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Relationship between the MSE of estimators in QEN penalized extremile regression and sample size n with t = 0.5 (left) and TP and FP
in different penalized extremile regressions with high-dimensional and grouped data (right).

Public summary

m We propose a quasi elastic net penalized linear extremile regression to deal with high-dimensional data, which leads to a
sparse solution as well as being suitable for strongly collinear situations.

m We adopt an EM algorithm to solve the L, approximation problem efficiently, and further solve the quasi elastic net pen-
alized optimization problem.

m We prove that the proposed quasi elastic net penalized linear extremile regression model is effective through numerical
studies.
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Abstract: Extremile regression proposed in recent years not only retains the advantage of quantile regression that can fully
show the information of sample data by setting different quantiles, but also has its own superiority compared with quantile
regression and expectile regression, due to its explicit expression and conservativeness in estimating. Here, we propose a
linear extremile regression model and introduce a variable selection method using a penalty called a quasi elastic net
(QEN) to solve high-dimensional problems. Moreover, we propose an EM algorithm and establish corresponding theoret-
ical properties under some mild conditions. In numerical studies, we compare the QEN penalty with the L,, L,, L, and elast-
ic net penalties, and the results show that the proposed method is effective and has certain advantages in analysis.
Keywords: extremile regression; quasi elastic net; grouping effect; high-dimensional data; variable selection
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1 Introduction al rth quantile of ¥ can be obtained from

Although ordinary least squares (OLS) regression has been g € argmin, E[J.(F(Y))-[Y - 6]]. A3)
one of the most important methods in regression analysis by
estimating the mean value, it sometimes shows poor robust-
ness to outliers. Koenker and Bassett!" proposed least abso- g. € argminefm J(F(Y))-|Y -0|dF(Y) =

lIute deviation regression (LADR) to estimate quantiles and . 0 o
can effectively address this problem and analyze sample data argmln(,[LM S (O_Y)dF(Y)+L JLEX) - X=H)dFD,

For (3), we can consider its integral form

by setting different quantiles. Due to the nondifferentiability )
of the absolute value function, it is not convenient to solve the which means ¢. shall satisfy

optimization problems. Then Newey and Powell™ proposed . .

asymmetric least squares (ALS) regression leading to ex- - L}o J(F(Y)dF(Y) +I J(F(Y)dF(Y)=0= K.(F(g.)) =
pectiles. Considering that expectile regression lacks an expli- 1 " 1 1

cit solution, Daouia et al.”! proposed a weighted least square E(K’(F (—00)) + K, (F(c0))) = E(K,(O) +K.(1)) = 5
regression and defined extremiles. From their discussion, ex- (5)
tremiles show their conceptual simplicity, convenient calcula- !

tion and good properties, and they are more appropriate to be when = < 7 < 1, that is,

a risk protection method in tail analysis than quantiles and i

expectiles. (Fq)y™™ = (F(g)) = = % = Fg)=7.  (6)

Consider a response Y satisfying E|Y| < co and its cumulat-
ive distribution function F. For 7€ (0, 1), the unconditional

. 1 .
rth extremile of ¥ is defined as We can obtain the same result when 0 <7< > which

& = argmin, E[J.(F(Y))- (Y - 0)"] (1) means (3) is equivalent to the quantile under the definition of
oT (A T b

K2().
where J,(-) = K/(-) and As we know, for the random variable Y, the special case

1 . . . .
© 1 7 = = of quantile and expectile leads to its median and mean,
1-(1-97, 0<7<=;

K.(f) = | 2 ) respectively. Then if we define a random variable Z with its

00, —<r<l, cumulative distribution function F, = K.(F), it can be seen

that the 7th quantile and 7th extremile represent the median

. log(1/2) . . . and mean of Z, respectively, similar to the central behavior of
with s(1) = log(T‘r)' Under this definition, the uncondition- quantiles and expectiles.
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Simultaneously, with the development of the internet and
related industries, high-dimensional data are becoming in-
creasingly common with an explosion of computations in data
analysis, so it is supposed to find effective methods to reduce
the computation if we apply extremile regression under this
background. Variable selection is one of the effective meas-
ures, and there have been different methods for selecting
variables.

First, there are methods based on the criteria, such as the
PRESS Criterion, C, Criterion”, Akaike Information Cri-
terion (AIC)“" and Bayesian Information Criterion (BIC)™.
Those methods select variables through Selection/Estimation
steps and the deviation of the Selection step will affect the
result of the Estimation step due to the unknowns of the cor-
rect variables. Then, Geisser and Eddy™ proposed the cross
validation (CV) method to select variables without assump-
tions in parameter estimation, which has spawned hold-out
validation™, 5x2 cross validation''” and other methods.
Moreover, Candes and Tao"" proposed the Dantzig selector
(DS) method. Although the DS method does not rely on a
specific function, it needs to select variables based on the as-
sumption of sparsity of unknown coefficients. Because the
DS method has the same compression for each unknown
coefficient, it may lead to the overcompression of important
coefficients. Dicker and Lin"" proposed the ADS method
with different weights. Later, James et al.'”! proposed the DS
method of generalized linear models, and Antoniadis et al.!'"
extended the DS method to Cox models. Furthermore, Fan
and Lv'" proposed a sure independence screening (SIS)
method to deal with ultrahigh dimensional data, while Fan
and Li"” proposed an improved iterative sure independence
screening (ISIS) method to deal with the collinearity between
predictors. These methods can ensure selecting important pre-
dictors and independently measure the correlations between
each predictor and the response. They can apply the marginal
regression method to variable coefficient models and additive
models. Finally, the variable selection method based on pen-
alties has been widely used, and it solves corresponding op-
timization problems to achieve the goal. It can improve the
calculation efficiency and increase the accuracy of estimation.
The commonly used penalties include L,,pe(0,1) ",
lasso"”, SCAD™, MCP"" and elastic net*”. Generally, the L,
penalty is the most essential sparsity measure that penalizes
the number of nonzero parameters directly, but it is NP-hard
to solve an optimization problem with the L, penalty. Al-
though L, is one of the common replacements for its convex-
ity in the vast majority of cases, there exist some limitations,
such as it might sometimes choose the wrong model™.

In this paper, we use the quasi elastic net, which combines
L, and L, penalties, to select variables in linear extremile re-
gression and propose an efficient EM algorithm based on Liu
and Li®™, which can approximately solve the optimization
problem with the L, penalty. Significantly, if the predictors
are highly correlated, the L, penalty would lead to poor per-
formance; thus, we introduce ridge regression™!. With the
properties of L,, the quasi elastic net is able to solve those
highly correlated predictors and encourages a grouping effect.
Moreover, we also establish several theoretical properties
under some mild conditions.

The major contributions in this paper are as follows. First,
we apply the proposed model to analyze high-dimensional
data and retain its conceptual simplicity and convenient calcu-
lation. Second, we propose the quasi elastic net combining L,
and L, penalties, which can both lead to a sparse solution and
deal with highly correlated predictors. Third, we propose an
efficient EM algorithm to solve the optimization problem
with the L, penalty approximately and establish the theoretic-
al properties.

The remainder of this paper is organized as follows. Sec-
tion 2 shows our model and explains the method. Section 3
provides the theoretical properties of this method. Sections 4
and 5 present the comparisons between different methods in
simulations and real data. Section 6 presents the conclusion.
The appendix provides all proofs of theorems and lemmas.

2 Linear extremile regression with QEN

Considering an nx 1 response y = (y,---,y,)" and nX p pre-
dictor matrix X = (x],---,x})", the linear rth extremile regres-
sion with a quasi elastic net penalty is defined as

B-= argmin/},L(ﬂr) =

T
argmin, - Z J(EQIX0)i=xB)" + AlBello + LIBE,  (7)
i=1

where F(-|X) is an estimated distribution function of y de-
pends on X, and we prefer nonparametric and semiparamet-
ric methods, especially a partial-linear single-index model™,
when dealing with high-dimensional data.
B.=B.., - .B.,) €eR™ are unknown coefficients, and
A, A, > 0 are tuning parameters.

Let Rc({l,---,p} be the subset index with 8, #0 and
O c{l,---,p} be the subset index with 8, =0, then we have
RUO={1,---,p). Denoting W =diag(J,(F(y,|X))/n,--,
TE@X)) /),y =@"W2,07 eRM™, X = (1+4,)""
XTW'2 DT e R™ B = (1+4,)"*B,, the optimization
problem can be rewritten as

B, =argmin, L(B;) =

argming, (y" = X"B8)"(y" = X"B.) + 4|18, llo- (¥

Note that the solution of (7) satisfies ﬁ,:(1+/lz)’”2ﬁj.
Then, we focus on the optimization problem (8) and obtain
the following two equations:

7 B
L) = ~XBY 0 =X B+ 4 ) =
6 :ﬁ;. JER

For the first equation, L(B:) is a quadratic function of 8:
when ¢ is known, so when j € R the first-order partial derivat-
ive is as follows:

OLB;)
9B,
where x is the jth column of X*. We can rewrite (10) as

ExT Y -X'B)- A6, =0.

)

£
5

= 2xT(y = X'B)+24,~2 =0, (10)

(11)
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In addition, when j € O, whick means 8, = ¢, = 0, we also
have

Ex (=X B) - A6, = 0. (12)

Hence, when we let D = diag(d},-- ,47), the equations above
are equivalent to the following matrix form:

DX"(y'-X'B)-A4B.=0. (13)
Finally, Eq. (13) leads to the solution
B =(DX"X'+ A1) DXy =
A+ ) (DX"WX + 4,0+ A,(1+2,)D) (DX™"Wy),
6=p. (14)

It is clear that these two equations can be treated as the M-
step and E-step of the EM algorithm. Naturally, we can ob-
tain the solution of (7) by B, = (1+1,)"B:. Unlike elastic
net, our L, penalty will not be affected by 3 =(1+ /lz)’”zﬁj as
L, penalty, which means B, will not incur a double amount of
shrinkage, and there is no need to correct the estimator ﬁ,.
This is one of the reasons why we choose the L, penalty
rather than L,.

According to the content described above, it indicates that
the last two equations can be processed by the EM algorithm.
Based on this, the EM algorithm is summarized as Algorithm
1.

Note that the initialization of B is not the only one spe-
cified, and we tend to choose the solution of Eq. (7) with
A, = 0 which provides a faster convergence rate. However, re-
markably, there also exists a trivial solution 8 = 0 of Eq. (14).

Determination of A, and A4,. To implement the algorithm,
the tuning parameters 4, and 1, must be chosen. Because of
the huge advantage of L,, we can directly determine 4, by the
variable selection criteria AIC (n > p) or BIC (n < p) with
A, =2 or logn under the optimization problem (8). Then, we
pick a grid of values for A,, such as a logspace sequence
(0.01,0.1,1,10,100), and compare those (1,,4,) by k-fold
(usually tenfold) cross validation under the optimization
problem (7).

3 Theoretical properties

In this section, we establish theoretical properties of the lin-
ear extremile regression with QEN, including the conver-
gency of the proposed EM algorithm, grouping effect and
consistency of the estimator.

Algorithm 1 The EM algorithm

Given A, A2, small number &, and training data {X,y}
Initialize B = (1+ 1) 2(XTWX + 1,1~ ' (X" Wy),6 = 0
while ||8—6]|, > ¢ do
E-step: 6 =8
D = diag(6?, -+ ,63)
M-step: B8 = (1+ ) 2(DXTWX + 2201 + 11 (1 + 1))~ (DX Wy)
end while

return 8= (1+1,)"1/28

3.1 Convergency of the algorithm

This subsection pays attention to the conditions the proposed
EM algorithm should satisfy, and we have the following The-
orem 3.1 and Lemma 3.1 to ensure its convergency.

Theorem 3.1. Assume the response y, the predictors X,

initialize solution B =B B Let
D =diag(B,)",--- ,B.%"). When the tuning parameters A, and 4,
satisfy

24,(1+ )7 I(DXTWX + LD+ 4, (1+ )1 IID X Wyl < 1,
(15)

the estimator in (9) will converge to an optimal solution.
Lemma 3.1. Assume ¥ Wx,=0,Vi#je{l,---,p}, the
maximum value of A, will meet the condition

(F Wy }

A, =min{—2 "7 16
s mm’{4(iij,+ﬁz) (16)

Note that both Theorem 3.1 and Lemma 3.1 provide mild
restrictions of 4, and A,. Moreover, Theorem 3.1 indicates that
the EM algorithm will lead the estimator to converge to an
optimal solution under proper A,, 4, and initial solution B:©.
Note that the initial solution should avoid the trivial solution
0, and we generally choose the solution of extremile regres-
sion with the L, penalty as an initial solution to accelerate
convergence.

Theorem 3.2 shows the relationship between the final solu-
tion of the proposed EM algorithm and the optimization prob-
lem with the L, penalty.

Theorem 3.2. Given proper B:”, the final solution of the
proposed EM algorithm is an optimal solution to the L, ap-
proximation problem that minimizes (8).

3.2 Grouping effect

In n < p problems™, the grouped variables are sometimes
important, which has been discussed by Zou and Hastie™.
There have been many methods in the literature, for instance,
using principal component analysis to find a set of highly cor-
related genes™, using supervised learning methods to select
groups of predictive genes™, and using regularized regres-
sion to find the grouped genes"”. The proposed QEN encour-
ages a grouping effect as elastic net does under certain condi-
tions, which means the regression coefficients tend to be
equal if the corresponding observation predictors are highly
correlated. There is the following lemma.
Lemma 3.2. Consider weighted optimization problem as

B = argmin, > wilyi—x B +Af(B), (a7

where w; > 0,¥i=1,---,m, are the weight values, 1 >0 is a
tuning parameter, f(-) is a positive function for g8 # 0.

Assuming %, =%,, i# je{l,---,p}, where X, is the ith
column of X = (x],---,x])", we have these two inferences:

(a) If £(-) is strictly convex, then 3, = 3,, YA > 0.

() If £(B) = ||Bll, then B3, > 0 and the solution of (17) will
be unique if and only if B, = [?j = 0. Furthermore, if Biﬁj >0,
B* is another minimizer, where
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. B, | k#iandk=#j;
Bi=4 sBi+(1-5)B;, k=i (18)
(I=9)Bi+ B, k=j;

for any s € (0,1) and if there is one, and only one 0 in 3,‘ and
B,, we can set s to 0 in (18) to obtain another minimizer.

(c) If f(-) is the QEN penalty, then BB . > 0. Furthermore, if
[3,[3/- > 0, then 3, =[i’/-.

This lemma shows the motivation to choose the QEN pen-
alty rather than L,, as L, penalty may not lead to a unique
solution. Although the proposed QEN penalty is not strictly
convex, it can guarantee the grouping effect if the unknown
coefficients are nonzero. Then, Theorem 3.3 indicates the re-
lationship between unknown coefficients.

Theorem 3.3. Assume the response y satisfies y"Wy =1
and the observation variables matrix X satisfies

L,
Pijs

FWE, :{ ;;5 (19)
where p;; € (—1,1). Supposing B.=(B.,, ,B.,)" is the min-
imizer of the optimization problem (7), the following inequal-
ity can be obtained when B,ﬁﬁj #0,i# je{l,---,p}, with

probability tending to 1,

b.-p|  AT=pD
DG, j)EI'B\Z})T_B;'S (/Lp ). (20)

The distance function D(i,j) indicates the difference
between f3,; and f3, ;, especially when p;; approaches 1, the dif-
ference between B and E ; 1s almost 0, and E and —Br‘ ; are
almost equal when p,; is close to —1. It is clear that only tun-
ing parameter A, of [|B.|} can affect the upper bound of
D(i, j), which indicates the grouping effect of the L, penalty.

It is necessary to note that ¥ W(-%,) = —p,; is close to 1
when p,; is close to —1 and the corresponding coefficient of
—%, should be —3., by

y—X/A?, :y_..._jil[g”_..._gﬁw__...
y_..._g[l[gw_..._(_g/)(_ﬁ’t/)_... .
Then, according to (20), we have
Iﬁr.i - (_ﬁ11)| — I/?T,i +ﬁ1,]| < \/2(1 - (_p’j)) — \/2(1 +pif)
WWy Ny Wy 4 .

This means that E,_y, and —Bm» are almost equal, as |ﬁ,,,» + B,_ il is

close to 0 when p,; is close to —1.
3.3 Properties of the estimator

In this subsection, we propose the properties of the estimator.
In the optimization problem (8), the sample size is consist-
ently larger than the number of predictors, as n+ p > p holds.
This means that (8) will always be a low-dimensional prob-
lem even if (7) is high-dimensional, and it helps reduce the
regularization conditions.

Let B, be the true value, O={1<j<p:By,=0}C
{1,---, p}. The following conditions are essential for theoret-
ical properties.

(C1) logp = o(n),n — oo.

(C2) Given 7, € =y,—x,B.0,i=1,---,n, are independent

1-4

identically distributed random variables with mean 0 and vari-
ance o7 < o0,

(C3) There exists a constant K >0 such that
XWX+ 4,1
Ayl ————) < K < o0, where A,,,(A) represents the
(Tt ) P

largest eigenvalue of matrix A.
(C4) max, ., X W% + 4, _

VI +4)(n+p)
n,p — oo,
(C5) 1Bxlle = O(D).

These conditions are relatively mild. (C1) shows the rela-
tionship between sample size n and characteristic number p,
and the proposed method applies to ultrahigh dimensional
cases such as p = expn® for 0 < @ < 1. (C2) restricts the distri-
bution of errors. (C3) is a standard linear regression condi-
tion. (C4) is a condition following Liu and Li*". (C5) indic-
ates that the model is sparse. Under those conditions, we es-
tablish the consistency of the proposed estimator B, as
follows:

Theorem 3.4. Assume that conditions (C1)—~(C5) hold.
Given proper 4,. Let

O(+/logp(n+p)) or O(1) as

FTWE,

H(X) = max, e, T T 21)
(FTWE +2,)2(RTWE; + 1,)2
For some O<v<l1 and any O<g<1/2, let n(v)=
(1=v)(1+1/u(X)) and
31 max ¥TWx + A
= Og (p/Q) . I J 2 (22)

C vl +p(X)) minETWE+2,

and B, is the minimizer of (7) under the restriction
[1B:lo < n(v) with A,. Then,

@
BBl =0, | ED2),
n+p

(b) With probability tending to 1, 8,, = 0,Vj € O.

Theorem 3.3 indicates that under mild conditions
(C1)—(C5), the proposed estimator has consistency and guar-
antees that the components are zeros if the true values of the
corresponding components are zeros.

(23)

4 Simulation study

In this section, we first use one example to test the efficiency
of the proposed algorithm for penalized linear extremile re-
gression, while the next one shows the relationship between
the MSE of the proposed QEN penalty and the sample size n,
and the last two show the advantages of the QEN. It should
also be noted that the estimated coefficients will be treated as
zero if their absolute value is smaller than 10°°. We simulate
data from the true model

y=xB+e. (24)

The components of x were standard normal in Examples 4.1,
4.2 and 4.3. Within each example, our simulated data consist
of a training set, an independent tuning data set and a testing
set. Denote the sample size of the training data set by n, while
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an independent tuning data set and testing data set of size n
and 100n, respectively, were generated in the same way, and
we repeated the process 100 times to compute the average
value. Here are the details of the three scenarios.

Example 4.1. We generated data from the model (24) with
n=20. We set B=(3,1.5,0,0,2,0,0,0) and € ~ N(0,1). The
pairwise correlation between ¥, and ¥, was set to pi,
r=0,0.5,0.9 and let 7 = 0.5.

Example 4.2. We generated data from the model (24) with
n=10,100,1000. We set B=(3,1.5,0,0,2,0,0,0) and
€ ~N(0,1). The pairwise correlation between ¥, and ¥; was
set to p-1, r =0,0.5,0.9 and let T = 0.5.

Example 4.3. We generated data from the model (24) with
n=20. We set

B=(3,15,0,0,2,0,---,0)
N——
45
and € ~ #(3). The pairwise correlation between ¥, and %, was
set to pi-1, r =0.5,0.9 and let 7 = 0.9,0.97.
Example 4.4. We generated data from the model (24) with
n=20. We set
B=G6,-,50,-,0)
S—— ——
15 985

and € ~0.5W(1,1/2)+0.5N(-2,3). Predictors X were gener-
ated as follows:

x=Z+€e.Z, ~NQO,1), i=1234,5;
x.=2Z+€,Z,~N,1),i=6,7.8,9,10;
x.=Z,+e.Z, ~N(0,1), i =11,12,13,14,15; (25)

x N, 1), i =16,---,1000;

where € < N(0,0.01), i=1,---,15. Let 7=0.9,0.97. In this
model, we have three equally important groups with 5 pre-
dictors and 985 pure noise. An ideal method would select
only the 15 true features and set the coefficients of the 985

noise to 0.

In those examples, we consider the following indicators:
#SF, the average value of the number of selected predictors;
P, the percentage of selecting the true model; MSE, the aver-
age mean squared error; CPU-time, the average CPU time in
seconds; TP, the average value of the number of estimated
nonzero components while those components are nonzero in
true value; FP, the average value of the number of estimated
nonzero components while those components are zeros in true
value.

Table 1 shows the performance of extremile regression
without penalty and with L,, L,, L,, EN, QEN penalties under
7= 0.5, which means OLS regression with different penalties,
and indicates that the proposed algorithm is efficient. It is ob-
vious that L, and QEN have advantages in CPU time, and
QEN has a better performance in correction rate than EN.
Moreover, L, might be superior to QEN because r is small,
but QNE is more robust with the increase of » because of the
L, penalty.

Table 2 shows the performance of extremile regression
with the QEN penalty under different sample sizes and
7=0.5. Although the result obtained by the QEN penalty is
better when  is small, #SF and frequencies of selecting the
true model will increase with increasing n, and the corres-
ponding MSE will be significantly reduced when r is fixed.

Tables 3 and 4 show the performance of extremile regres-
sion without penalty and with L,, L,, L,, EN, and QEN penal-
ties in general and high-dimensional situations with
7=0.9,0.97. Although L, and EN are able to select more
variables than L, and QEN, the value of QEN’s TP/FP is
much larger, which means that the QEN is able to select
correct variables more effectively. Simultaneously, EN and
QEN are more robust as 7 increases, and they also perform
better when » becomes larger. In the grouped variable situ-
ation, EN and QEN perform better, similarly affirming the
grouping effect in theoretical properties.

Table 1. Results in extremile regression without penalty and with Lo, L;, L,, EN, and QEN penalties with different , settings, r=0.5, 100 repetitions

(standard deviations are shown in parentheses).

r Method 4SF P MSE CPU-time

Extremile 3.00(0.00) 0.00 0.020 -

Lo 2.99(0.54) 0.99 0.015 0.0006(0.0031)

0 L 2.93(0.55) 0.92 0.635 0.0043(0.0099)
Ly 8.00(0.00) 0.00 0.019 -

EN 2.93(0.58) 0.91 0.622 0.0040(0.0090)

QEN 2.98(0.62) 0.99 0.019 0.0004(0.0026)
Extremile 8.00(0.00) 0.00 0.031 -

Lo 2.89(0.69) 0.93 0.047 0.0009(0.0037)

0.5 Ly 2.66(0.72) 0.83 0.796 0.0084(0.0161)
Ly 8.00(0.00) 0.00 0.035 -

EN 2.61(0.72) 0.86 0.758 0.0080(0.0136)

QEN 2.9(0.77) 0.94 0.064 0.0007(0.0034)
Extremile 8.00(0.00) 0.00 0.160 -

Lo 2.20(0.74) 0.17 0.401 0.0012(0.0035)

0.9 L 2.06(0.76) 0.12 0.668 0.0357(0.0518)
Ly 8.00(0.00) 0.00 0.237 -

EN 2.46(0.77) 0.78 0.594 0.0268(0.0352)

QEN 2.78(0.80) 0.92 0.104 0.0009(0.0037)
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Table 2. Results in extremile regression with QEN penalty with different , n settings, v =0.5, 100 repetitions (standard deviations are shown in paren-

theses).
r n #SF P MSE
10 2.98(0.47) 0.98 0.242
0 100 3.00(0.00) 1.00 0.058
1000 3.00(0.00) 1.00 0.007
10 2.92(0.68) 0.94 0.393
0.5 100 2.93(0.63) 0.96 0.092
1000 2.95(0.60) 0.97 0.011
10 2.83(0.77) 0.87 0.991
0.9 100 2.86(0.74) 0.90 0.243
1000 2.87(0.69) 0.92 0.036

Table 3. Results in extremile regression without penalty and with Lo, L, L,, EN, and QEN penalties with different ,, = settings, 100 repetitions (standard

deviations are shown in parentheses).

r=0.5 r=09

T Method #SF TP FP #SF TP FP
Extremile 50.00(0.00) 3.00(0.00) 47.00(0.00) 50.00(0.00) 3.00(0.00) 47.00(0.00)
Lo 2.86(0.83) 2.03(0.89) 0.83(1.11) 2.82(1.07) 1.52(0.75) 1.30(1.34)
09 Ly 2.89(0.94) 2.04(0.76) 0.85(1.03) 2.78(0.99) 1.51(0.85) 1.27(1.10)
L 50.00(0.00) 3.00(0.00) 47.00(0.00) 50.00(0.00) 3.00(0.00) 47.00(0.00)
EN 2.93(1.13) 2.37(0.78) 0.56(1.08) 2.95(1.14) 2.18(0.98) 0.77(1.00)
QEN 2.87(0.91) 2.56(0.96) 0.31(1.03) 2.96(1.08) 2.37(0.81) 0.59(1.18)
Extremile 50(0.00) 3.00(0.00) 47.00(0.00) 50.00(0.00) 3.00(0.00) 47.00(0.00)
Lo 2.72(0.65) 1.71(0.81) 1.01(0.98) 2.56(0.89) 1.41(0.72) 1.15(1.13)
097 L 2.98(0.71) 1.92(0.79) 1.06(0.94) 2.74(0.78) 1.50(0.80) 1.24(1.00)
L 50.00(0.00) 3.00(0.00) 47.00(0.00) 50.00(0.00) 3.00(0.00) 47.00(0.00)
EN 2.91(0.77) 2.24(0.77) 0.67(0.89) 2.87(0.84) 2.20(0.92) 0.67(0.94)
QEN 2.89(0.84) 2.30(0.89) 0.59(0.92) 2.86(0.89) 2.26(0.85) 0.60(0.98)

Table 4. Results in extremile regression without penalty and with Ly, L;, L,, EN, and QEN penalties with different = settings, 100 repetitions (standard

deviations are shown in parentheses).

- Method #SF TP FP
Extremile 1000.00(0.00) 15.00(0.00) 985.00(0.00)

Lo 12.86(2.02) 11.47(1.99) 1.39(2.58)

0.9 L 13.74(1.56) 12.52(1.47) 1.22(0.46)
Ly 1000.00(0.00) 15.00(0.00) 985.00(0.00)

EN 14.67(2.31) 14.15(2.23) 0.52(0.73)

QEN 14.65(1.45) 14.39(1.51) 0.26(0.54)
Extremile 1000.00(0.00) 15.00(0.00) 985.00(0.00)

Lo 10.19(1.69) 8.42(2.00) 1.77(2.27)

0.97 L 14.49(2.53) 12.12(2.49) 2.37(1.62)
Ly 1000.00(0.00) 15.00(0.00) 985.00(0.00)

EN 14.52(2.71) 12.65(2.62) 1.87(1.21)

QEN 14.88(1.70) 13.44(2.19) 1.44(1.36)

These simulations all indicate that our QEN penalty is
competent in variable selection because of its L, penalty, so
this is an advantage of the proposed method when we face
high-dimensional problems. On the other hand, although L,
performs no worse than QEN when the correlations of the
predictors are weak, the proposed QEN performs better as the
correlations increase and its estimator always has lower MSE.
Moreover, the proposed QEN also tends to choose more pre-
dictors than the L, penalty, especially in tail analysis, which
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means that we can obtain more information.

5 Real data analysis

Our real data about communities and crime are downloaded
from UCI". The variables in the dataset involving various

@® http://archive.ics.uci.edu/ml/datasets/Communities+and-+
Crime.
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Table 5. Results of the Communities and Crime Data in extremile regression with Ly, L;, EN, and QEN penalties with different = settings, 100 repeti-

tions (standard deviations are shown in parentheses).

T Method Test error #SF
Lo 0.7362(0.0085) 23.49(14.61)
L 0.7364(0.0086) 27.56(11.51)
0.9 EN 0.7346(0.0083) 26.56(12.31)
QEN 0.7351(0.0090) 25.48(9.02)
Lo 0.9010(0.0073) 20.63(16.28)
Lo 0.9021(0.0068) 24.35(12.57)
0.95 EN 0.9004(0.0065) 23.87(10.36)
QEN 0.9006(0.0068) 22.39(8.24)
Lo 0.9892(0.0048) 19.48(17.71)
097 Lo 0.9897(0.0045) 22.66(14.23)
: EN 0.9884(0.0040) 22.23(9.84)
QEN 0.9886(0.0042) 21.60(7.69)

community data were picked if there was any plausible con-
nection to crime (p = 122), with the goal attribute PerCapita-
ViolentCrimes (total number of violent crimes per 100k pop-
ulation), and all numeric data were normalized into the
decimal range 0.00-1.00 using an unsupervised equal-inter-
val binning method. Redmond and Baveja“" adopted this
dataset to present an artificial-intelligence software crime
similarity system (CSS) to help police departments develop a
strategic viewpoint toward decision-making and utilize the
socioeconomic, crime and enforcement profiles of cities to
generate a list of communities that are the best candidates to
cooperate and share experiences. We aim to apply the QEN
penalized linear extremile regression to select variables that
are strongly correlated to PerCapitaViolentCrimes under dif-
ferent extreme 7.

In each repetition, we randomly choose 20 samples from
319 complete samples as a tuning set and 20 samples as a
training set, while the remaining 279 groups are used as the
testing set to compute the test error. The performance of 100
repetitions of penalized extremile regression with different
penalties and different 7 is summarized in Table 5, where test
error represents the error of estimation under the testing set
and #SF means the average value of the number of selected
predictors.

Table 5 shows the performance of extremile regression
without penalty and with L,, L,, L,, EN, and QEN penalties
100 repetitions with 7=10.9,0.95,0.97 under the Communit-
ies and Crime Data. This indicates that the test errors of dif-
ferent penalties have little difference, but QEN selects fewer
variables with smaller standard deviations than L, and L, and
has more robustness.

6 Conclusions

In this paper, we propose a linear extremile regression model
with the QEN penalty to select variables in high-dimensional
problems. The proposed QEN penalty retains the advantages
of L, and L, penalties, which implies that it is able to obtain
sparse solutions and deal with highly correlated predictors.
Simultaneously, we propose an EM algorithm to solve optim-
ization problems with the L, penalty approximately and estab-
lish corresponding theoretical properties under mild condi-
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tions. To summarize, the proposed method has important im-
plications for extending the traditional extremile regression
theory.

Future work can be extended to the following aspects.
First, the extremile regression with penalty can be extended to
nonparametric and semiparametric models. Second, the pro-
posed EM algorithm can be applied to the L, penalty,
p €(0,2), so we can consider optimization problems with dif-
ferent penalties. Finally, we seek methods to determine the
true value of unknown coefficients under different 7 to im-
prove the evaluation standards of variable selection methods
in extremile regression.
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T

satisfies

1B:" =Bl = IGB") - GBI = [VGE B =B, Il <
IVGOINB? =Bl <HNB, =Bl <= <Y NB =Bl

Therefore,Yk € N*, we have

(A.4)

DOI: 10.52396/JUSTC-2022-0099
JUSTC, 2023, 53(2): 1


https://doi.org/10.1080/00401706.1974.10489157
https://doi.org/10.1080/00401706.1974.10489157
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1080/00401706.1974.10489157
https://doi.org/10.1080/00401706.1974.10489157
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1080/00401706.1974.10489157
https://doi.org/10.1080/00401706.1974.10489157
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1080/00401706.1974.10489157
https://doi.org/10.1080/00401706.1974.10489157
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1080/00401706.1973.10489103
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1109/TAC.1974.1100705
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1214/aos/1176344136
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1080/01621459.1979.10481632
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1109/TIT.1979.1056087
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1162/089976698300017197
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1214/009053606000001523
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1002/cjs.11151
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9868.2008.00668.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9469.2009.00685.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1111/j.1467-9868.2008.00674.x
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1198/jasa.2011.tm09779
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1109/TCBB.2008.17
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1198/jasa.2011.tm09738
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1111/j.2517-6161.1996.tb02080.x
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1198/016214501753382273
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1214/09-AOS729
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1198/016214506000000735
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1155/2016/3456153
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1214/09-AOS712
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1073/pnas.201162998
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2000-1-2-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1186/gb-2001-2-1-research0003
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1089/106652703322756177
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.1016/S0377-2217(01)00264-8
https://doi.org/10.52396/JUSTC-2022-0099

@‘ Xiong et al.

||ﬁ:(i+k) _ﬂ:(i)”oo — ||(ﬂ:(i+k) _ﬂl;mk—])) + (1+ (€§i+l) _ﬂ:(i))”oq < ||(ﬂ:(”k) _ﬁi(i+k_]))||m I ”(ﬂ:(m-l) _ﬂ:(i))”oo <
k= i s« " ya-y " N A5
P PIIBY = B = B = BO.. (A.5)

=

Since [|(8:" — B:?)|l.. is bounded, then
lim || - B:||., = 0. (A.6)
ik—c0

Therefore {8:"} is a Cauchy sequence with a limit 8:°.
Note that G(B:) is nonconvex, and there might exist multiple local optimal solutions. However, the proposed EM algorithm al-

ways reaches the same optimal solution closest to the initial value B:®. Assume that there were two different solutions B2° and B’
with the initial value 8, then

1B =Bl = IGB) - GBI < YIB! =B .. A7
As y < 1, the above inequality holds if and only if [|8:" - 8|l = 0, that is 8° = B:".
Moreover,
1B, =B e = IGB") =GB < VB =Bl (A.8)

Therefore, {8:”} converges.
Proof of Lemma 3.1. According to the given conditions, when ¢; # 0, then

5 ag‘gf) = 287 (y - X B)+ 20,5, = O, (A.9)
6,=pB.,Yjell,---.p}.
The above equations are equivalent to
Ox'(y' =X6)-1,6,=0. (A.10)
AsXTWx,;=0,Vi# je{l,---,p}, Eq. (A.10) becomes the following quadratic equation of §;:
(FTWE,+2,)0° - (1 + /lz)%(ijT.Wy)(S_f +A4,(1+2,)=0. (A.11)
From the discriminant of the quadratic equation, we have
1+ L) EWy) —42,(1 + L)X WE; + 2,) >0, (A.12)
that is,
ST v
,\%,\ﬁe{l,m,p}. (A.13)
Therefore, the maximal A, satisfies
STV v)2
A, = min; {%} : (A.14)
Proof of Theorem 3.2. First, we show that the proposed algorithm is an L, approximation. Let 8, = (8%,.85,)" be the true
value, where B, € R%,q < p are the nonzero components, 3, =0 € R, Assume S = diag(l,---,1,0,---,0) e R””, where p is

the number of 1s. If p is known, we have (X*S)'X*S = S(X"WX +A,1)S = S(X"WX + A,]) and can estimate 8. with 2" of a ridge
regression given X*S and y*:

B=((XS)X'S + D) (X°S)y = ((1+4)"'S(XTWX+4LDS + 1 (1 + ) SXTWy) =

A+ )P S XWX+ 4,0+ (1+L,)D'S X Wy. (A-15)

It is guaranteed that the corresponding components of Bﬁ are zeros, but we generally do not know S in reality, which means es-
timating S is an NP-hard problem and affects the difficulty of estimating 31 Compared with the first equation of (14), it can be
found that the only difference between these two equations is S and D, where the diagonal elements in § are replaced by 67 in D.
Moreover, if B, = 0, then 67 = 6, = 0, so the proposed algorithm is an L, approximation.

Next, we consider an adaptive ridge regression

B, = argmin, (' ~X'B)'(y - X'B)+ > 4B, (A.16)
j=1
where
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A

, =, 0;#0;

r=1 & (A.17)
o, 6;=0.

If the component of true value B, satisfies 8;,, =0, as the proposed algorithm is an L, approximation, we have ¢, =0 and
A, = oo and the regression is equivalent to
ﬁéz.
B. = argmin, (' = X' B)' (¢ =X B)+ 4 ) (A.18)

jer J

that is (9). Therefore, the final solution of the proposed EM algorithm is an optimal solution for the L, approximation problem
that minimizes (8).

Proof of Lemma 3.2. (a) Note that it is a weighted least square model and a similar conclusion in the ordinary least squares
model has been proven in Ref. [22, Lemma 2].

(b) If 8,3, < 0, consider B as

. ,3, k#iand j;
=1 0. k=i (A.19)
B+B, k=]

Then, we have IIﬁ*ll0 < ||ﬁ||0. Therefore, /A} cannot be a minimizer, which is a contradiction. If there is one, and only one 0 in Bl»
and B ,» we can consider a similar Bk
(c) If £(-) is the QEN penalty, the proof of 3,3, > 0 is the same as (b). When 3,3, > 0, let 3, # 3, and we can consider B as

B = { BB, FLiST (A.20)
2 9

Because the L, penalty is strictly convex, we have |IB"|I(J = ||B||0 and ||,3*||§ < ||B||§, which is a contradiction. Then, we have
B :,Bj' o . . .
Proof of Theorem 3.3. As 3,5, > 0, 8., and 3, are nonzero, and if 3, # 0, then
OLB,) _
aﬁnk

Substituting 3., and 3., into the above equation, we can obtain the following equations:

—28TW(y - XB.) + 24,8, = 0. (A21)

—28TW(y - XB.) +24,B., =0,

—2%W(y—XB,) +24,8.,=0. (A.22)
Subtracting the two equations, we can obtain the following equation:
EF - XDW(y—XB) - 1,(B.,—B.) =0. (A.23)
As B, is an optimal solution, we have L(ﬁr) < L(0), that is,
Y =XB) W =XB)+ LBl + LIIBIE <y Wy = 1. (A.24)
Since WX, = 1, ¥l W%, = p;;, we have (X] - %)) W(X, - %,) = 2(1 - p,), so
6—p = | & —i})ZV(v ~XB| _ I —E)W ||;||W% O-XBJll: _ \/@ . (A25)
2 > 2

Proof of Theorem 3.4. (a) Let 8., = (1 + 1,)'*B,, then B, is the true value of Eq. (8). From Liu and Li*, we have

1B; =Byl = 0,,(\/w). (A.26)
n+p

Note that fi: =(1+ /12)”2[3,, and A, is a constant, so

n 1
1B, Ball, = 0,)(,/ %’t”)) (A27)

(b) As B, = (1+4,)"*By, we have B, =B, =0 while j € O, thatis, 0={1 < j<p:B,, =0} ={1 < j< p: By, =0}
From Liu and Li*", we have B;j =0,VYj € O, with probability tending to 1.
Note that ﬁj = (1+,)"”B., so with probability tending to 1, 3” =0,VjeO.

1-10 DOI: 10.52396/JUSTC-2022-0099
JUSTC, 2023, 53(2): 1


https://doi.org/10.52396/JUSTC-2022-0099

	1 Introduction
	2 Linear extremile regression with QEN
	3 Theoretical properties
	3.1 Convergency of the algorithm
	3.2 Grouping effect
	3.3 Properties of the estimator

	4 Simulation study
	5 Real data analysis
	6 Conclusions
	Acknowledgements
	Conflict of interest
	Appendix
	参考文献

