 2p; + p7) . 2(1 + (=1))(2p0; + p)),
(30)

Distinct eigenvalues of (21 —ImT,):

2(1=p,+ (=)', =2(=1+p, + (=1)'P)),2 = p; = (=1)'p,

“2(=1=p; +(=1)'p)), —2(=1 = 20; + 2(-1)'p; — p§ + (= 1)),

“2(=1+p; +(=D'pp), =2(=1+2p; + 2(=1)'p; + p; + (=1)'p}).
(31)

The semi-positive definiteness of Im7, and 2I —ImT, are
just the semi-positivity of these eigenvalues. Remembering
Eq. (9) and the relation a(s) = (=1)‘a(s), it is easy to see
that the positivity of these eigenvalues exactly give rise to the
linear unitarity conditions for the SMEFT Higgs.

Nevertheless, the nonlinear unitarity conditions are in gen-
eral stronger than the linear unitarity conditions derived in
Appendix A.l. In Appendix A.2, as a simple example, we
show that in a generic Z, bi-scalar theory, the nonlinear
bounds are indeed stronger than the linear bounds.

Finally, we would like to point out that the convergences of
our numerically results are excellent. To see this, in Fig. 2, we
plot how the 1D bounds varies with the number of null con-
straints used. In the above numerical results, we truncated the
UV scales with N =10 and the UV spins with £,, =20, and
we find that it is convenient to choose £, = 100. With this nu-
merical setup, the computation of a single half-space bound
uses about 110 CPU hours. As N increases, the positivity
bounds become weaker, while the bounds becomes tighter as
¢, increases. In Fig. 3, we see that the results are quite stable
against increasing the values of N and ¢,,.

5 Summary

Positivity bounds are a set of highly restrictive conditions on
the low-energy Wilson coefficients that have yet to be fully
appreciated by the wider particle phenomenological and ex-
perimental communities. Although the formalism of positiv-
ity bounds itself is still under active development, highly con-
straining results are already available and straightforward to
use. Here we take the Higgs scattering in the SMEFT as an
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Fig. 1. Positivity regions in the 2D subspaces of C;,C,, and C; by using linear and nonlinear unitarity conditions. Here, ¢; = c;A*/(4r)?. The orange and
red regions are the results of the current paper using linear and nonlinear unitarity conditions respectively, while the blue region are from Ref. [24], which
uses linear unitarity conditions but without using full Higgs symmetries. The orange and red regions are the same. We choose N = 10,£ =20 and use 42

null constraints.

b b ing 1i i
Table 2. Bounds on g{,, g5,, and g{,+4g5,, using linear and nonlinear

unitarity conditions separately. Here we choose N = 20,¢ = 30.

gtll’() = g‘f’oA4/(4”)2 gg’() = 82,0A4/(47T)2 ngz’O +g;0

lower upper lower upper lower upper
Linear 0 0.798 —-0.330 0.614  -0.326 1.412
Nonlinear 0 0.798 —-0.330 0.614  -0.172 1.176

example to illustrate how to numerically compute optimal,

two-sided positivity bounds on ths dimension-8 Wilson coef-

ficients. While the SMEFT formalism is generic, we assume
that the SMEFT is weakly coupled below the EFT cutoff but
may be strongly coupled in the UV. The formalism presented
can be easily generalized to other sectors of the SMEFT,
which is left for future work.

In this paper, we have improved the existing positivity
bounds on the SMEFT Higgs by applying nonlinear unitarity
conditions to the UV amplitude or spectral functions and by
leveraging the full internal symmetries of the Higgs scatter-
ing. While the previous bounds can be obtained by simple
Mathematica coding with linear programming, our new res-

0.2 g
08 ~~— o o o.4\ 1 -
- 5 hg — 0.1
0.4
0.3 0.0
0.3
< ~ 02 ©-0.1
1O o2 1O 10
-0.2
0.4 0.1
-0.3
0.0 0.0} i — = =
—0.1| Eilill o . -0.4
5 10 15 20 25 30 35 40 01595 15 20 25 30 35 40 5 10 15 20 25 30 35 40
Number of null constraints

Number of null constraints

Number of null constraints

Fig. 2. Convergence of positivity (upper and lower) bounds with the number of null constraint. We choose N = 10,¢ = 20.

N N N
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Fig. 3. Convergence of positivity (upper and lower) bounds with the numerical truncations ¢y and N. Here ¢, = ¢;A*/(4r)?. 42 null constraints are used.
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ults make use of the SDPB package, which can solve various
field-theoretical semi-definite programs efficiently and highly
accurately. We see that the new bounds are significantly
stronger.

We have found that, in the Higgs case, the robust internal
symmetries imply that the linear UV unitarity conditions used
in Ref. [73] are actually tantamount to the nonlinear unitarity
conditions. However, including the full internal symmetries
does lead to tighter positivity bounds than the previous ones.
As these new bounds are stronger than the current experi-
mental bounds and the partial wave unitarity bounds, they
will be useful in analyzing the current and upcoming phe-
nomenological data for dimension-8 operators. These bounds
may also be used to test the fundamental principles of
quantum field theory or rule out UV particles from the col-
lider data along the lines of Refs. [54, 63].

In general, the nonlinear unitarity conditions are of course
more stringent. To demonstrate that the nonlinear unitarity
conditions generally give rise to stronger bounds, we have
calculated the two-sided positivity bounds for Z, bi-scalar
theory, a theory with two real scalar fields endowed with the
reflection symmetry ¢, — —¢,, i = 1,2. Nevertheless, we see
that the linear unitarity conditions already give rise to bounds
that are close to the bounds from the nonlinear conditions.
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Appendix

A.1 Linear unitarity from nonlinear unitarity

In this Appendix, we re-derive the linear unitarity conditions of Ref. [24] from the linear matrix inequalities (23), which are non-
linear in terms of the partial wave amplitudes. In this appendix only, we choose the physical momenta for all the particles, not
using the all in-going convention.

Firstly, we derive the linear unitarity conditions on p' and p,” with i # j. Let us focus on the following sub-matrix, which is
the smallest sub-matrix containing o and p,” .
pllu p’l!/
( p’f!/ p![!!! )' (Al)
t t

If a Hermitian matrix M is positive semi-definite, then its principal sub-matrices are also positive semi-definite. So Im7 >0
and 21 —ImT > 0 implies that we must have

pmt p”]! 2 pxm _p”!!
( p:?ll pl/f/]l ) Z 0’ ( p'[']l 2 p[//// Z 0' (AZ)
It is easy to see that these matrix inequalities imply
0< puu < 2 p//n u// > (p'w 2 (2 pu/x)(z p/w) > (pii/'j)zl (A3)

Combining these with the arithmetic-geometric mean inequality, we immediately get

iiii Jiij iiii p/]!!
3

+ 4-
p[ Zp[ | iijj , p[2 Z |p;w| (A4)

ijij ijkl

Next, we will derive the linear unitarity conditions on p;”,pt* and p/*, where i # j # k # [. This time we consider the follow-
ing sub-matrix of ImT, which only contains the two-particle states i, jl,kl, Ik,

2p1/1/ 2plj/x Zpukl zpulk 2px/1/ 2p1//x zpukl zpulk
2P jiij 2)0 jiji 2p jikl 2p jilk 2Pl/ ji 2pz jij 2p’ ijlk 2p;}kl
2 pkh/ 2 pkl Ji 2 pwd 2 putk = 2 pt/U 2 pulk 2 pwd 2 putk . (A5 )
2 l[ku 2 p’kﬂ 2 plku 2 plku 2 plﬂk 2 pukl 2 pkllk 2 pklkl

where the right hand side of the equality is obtained by using the relation o/ = (=1)’0/*. If we further restrict to the upper-left
2 x 2 sub-matrix, which is a principal minor of Im7', (23) implies that

|
0<pi< 1, (A6)

Similarly, if we consider the central 2 x 2 sub-matrix, Im7 > 0 leads to

p’pﬂj ;’pﬁm [pr/z/ l{clkl > |pifkl|. (A7)

Furthermore, the second equation in (23) implies that the determinant of the full sub-matrix (AS5) is positive semi-definite

9_ 2pijij 2p' jji 2,0’ ijkl 2'0, ijlk
¢
_zpijji - zpl jij 2p' ijlk 2’01 ijkl
¢

0 < Det —2P7k[ 2plek 2.2 pA/kl -2 pkzlk
Zp/m -2 pukl ] pldlk 2-2 pl(le (A8)
=16 -32p" — 320" + 640" o™ — 64 (o)
<16 =320 =320 + 16(0" + p!*)* — 64(p)?
=16(1 - p}" — pi"'y* — 64(p")’,
which in turn leads to
i Kikl
o) < LR 2P (A9)
2
For the linear inequality (o[ +0%") + (0™ +p/")| < 2, it is not straightforward to see from the nonlinear conditions ImT > 0

and 2I —ImT > 0. For the Higgs case, with all the internal symmetries included, this inequality actually does not lead to extra
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constraints. Thus, we see that the nonlinear unitarity conditions we use in this paper are stronger than the linear unitarity condi-
tions used in Ref. [24].

A.2 Bounds on Z, bi-scalar theory

In this appendix, we take the Z, bi-scalar theory as an example to illustrate that generically, in the absence of strong symmetries,
the nonlinear unitarity conditions, as expected, do lead to stronger positivity bounds than the linear unitarity conditions of Ref.
[24].

By Z, bi-scalar theory, we mean a theory with two real scalar fields, ¢, and ¢,, where the theory is invariant under the Z,
symmetry ¢, = —¢;, i = 1,2. It is easy to see that in Z, bi-scalar theory, 2-to-2 amplitudes A'""* and A**' vanish, the same also
applicable to the amplitudes with the cyclic permutations of A" and A**'. Taking these into account, we can write the amp-
litudes as follows

AN (5,0) = g4+ 8 (S AL AU + g STt (A10)
AE(5,1) = gho+ 8105 + 8o U+ 81" + 81 Sty (A1)
ﬂzzzz(S, l‘) — gS‘o +g:y0(s2 +P+ ui) +g3‘lstu 4+ (AIZ)

and the nonlinear unitarity conditions are given by

pilylll p}]22 0 O
p2211 p2227 0 O
B B 2pl?12 2p1221 2 0’ (A13)

0 0 2p2112 2p217l

2 pllll p}122 0 0
p22]l 2 p2222 0 O
(; 0 2 2p121° 2p}221 2 O’ (A14)
0 0 2p2112 2 2p§]21

which is equivalent to

1212

0<p, <2, 0<p®<2, 0<p,

IA
IA

N =

(A15)

p}m ?227 > (pmz)z’ 2- 1111)(2 2222) > (pnzz)z' (A16)

The null constraints are just the same as Refs. [24, 34]. For our purposes, we will only calculate the positivity bounds on the
following two coefficients as well as their sum as an example:

gl = <p—‘l’mfm>, (A17)
u

b <P}122(ll)+(—1)[,0}212(ﬂ)>.

20 7 (A18)

For the numerical optimization scheme, we essentially follow the same scheme as the Higgs case in the main text. With simil-

ar notations, the SDP we need to solve is given by:
Decision variables

Al19
el o2 pn p? for£=0,1,... 6 andn=1,2,..,N ( )
Maximize/Minimize
ta b (A20)
llll
gh=" Z 16026 + 1)2 NN
Ml
gzo A4 Z 16(2€+1)ZNN 1122+( l)fpxlz) (AZI)
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VB

1 S 1 on
8o +g;.o = 162¢+1) — _(p}jl” +P},',,22
" ; ; N (A22)
+(=D'p;")

Subject to
Unitarity conditions (A15) — (A16)
Null constraints
As for the corresponding linear unitarity conditions, it is easy to get them from (A16) using the arithmetic-geometric mean in-
equality:
pllll +p2222
13 3
2

111 2222
> 122 4_pi — P
2l 5 —

To obtain the positivity bounds using linear unitarity conditions, we only need to replace the nonlinear unitarity conditions
(A16) by (A23) in the above SDP.

Note that the equality of the arithmetic-geometric mean inequality can be saturated when p;'"' = p**. Thus, if we have
p'' = p?* at (the boundaries of) the positivity bounds, the bounds from the linear unitarity conditions will be the same as those
from the nonlinear unitarity conditions. It is for this reason that for a double Z, bi-scalar theory where there is an additional Z,
symmetry ¢, < ¢,, the positivity bounds from the linear unitarity conditions are the same as those from the nonlinear unitarity
conditions, which we have verified numerically.

We present the bounds on g{,, g5,, and g{,+ g5, in Table 2. We observe that the linear and nonlinear bounds on g}, + g5, are
different, while those on g}, and g5, are the same. Note that the partial wave amplitude expansion of g}, + g5, is not symmetric
under the transformation p;'"' <> p7?. Thus, we can predict that the extrema of the g{,+ g5, bounds are achieved when
o' # p?, leading to different bounds using the linear and nonlinear unitarity conditions. The g2, case is just the opposite. As
for g¢,, its extrema can be achieved by setting p;'** =0, in which case (A16) is automatically satisfied due to (A15). Thus, for
&1, the linear and nonlinear unitarity conditions are the same, which leads to the same positivity bounds.

2 |o,”l. (A23)
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