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Portfolio improvement Positive theoretically establish
by included VIX derivatives with closed-form formulas

Considering the presence of diffusive risk, volatility risk, and jump risk, the inclusion of the VIX derivatives improved the portfolio
performance.

Public summary
m Consider the optimal investment problem with equity and VIX derivatives in a stochastic volatility model with jumps.

m Solve in analytical closed-form or semi-closed-form the optimal investment strategies for different combinations of
equity and VIX derivatives.

m Establish that there is a strict portfolio improvement when including the VIX derivatives into the investment opportunity
set.

m Provide a theoretical justification for the demand of VIX derivatives in portfolio management.
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Abstract: We solve in closed-form the optimal investment strategies in equity and VIX derivatives in a stochastic volatil-
ity model with jumps. Our framework includes both complete market and incomplete market cases, when diffusive risk,
volatility risk and jump risk are present. VIX derivatives allow for direct exposure to volatility risk compared to equity de-
rivatives. Based on the closed-form formulas, we explicitly determine the portfolio improvements brought by the inclusion
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1 Introduction

Pioneered by Ref. [1]’s seminal work, optimal investment is a
classical problem in finance, in which a rational investor
wants to maximize her expected utility from terminal wealth
by investing in a frictionless market while facing an uncer-
tain evolution of asset prices. The optimal portfolio choice in-
volves stocks and risk-free bonds and does not generally in-
clude derivative securities.

However, during a recession, these choices may fail as the
markets fell substantially, hence leaving investors exposed to
a significant amount of systemic risk. The use of derivatives
allows nonlinear exposure to volatility risk and jump risk, and
can serve as effective hedging tools during market downturns.
In particular, with the introduction of the VIX derivatives, it
is possible to have direct access to volatility exposures. This
motivates us to consider the inclusion of the VIX derivatives
in the optimal investment problem.

The volatility index (VIX) was originally introduced by the
Chicago Board Options Exchange (CBOE) in 1993 to meas-
ure the market’s expectation of 30-day volatility and soon be-
came a leading indicator of the U.S. stock market volatility.
Since the VIX is not directly investable, VIX futures and op-
tions were launched on the CBOE in 2004 and 2006, respect-
ively. VIX options and futures have become the most act-
ively traded contracts at CBOE and CFE (CBOE Futures Ex-
change), and the total annual volume was 127 million con-
tracts for VIX options and 62 million for VIX futures in 2019.

There is a fast-growing literature on the valuation of VIX
derivatives® . Ref. [2] valuated VIX futures and VIX op-
tions under a general class of jump diffusions. Ref. [3] com-
bined the Ito-Taylor expansion with a Markov chain approx-
imation method to valuate VIX options under a general class
of stochastic volatility models. In the realized GARCH
model, Ref. [4] first proposed a closed-form valuation
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formula for VIX options. Ref. [5] proposed a direct approach
for the valuation of VIX options in a discrete-time long
memory model. Ref. [6] incorporated a stochastic jump in-
tensity factor and time-varying mean of VIX variance in the
pricing of VIX derivatives. There are also many literature on
how the incorporation of VIX derivatives can improve portfo-
lio performance” '*\. There is little literature on optimal invest-
ment strategies that explicitly incorporate derivatives. Ref.
[13] seemed to be the first to consider the problem of optimal
investment in derivative securities. Ref. [14] considered a
stochastic volatility model with jumps in the asset price, and
managed to solve in closed-form the optimal investment
strategies in stocks and equity derivatives. To the best of the
authors’ knowledge, there is no literature that considers the
optimal investment problem involving the VIX derivatives,
and we aim to fill this gap. More specifically, we consider the
optimal investment problem when the investor can choose
among the stocks, the equity derivatives, and the VIX derivat-
ives, together with the risk-free assets. We manage to solve
the optimal value functions and the optimal investment
strategies in closed-form, and provide for the first time a the-
oretical justification of the advantages of investing in VIX de-
rivatives in an incomplete market setting.

We address the question on the potential benefits and port-
folio improvements in incorporating VIX derivatives into the
portfolio. For the case of stocks, bonds and equity derivatives,
the optimal investment problem has been investigated in Ref.
[14]. We further extend their work to incorporate the VIX de-
rivatives. First, this is of practical importance, as VIX derivat-
ives are gradually gaining importance and popularity among
investors, and it is natural to include them in the portfolio se-
lection problem. Second, the theoretical problem is challen-
ging as we face the problem cast in an incomplete market,
while the framework in Ref. [14] is in a complete market. We
manage to solve the corresponding HIB equation in closed-
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form and analyze in detail the portfolio improvements when
we incorporate the volatility risk, jump risk or both.

The contributions of the paper are twofold:

() We for the first time solve in closed-form the optimal
investment problem with equity and VIX derivatives, with
different combinations of assets. The framework in Ref. [14]
is cast in the complete market framework, and we extend it to
incomplete market cases when diffusive risk, volatility risk
and jump risk are present, which includes investing solely” in
the VIX derivatives. We solve these optimal investment prob-
lems in closed-form (see summary in Table 1).

(II') We establish that there are strict portfolio improve-
ments when we include the VIX derivatives into the invest-
ment opportunity set, which theoretically justifies the de-
mand for VIX derivatives in portfolio management. We also
analyze the sensitivity of the optimal investment strategies
and portfolio improvements with respect to model parameters.

The remainder of the paper is organized as follows. Sec-
tion 2 presents the model setting and derives the risk-neutral
dynamics. Closed-form formulas for the equity option and the
VIX option are derived. Section 3 contains the main results,
which are the closed-form solutions for the optimal invest-
ment problem with VIX derivatives. Corresponding numeric-
al results are also presented to illustrate the results. Section 4
concludes the paper. The appendix contains a discussion of
the two risk factor cases and present additional numerical
examples. The supporting information includes the proofs of
all the propositions.

2 Model setting and risk-neutral dynam-
ics

2.1 Stock price dynamic model setting

In this section, we present the main model setup, which is cast
as a stochastic volatility model with jumps in the stock price,
and this is known as Bates’ model (see Ref. [15]). This mod-
el takes into account the effects of jumps and stochastic volat-
ility, and is consistent with that in Ref. [14]. Let S and V rep-
resent the stock price process and the latent stochastic vari-
ance process, respectively. More specifically, assume that the
stock price dynamic under the physical measure P is given by

ds, = (r+nV,+u(1-12)V,)S dt+ V.S dB+
uS - (dN, = AV,dr),

AV, = k(39— V,)dr + o [V,dB®, (1)

where E[dB,dB®]=pdt, and pe(-1,1) is the correlation

Table 1. Summary of solvable cases.

Portfolio BZN BZ BN
Complete
SbV (Explicit) B
SD - Complete (Explicit) Complete (Explicit)
sy Incomplete Complete (Equivalent to Degenerate (Equivalent
(Impliclit) BZ-SD) to BN-S)
Incomplete .. ..
S (Impliclit) Incomplete (Explicit) Incomplete (Implicit)
Incomplete .. Degenerate
v (Explicit) Incomplete (Explicit) (Independent of control)
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between the stock and volatility shocks. Here, r is the risk-
free interest rate, and « > 0 is the mean-reversion rate. N, is a
Poisson process with the intensity given by AV,. V, is the vari-
ance process with the long-run mean level given by v > 0. Ad-
ditionally, o > 0 is the volatility of the volatility coefficient.
u > —1 is a constant multiplier to the jump effect, n is the con-
stant that captures the premium for the Brownian risk factor
B, and A is the constant that captures the premium for the
jump risk (or Poisson risk) factor N. We assume that Feller’s
condition 2«v > ¢~ holds, so that the volatility stays positive
almost surely.

Denote the price of the ith (derivative) security as
0" =g"t,S,V),0<t<t, i=1,2, where 7, is the maturity
of the ith security. Then, with the pricing kernel x,, we have
the following pricing relation under the physical measure:

.1 ;
Oi’) = _Ez [ﬂ-r,gm (ThST." Vri)] > (2)
T,

1
The stock price dynamic under the risk neutral measure is
given by

dS, =rS,dt+ \V,S,dBe +uS, (dN° - 2°V,dr),

AV, =& (7" = V,)dt + o VV, (pd B + \[T=pdZ?), (3)

. The risk-neutral

where «* := /<+0'(p77+ \/1—_pZ§),17* = "

measure is the risk-neutral measure under the Radon-
Nikodym and Girsanov Theorem. The B®, Z°, N® is B,, Z,, N,
under risk-neutral measure Q, respectively. Under the physic-
al measure, consider that a CRRA (constant relative risk aver-
sion) investor chooses at each time 7 to invest a fraction ¢, of
her wealth in stock S, and fractions ¢,i = 1,2, in the ith de-
rivative. The investor’s goal is to maximize the expected util-
ity of her terminal wealth:

Wy
max E ( z ),
{eru.i=120<1<1} 1-vy

where T < 7,,7, and y >0 denotes the relative risk-aversion

J@,W,V) = “4)

coefficient. J(-) is the value function of the optimization prob-
lem, which is a function of the time ¢, the current wealth W,
and the current level of volatility V,. Then the wealth process
that satisfies the self-financing condition is given by

AW, =rW,dt +60*W, (nV,dt + \V,dB,) + W, (£V.dr + \V.dZ,) +
O W,_u((A— %) V,dr +dN, — AV,dr),
)

where

(D This is common practice in volatility trading, where only
the VIX futures exchange traded note (ETN) is invested.
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(i)

2
7o T Y
i=1 !

N=o,+ ZZ: yoos
t ' . ' u Ofi) .

B Y (i) g.(\‘i)S’
0 = ¢+ ZW, ot
i=1 !

(6)

Intuitively, the investor invests 6® in diffusive price risk B, §*
in volatility risk 7, and 6" in jump risk N.

2.2 Prices of equity and VIX options

In this section, we present the valuation formulas for the price
of an equity call option” and for the price of a VIX call op-
tion under the risk-neutral dynamic (3). We also determine
the expressions for the partial derivatives of these formulas to
express the optimal portfolio weights using them.

Proposition 2.1. Denote 7:= T —¢ as the time to maturity,
and let § = S,. If the underlying asset satisfies the risk-neut-
ral dynamic as given in Eq. (3), then the price of a call option
on the given asset with strike K is given by

c(S,V;K,1)=e"E[(S; —K)*]=SP,—e"KP,, 7
where
— l 1 « du A(l—iw)+B(1—iu)V Liu(InK—InS —r1)
P]—§—7—T OIIm(e [$) ),
— 1 1 « du A(—iu)+B(—iu)V jiu(InK—InS —r7)
P2—§—7—T Oglm(e € ),
_ a(l —e™)
© 2q—(g+b)(1-e)’
P +b
A=Y ((q+b)7‘+21n(1 172 (1-e" )),
o? 2q
b=poy-«',
a=y(l-y)=22°2("" —1-yu),
qg= Vb*+ao?,
K = K+0'(p7]+ V1 —pzf), V= Kv,
pE

Next, we introduce the VIX and the VIX derivative. The
volatility index (VIX) is an indicator that measures the market’
s expectation of volatility over the next 30 days. It is defined
in the CBOE white paper”, and its square can be determined
as follows:

VIX = — 2 0 [m(S—)] x 100,
T F

1
here F = S,e”, and T = —.
whnere e ,anat 2

Proposition 2.2. If S, follows the risk-neutral dynamic in
Eq. (3), then

VIX? = (aV, +b) x 1007, (8)

(D Note that we corrected for some typos in the formula
presented in Ref. [14]. In particular, there is a term ™ in
the definition of a, and there is a typo in the original formula
in Ref. [14].

® http://www.cboe.com/micro/vix/vixwhite.pdf

where

l—e™"

a=c

kT
b=v(c—a),

¢=222(u—In(1 +p)+1.

The VIX options’s closed-form valuation formulas can be
seen in Ref. [16], and the price for the VIX future is analog-
ously to the VIX option.

3 Main developments

In our model (3), there are three risk factors: diffusive, volat-
ility, and jump factors. We denote them as B, Z, and N. Note
that B is the Brownian motion driving the diffusive factor, Z
is the Brownian motion driving the (latent) volatility factor,
and N denotes the Poisson process driving the jump factor.
For our later discussions, we shall denote BZN as the model
that contains all three factors B, Z, and N. Similarly, BZ de-
notes the model that contains the diffusive and volatility
factors, and BN denotes the model that contains the diffusive
and jump factors.

We denote the three risky assets as the stocks S, the equity
derivatives D, and the VIX derivatives V. Then, the notation
“SDV” denotes a portfolio containing positions in all three
risky assets, and “SD” denotes a portfolio containing stock
and equity derivatives (the case in Ref. [14]). Thus, we can
see that our consideration contains the result in Ref. [14] as a
special case.

We summarize the solutions to different models with dif-
ferent portfolio components and factors in Table 1. In the ta-
ble, “complete” means that the market is complete, and “in-
complete” means that the market is incomplete. “Explicit”
means that the final closed-form solution is fully explicit, and
“implicit” means that the final formula has some components
that have to be determined through implicit relations, e.g.,
solving the root of an algebraic equation. Take the following
entry “BZN-SV” as an example: it means that we have the
full stochastic model that has all three factors, but we only
choose to invest in the stock and VIX derivatives, while there
is no position in equity derivatives. It is clear that the number
of factors is larger than that of instruments; hence, the market
is incomplete. In this case, we manage to obtain solutions
whose intermediate input needs to be determined implicitly.

By explicit closed-form solutions, we mean that we are
able to express the unknowns (e.g., optimal control strategy,
optimal value function) using basic operations. For implicit
solutions, we mean that we have to evaluate some intermedi-
ate expressions by numerical methods (e.g., bisection, finite
difference method). There are also cases when we cannot de-
termine the explicit or implicit solutions, but we can still es-
tablish the existence and uniqueness of the solution. This is
because some nonredundancy conditions are needed for expli-
cit solutions. For example, in the case “BZN-SD”, we only
know whether the optimal control exists or not. We can also
show that the second order partial derivative of the value
function, i.e., Jyy, is strictly less than 0; hence, the optimal
solution is unique. However, we fail to express the solution
either explicitly or implicitly. These particular cases corres-
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pond to the blank entries in Table 1. There are also “degener-
ate cases”, in which the combination either reduces to some
other known combinations, or the optimal value function is
independent of the control, i.e., there are an infinite number of
optimal solutions.

In this section, we consider the full-scale model BZN as
defined in Eq. (3), where all three risk factors are present. In
the appendix, we shall consider the case when only two risk
factors are present (e.g., BZ and BN), and derive the corres-
ponding results. See the supporting information for the
proofs. Many of these derived closed-form expressions are, to
the best of the authors’ knowledge, new to the existing literat-
ure. After specifying a derivative to be the VIX derivatives,
we first derive the (explicit or implicit) solution to the corres-
ponding incomplete market case, and then we calculate the
portfolio improvements by inclusion of the VIX derivatives in
terms of the return in certainty equivalent wealth defined
later.

In Ref. [14], a delta-neutral straddle is used to analyze the
behavior of investors for the case that the model only con-
tains the diffusive risk B and the volatility risk 7, and not the
jump risk N. However, for the model that contains three
factors B, Z, and N, the delta-neutral straddle not only con-
tains B and Z but also has contributions to the jump risk N.
Since the prices of VIX derivatives do not depend on the ini-
tial stock price S, they are naturally delta-neutral and have no
contributions to the jump risk N. This means that the portfo-
lio with a VIX derivative will have optimal exposure to the
volatility risk 7, since we can always adjust the exposure of
the volatility risk 7Z by adjusting the weight for the VIX
derivatives.

Similar to Ref. [14], let W be the investor’s certainty equi-
valent wealth, which is implicitly defined by

I-y

S

=J(0,W,,Vy). (9)

—

For a general value function of the exponential affine form

1=y

W
—exp(yh(T-t)+yH(T —1) V),
y

JEW.V) = =

we have
W=W, exp(l%y [h(T)+H (T) vo]).

Denote W* as the certainty equivalent wealth in the com-
plete market case, and W™ as the certainty equivalent wealth
in the incomplete market case, then we define

InW*—InW"

— =

W (T)—h™(T)
T

Rinc L

H* (T)— H™(T)
T

Y
-y

Vo (10)
to measure the portfolio improvement of annualized, continu-
ously compounded return in the certainty equivalent wealth
for market completion.

Similarly, if we need to compare two incomplete market
cases, let W™ and W be the certainty equivalent wealth for
the first and second incomplete market cases, respectively;

64

then, we define

In Wt —In Win

T

Jyiner — pyine2
T

Rinq —incy . __

Hinc| _ Hincz
T

Y
-y

vl an

3.1 The complete market case

In this section, we consider the case when the investor in-
vests in the stocks, the equity derivatives and the VIX derivat-
ives in model BZN. Since we have three investment products
and three risk factors, the market is inherently complete. This
case can be solved by using the results in Ref. [14].

Now, we consider the case when the second derivative se-
curity in Ref. [14] is a VIX derivative. Then, the portfolio
comprises the stock, the equity derivatives, and the VIX de-
rivative, and we denote it by SDV. The nonredundancy condi-
tion is satisfied, as it can be easily calculated by setting
g% =Ag® =0. We can drop the superscript of the portfolio
weights and simplify it to the following form:

n g"S, g g
¢ = ;+0pH(T—t)—¢//§” o T o’ _WWU/)’
-1 1
o = Ag"h _gi”S, l (i)y—l _ﬂ+ P §
Co\wo? o) (p\ae Y T-p27)

(2)
—_
@)

8v

£ g
— A H(T -0 2590 .

(0’7 \1=p? O,

Similar to Ref. [14], we let the equity derivatives be a put
option, which has one month to maturity and K = 0.95S, as
the vehicle to disentangle the jump risk from the diffusive
risk. This is because the deep out-of-the money put option is
more sensitive to negative jump risk than diffusive risk. We
let the VIX derivatives be a one-month VIX future (i.e., VIX
call option with Kyx =0), which serves as the vehicle for
transferring the volatility risk. Then, we perform a sensitivity
analysis using the parameters from Ref. [17] as a benchmark.

n=4,p=-04,7=0.132, r=0.05, 1=0.1;
y=4,=-6, VVW=0.15,0=025T=5, k=35,
u=-015 12=0.3.

¢(2> —
t

The sensitivities of portfolio weights are plotted in Fig. 1.
Some interpretations of the results are in place. In the top
right panel of Fig. 1, it can be seen that as the volatility risk
premium increases, the holdings in all three risky assets in-
crease, which is consistent with intuition. Note that the de-
mand for the VIX derivatives is higher than that for the equity
derivatives since the VIX derivatives provide more direct ac-
cess to volatility exposure. The top left panel indicates that in-
vestors with higher risk-aversion are less likely to invest in
derivative securities, which is consistent with the intuition
that less risk averse investors are more aggressive in their in-
vestment strategies. For the middle panel about the sensitiv-
ity to the volatility VV, we note that, as the market becomes
more volatile, i.e., volatility is high, the cost of purchasing the
options becomes high. However, volatility sensitivity de-
creases, and “volatility exposure per dollar” decreases. Hence,
the demand for the VIX derivatives increases, as the absolute
value |?| increases.
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Fig. 1. Sensitivity of portfolio weights for the complete market case. The lines are in the same style of Fig. 1 in Ref. [14] to make comparison, i.e., the y-
axes are the optimal portfolio weights ¢ (dash line), ¢ (solid line), y® (dot line), and the remaining portion invested in risk-free asset (dashed-dot line).

3.2 The incomplete market case

Note that Ref. [14, Eq. (12)] guarantees the complete market
case by imposing the nonredundancy condition, i.e., it intro-
duces two derivative securities that complete the market with
respect to volatility and jump risk. In this section, we con-
sider the case when the investor does not have access to both
derivative securities at the same time; thus, the optimal in-
vestment problem is considered in an incomplete market. We
show that we are still able to obtain closed-form solutions,
which comprise the main results of this paper. Based on these
results, we later quantify the portfolio improvements and jus-
tify the demand for VIX derivatives.

3.2.1 Portfolio with stocks and VIX derivatives

If the investor invests in the stock and only one derivative se-
curity (together with trading in the risk-free asset) by the
wealth function and solves the HIB equation, the optimal
portfolio weights (Y5, ¢P5V) are implicitly characterized
by the following equations:

‘ 1
O_%II/PZN,SV —— (pn + \/1—_925) _p¢?ZN,SV +OHPSY (T — ),
i Y

n= =y (1-p) " = p(on+ \T=p¢) +
(144757 =0,

Note that the solutions of the above equations exist and are
unique.

Since the value function has an exponential affine form, we
can use Eq. (10) to measure portfolio improvements, as
shown in the following result.

Proposition 3.1. In model BZN, for y # 1, by Eq. (10) the

6-5

portfolio improvements from including the equity derivatives
in the portfolio SV is

RBEANSY — % (ArSV +ARst0) > 0’ (12)

where

hBZN* (T) — hBZN.SV (T)
T

HBZN,* (T) _ HBZN,SV (T)

Argy = JARgy = T

The equality is achieved if and only if

[( )*_1]_17 p_ £

Yy Ji-p27

Remark 3.1. Intuitively, RB2¥sV is calculated based on cal-
culating the difference of the case when the investor has ac-
cess to all three risky assets (i.e., stocks, VIX derivatives, and
equity derivatives) and the case when the investor only has
access to two risky assets (i.e., stocks and VIX derivatives).
Thus, it is clear that this difference measures the effects of the
inclusion of the equity derivatives. Interestingly, we can the-
oretically establish that R*™%Y >0 always holds, and intuit-
ively, it means that it is beneficial to include the equity deriv-
atives in the opportunity set of the investment problem.

1

u

Pl
2

3.2.2 Portfolio with only stocks and risk-free assets

When the investor only trades stocks and the risk-free assets,
we have ¢, =0, and

6} = ¢; 0 = o,

Then, according to the wealth process and solving the HIB

6" =0;

t
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equation, we have the following system of three equations:

—y @B — Gy HPNS' (T — ) p — yAe(1 +IJ¢BZN,S)’V¢BZN,S’ —
7(1 + (1 +#¢?ZN,S)"/)¢?ZN,S’ = —ayH*™ (1),

¢BZN,S’ — —oH"™ p

' L+ A2(1 +pgp?s) 7

O’

Here,

1-

WS (T) = ==L T 40 [ HY (5)ds.

Remark 3.2. Based on the above solutions of the optimal
investment problems, respectively for the case of trading both
stocks and VIX derivatives and for the case of trading stocks
only, we can determine the improvements to the portfolio
when we include the VIX derivatives into our investment
choices. The finding is summarized in Proposition 3.2.

Proposition 3.2. In model BZN, for y # 1, by Eq. (11), the
portfolio improvement from including the VIX derivatives in
portfolio S is given by

RENSV-S _ l%y (Arg + AR V,) > 0,

where

_ hBZN,SV (T) _ hBZNTS (T)
T

HBZN.SV (T) _ HBZN.S (T)

Arg T

2 AR

Remark 3.3. Intuitively RB2NSV-s represents the difference
of the optimal portfolio with both stocks and VIX derivatives
and the optimal portfolio with stocks only, and it showcases
the effect of adding the VIX derivatives into the investment
opportunity set. It is clear that the inclusion of the VIX deriv-
atives strictly improves the optimal portfolio. Note that we
have strict inequality here, which is different from Eq. (12), in
which equality can also hold. The demand for derivatives
mainly arises from the need to access volatility risk, and VIX
derivatives allow a pure exposure to volatility risk. Here, in a
parametric setting, we rigorously demonstrate the fact that it
also improves the overall performance of the portfolio.

Note that we have the following identity by definition:

RBZN,S — RBZN,SV*S +RBZN,SV > 0’

13)
where the strict inequality is due to Propositions 3.1 and 3.2.

3.2.3 Portfolio with only VIX derivatives and risk-free as-
sets

If the investor trades only the VIX derivatives” (together with
risk-free bonds), then ¢, = 0. Let 6, = a-%zp,, then we have

o

t

o

HIB :pel; = l_ngr; f =0.
Hence, according to the wealth process and the stochastic
variance process, and solving the HIB equation, the optimal

portfolio weights are explicitly given by

D It is common practice to trade VIX futures, e.g., the VIX
short-term futures ETF (ticker VXX), with proper leveraging
by borrowing from the bank at a risk-free rate.
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G'&I/I?ZN'V =Y = pn+ \1-p%¢ + CH™Y (T —1).
0, 4

The following two propositions describe how adding the
stock and the stock and equity derivatives to a portfolio that
only holds the VIX derivatives can lead to portfolio improve-
ments. Intuitively, they shall improve the portfolio, and the
results below provide a rigorous theoretical justification of the
intuition.

Proposition 3.3. In model BZN, for y # 1, by Eq. (11), the
portfolio improvement from including the stock in portfolio V
is

RIS = T (A + ARV 20,

where
BZN.SV T __ LBZNV T HBZN,SV T _HBZN,V T
Ao, 2 ST BT HS () - BT
T T
The equality holds if and only if
2 p Q _
(l—p)(n— f)—ﬂ(/l -4)=0.
V1-p?

Proposition 3.4. In model BZN, for y # 1, by Eq. (10), the
portfolio improvements from including the stock and the
equity derivatives in portfolio V is

RNV — IL (Arv + ARV * Vo) >0,
=Y

where

hBZN.* (T) _ hBZN,V (T)

HBZN.$ (T) _ HBZN.V (T)
T .

T

Ary = ,ARy

The equality holds if and only if
n £

Remark 3.4. Note the following identity: RPNV =
RBANSV-V . RBZNSY holds in due to Egs. (10) and (11). Then we
can see that the equality case in Proposition 3.4 is equivalent
to the condition that R®*Y =0 and R®*N V-V =0, since the
two inequalities have to be equalities for the final equality to

hold, i.e.,
1((1)*_1]22_ p_¢
p\ae Yy J1-p7Y
(1-p)|n-—2 §]—#(AQ—A)=O,
1-p?
which leads to
5 Q_
osl((i)—l)zﬂ— p_E_KrUZD
p\A¢ Y i-p2v yUd-p)
and this implies
mo_¢ =2
Y 1—p?
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We can define the certainty equivalent wealth for the two
portfolios, respectively, the portfolio with only stocks and the
portfolio with only VIX derivatives.

S\1-y
% = J¥NS(0,W,, V), (14)
and
VyIl-y
(VlV_)y = J¥NV(0,W,,V,). (15)

Since the value function J*V for this case does not de-
pend on the jump parameters u, A and A9, we can compare the
sensitivity of the certainty equivalent wealth W% and WY with
respect to the other parameters when we take different values
of the jump parameter. Assume W, = 1, and we first consider
the three cases u=-0.1, u=-0.1%5, and p=-0.25, which
represent three different regimes for the jump magnitude. The
larger the absolute value of u, the more severe the asset price
jump is. The sensitivity of W* with respect to other model
parameters is shown in Fig. 2. From the figure, it is clear that
the certainty equivalent wealth level is the highest when
#=-25% and is the lowest when u=—-10%. They are in-
creasing as we increase the volatility level, the volatility of
volatility and the investment horizon. They decrease as the
risk-aversion level increases.

Similarly, we can consider the sensitivity of WY with re-
spect to the other model parameters; see Fig. 3.

We can see that under different values of the parameter 1,
the certainty equivalent wealth W* changes, but the certainty
equivalent wealth WY stays the same under different u values.
This is consistent with our theoretical finding that WV is in-
sensitive to the jump components. Another interesting obser-

Risk Aversion

10
WS 1=-10%
5| WS, i=-15%
\\ WS,/l,=-25°/o
0
0 2 4 6 8 10
volatility +/V(%
. , tility V(%)
1.56f
1541
1.52 : : : -
5 10 15 20 25 0
horizon T(yr
25 fzon T(yr)
7
r
2' ) _ e
1.5} —
1 1 1 1 1
0 2 4 6 8 10

1.5415¢

1.5405

1.542f

1.541¢

vation arises when we compare Fig. 2 with Fig. 3 : the cer-
tainty equivalent wealth W* does not change as we change the
volatility risk premium level &, while the certainty equivalent
wealth WV exhibits a U-shaped pattern when we vary the
volatility risk premium &. This indicates that W* does not re-
flect the volatility risk premium, while WV does and reaches
the minimum level when ¢ is approximately 4. A similar pat-
tern is also observed in Ref. [14, Fig. 2], but there is no ex-
planation for the shape therein. The reason is that since VIX’
is linear in V, and V is driven by the Brownian motion
pB(t) + /1 —p*Z(t), which has the premium pn+ /1 —p?£.
When ¢ is negative with a large absolute value, the premium
is negative, and then we can sell VIX futures to obtain the
premium. When ¢ is positive with a large absolute value, the
premium is positive, and we can buy VIX futures to obtain
the premium. When pn+ +/1 —p*¢ =0, no premium can be
obtained; thus, the demand of VIX is 0, and the certainty

equivalent wealth is the same as its degenerated case.

Q 19 19

—=1,—=3, and — =5,
A A

and we have the sensitivity of W® displayed in Fig. 4. Note
Q

Next, we consider the cases

A2, . . . .
that 5 is the coefficient for the jump-risk premium.
1
Similarly, the sensitivity for WY under different ) is

given by Fig. 5. We can see that under different values of the
Q

parameter R the certainty equivalent wealth W* changes, but
the certainty equivalent wealth WV stays the same. This is
consistent with the intuitions.

Remark 3.5. From the above discussions, we can con-
clude that the certainty equivalent wealth for the investor who
only trades VIX derivatives is more robust to the jump para-
meters compared to the certainty equivalent wealth for the in-
vol-risk premium £

-10 -5 0 5 10

vol of vol o

1.557
1.5471

1.53} ‘
0 od

0.2 0.3 0.4 0.5

mean reversion rate &

1.58

1.56 |

1.5471

0 2 4 6 8 10

Fig. 2. Sensitivity of certainty equivalent wealth W® for different values of u. The y-axes represent the certainty equivalent wealth levels for respectively

the three cases u = —0.1, u = -0.15, and u = —0.25.
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Risk Aversion vy

40
WY, i=-10%

20l 7wz,u=-1s%
WY, i=-25%

% 2 4 6 & 10

_ volatility J)'/(%) '

2.8}

2.7t

2.6

5 10 5 2 2

horizon T(yr)

o : ,

al

ol

o0 2 4 6 8 10

vol-risk premium ¢

0

vol of vol o

3.5

2.5

0.1 0.2 0.3 0.4

mean reversion rate &

10

0 2 4 6 8

Fig. 3. Sensitivity of certainty equivalent wealth WV for different values of u. The y-axes represent the certainty equivalent wealth levels for respectively

the three cases u=—0.1, u =-0.1%, and u = -0.25.

Risk Aversion

1.545¢

1.535

vol-risk premium £
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Fig. 4. Sensitivity of certainty equivalent wealth WS for different values of R The y-axes represent the certainty equivalent wealth levels for respectively

4l WS A9 A=1
. wSAY\=3
WS AY=5
2 N
0 2 4 6 8
volatility +/V(%)
1.58Ff ' ' ' '
1.56
1.54 ¢
5 10 15 20 25 30
horizon T(yr
25 fzon T(yr)
2 L
15f )
1 - 1 1 1 1
0 2 4 6 8 10
Q
the three cases g 1, £ =3and ﬁ =5.
A A A

vestor who only trades stocks. It should also be noted that the
optimal strategies (portfolio weights) for the investor who
trades only the VIX derivatives are subject to change when
the jump parameters change, but the expected terminal utility
is not affected by the jump parameters. Put another way, the
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effects of jumps influence the optimal strategy that an in-
vestor takes, but they do not affect the final optimal value of
the portfolio.

The reason is that as we can see in Eq. (8), the form of
VIX® contains jump parameters, which is due to the VIX
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Fig. 5. Sensitivity of certainty equivalent wealth WV for different values of - The y-axes represent the certainty equivalent wealth levels for respectively

A A
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AQ
3and — =5.
A A

formulation in Ref. [16]. Hence, the jump parameter will for
sure affect the portfolio. However, when we maximize the ex-
pected terminal utility, the utility depends on the jump para-
meters in VIX® only through the stochastic variance V, so the
optimal expected terminal utility can be determined from the
parameters of V (and the premium of the risk factor for the
dynamic of V and risk aversion y without specifying the
parameters for VIX).

In practice, an investor who only trades the VIX derivat-
ives will first determine the exposure to the risk factor for V,
i.e., pB(t)+ /1 —p?Z(t), then the optimal expected terminal
wealth is thus determined from the parameters of V (and the
premium of the risk factor for V, i.e., pn+ +/1 —p*¢ and risk
aversion 7). Since the investor cannot directly trade stochast-
ic variance V itself, then the investor needs to determine the
portfolio weight for VIX from the exposure to the risk factor
for V. Since VIX depends on the jump parameters, then the
investor also needs to consider jump parameters to balance
the portfolio weight and match the optimal exposure to the
risk factor for V.

The implication is that investing in volatility derivatives is
not sensitive to sudden jumps in asset prices if we look at the
final optimal value achieved. Here, we assume that the in-
vestor’s optimal strategy takes into account the full informa-
tion revealed from the asset jumps. In practice, it may be pos-
sible that the investor will not be immediately adjusting her
strategy when facing an asset price jump, e.g., market crash
and asset sell-offs, and in these practical cases, the final op-
timal wealth will certainly be affected by the jumps.

3.3 Numerical illustrations of portfolio improvement

In this section, we plot the sensitivity of the portfolio im-
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provements measurement R (in percentage) for each model
and each portfolio in the incomplete market case. We also
plot W* and W™ with the assumption that W, = 1. This com-
parison provides us with intuition about the magnitude of the
improvements in portfolio performance when we introduce a
particular asset into the portfolio. The parameters for each
case (if used) are given below as benchmarks (see Refs. [17]):

n=4,p=-04,5=0.13%r=0.05A1=0.1;

y=4,6=-6,VV=0.15,0=025T =5k =35,
u=-0.15,2°=0.3.

For model BZN, the three different portfolio improve-
ments in the return of certainty equivalent wealth R are given
in Fig. 6. Here, we use the shorthand notation RSV to denote
RBANSVas it is clear that we are considering model
BZN throughout. This applies to the other notations RS and
RY. Similarly, the three improvements in the certainty equi-
valent wealth W are given in Fig. 7. Recall that the certainty
equivalent represents the amount of guaranteed money an in-
vestor would accept now instead of taking a risk of getting
more money at a future date. It can be seen that in most cases
WY >W?* holds, and intuitively this means that investors
would prefer to invest purely in VIX derivatives as compared
with investing in the stock, given that we use the certainty
equivalent wealth as the comparison criteria. It can also be
seen that RSV is always close to 0 (approximately 0 to 0.15
and reaches 0.15 as A? reaches 0.5), which is also reflected in
Fig. 7 that W5 is very close to W* as they overlap. This intuit-
ively implies that the certainty equivalent wealth for the in-
vestors who only trade stocks S and VIX derivatives V al-
most reaches that for the complete market cases under the
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Fig. 6. Portfolio improvement in g in model BZN. The y-axes represent the return of certainty equivalent wealth levels.
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Fig. 7. Portfolio improvement in W in model BZN. The y-axes represent the certainty equivalent wealth levels.

current parameter setting. In other words, there is not much
demand for including equity derivatives to complete the mar-
ket, since the improvements is insignificant.

4 Conclusions

In this paper, we consider the optimal investment problem
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when the investor has access not only to the equity derivat-
ives, but also to the VIX derivatives. We solve the optimal in-
vestment in closed-form or semi-closed-form for different
combinations of investment products and risk factors in both
complete and incomplete markets. We demonstrate through
theoretical results that the VIX derivatives, when they are in-
cluded in the opportunity set of the portfolio, strictly improve
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the portfolio when measured using certainty equivalent
wealth. We believe that this theoretical study on the inclusion
of VIX derivatives into the optimal investment problem will
shed light on how to maintain a volatility-managed
portfolio®, which are portfolios that actively manage expos-
ure to volatility risk and take less risk during recessions. Fu-
ture research should include indifference pricing when both
equity derivatives and VIX derivatives are present. Another
possible extension is to consider a recently introduced volatil-
ity model named the rough volatility model"”, and solve the
corresponding optimal investment problem.
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In this section, we consider an economy with the diffusive risk B and the volatility risk Z, but no jump risk N. Similar to Ref. [14,
Example 1], we can disable the jump component by setting 4 = 0,4 = 22 = 0 in the cases of model with three risk factors, then we

end up with a model with only two risk factor B and 7.

A.1.1 Complete market case

After substituting u = 0,4 = A2 =0 into Eq. (5), we can obtain the wealth process, and by solving the HIB equation, the optimal

portfolio weights on the risk factors B,Z, and N are given by

6" = ’}Q/ +0pH"™" (T -1),

t

= §+0' 1-p?H** (T -1).
Y
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Transforming to the optimal portfolio weights, we have

0, .
sz,* _ L + HB% (T-1], ¢:sz,* _d__F 5_ +¢?Z’*.
& \yo+/1-p? Y 1-p27Y 0,

A.1.2 Portfolio with only stocks and risk-free assets
For portfolio with only stocks (and risk-free assets), we have ¢, = 0,6” = 6" = ¢,. Then according the wealth process and stochast-
ic variance process, and by solving the HJB equation, the optimal portfolio weight is given by ¢**° = 7, opH*S(T —1).

Y

Note that this result has also been derived in Ref. [14], as it considered the case of equity derivatives. Next, we consider the
portfolio improvement.
Proposition A.1. In model BZ, for y # 1, the portfolio improvement from including VIX derivatives in portfolio S is

y (hBZ‘* (T) A (T) . HBZ (T) — H®ZS (T) v ) 50

RBZ.S =
1-y T T

Remark A.1. Alternatively, we can argue that R*** > 0 since

W'
JBZ’S(t,w,v)=maxE[ |W,=w,V,=v]
i 1-vy

s.t.y, =0.

Recall that J®** (f,w,v) is the solution of the corresponding non-constraint optimization problem. And the equality RS =0
holds if and only if y* = 0, since

Y = 3 +0 1 -p2H** (T -1).
Y

1

Here, H®** (1) is a constant only if &> = 0 or 6*2* = 0, which results in H*** (1) =0, and H***' () = 0, then 64" = 0. But we also

1- .. . .
have 6% = —27 (7 + &), so we get a contradiction, thus the equality R®*S = 0 cannot be achieved.
Y
A.1.3 Portfolio with only VIX derivatives and risk-free assets

For portfolio with only VIX derivatives, let ¢, =0, 6, = a'%w,, then 6° = p6,; 6” = /1 —p?6,. According the wealth process and
stochastic variance process, and by solving the HIB equation, the optimal portfolio weight is given by

&

0'01

w?z,v = G?Z‘V = M + o HY (T - l) .
Y

Proposition A.2. In model BZ, for y # 1, the portfolio improvement from including the stock in the portfolio V is

v (th,* (T) _ hBZ,V (T) . HBZ'* (T) _ HBZ.V (T) v

RBZ’V = T T o] = 0.

=1
¢
J1-p?
Remark A.2. Similarly we can argue that R®Y >
N__P 5 _g ol &

The equality holds if and only if 2 =
P
0, since portfolio V has more constraints and equality holds if and only if

¢ =0,1e., ¢ =

= =0,0 .
Y 1-p*7 P G1=p?
A.2  Model with two risk factors B and N for complete market cases

In this section, we consider the model with diffusive risk B and jump risk N, but no volatility risk Z, i.e., the volatility is constant.
Similar to Ref. [14, Example 2], we can make the stochastic variance V, constant at ¥ by setting o = 0, V, = v in the previous case
of three factors model. Then the factor 7 disappeared and the model only has two factors B and N. Since VIX derivatives do not
have exposure to the jump risk , the portfolio containing VIX derivatives would degenerate to the portfolio with remaining assets.

Since 6" = 0 4/1— pz%l//, =0, according to the wealth process and the stochastic variance process, and solving the HIB equa-

tion, then the optimal portfolio weights are given by

-1 1
g =18y wf’”“(&&" Ag) (ﬂ"l((%)y‘l]}
Yy O, o, upo,) \y pl\a

It should be noted that, if we trade stock and VIX derivatives, the non-redundant condition is not satisfied, thus the market is
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incomplete. Because g, =0 and Ag =0, ¢ has no contribution to the risk factors 8* and 67, thus it reduces to the case that the in-
vestor only trade the stock.

A.3 Portfolio with only stocks and risk-free assets

For a portfolio with one stock, we have 6° = 6" = ¢,. Then according to the wealth process and stochastic variance process, and
solving the HIB equation, and the optimal weight ¢*™° are determined by

=A% =yg™ + u(l +pg™) 7 =0

and the solution of above equation exists and unique. Note that the above result has also been derived in Ref. [14], and we
demonstrate that it can be derived based on our general framework.
Proposition A.3. In model BN, for y # 1, the portfolio improvement from including equity derivatives is

RENS = : Y (%’)’\7(5BN’* _6BN,S)) >0.
-7

. . . AC 7
The equality holds if and only if I (1 + #ﬂ) .
Y
A.4 Portfolio with only VIX derivatives and risk-free assets
For a portfolio with VIX derivative, denote 6, = o-%zp, =0, so that
FP=p=0;, =+1-p6,=0, 6 =0.

Then according to the wealth process and stochastic variance process, and solving the HIB equation, the optimal value does not
depend on the optimal weight y,, i.e., y*° can be any real number.
Proposition A.4. In model BN, for y # 1, the portfolio improvement from including the stock into portfolio V is given by
RBN,S—V - L ( 1

~y76™5 | > 0.
1—')/ 2’)/V )>
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