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First, projective measurements on each qubit in the Z-direction were implemented to determine the amplitude of each base of the target
state. Then, a set of Pauli measurement settings was recursively deduced by the Z-measurement results, which can be used to determine
the phase of each base.

Public summary
m We present an adaptive strategy for the design of the PS-IC measurement settings using Pauli measurements.
m The number of required measurement settings is O(N) for certain quantum states, including cluster and W states.

m We numerically verified the feasibility of the strategy by reconstructing a 10-qubit 1-D chain state using the restricted
Boltzmann machine (RBM) model.
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Abstract: Quantum state tomography provides a key tool for validating and fully exploiting quantum resources. However,
current protocols of pure-state informationally-complete (PS-IC) measurement settings generally involve various multi-
qubit gates or complex quantum algorithms, which are not practical for large systems. In this study, we present an adapt-
ive approach to N-qubit pure-state tomography with Pauli measurements. First, projective measurements on each qubit in
the Z-direction were implemented to determine the amplitude of each base of the target state. Then, a set of Pauli measure-
ment settings was recursively deduced by the Z-measurement results, which can be used to determine the phase of each
base. The number of required measurement settings is O(N) for certain quantum states, including cluster and W states.
Finally, we numerically verified the feasibility of our strategy by reconstructing a 1-D chain state using a neural network
algorithm.

Keywords: quantum information; quantum state tomography; Pauli measurement; neural network
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1 Introduction PS. First, projective measurements of each qubit in the Z-
direction were implemented to detect prior information of the
target state, and the amplitude of each base of the target state
was determined. Then, a set of Pauli measurement settings
was designed based on the detected prior information, which
offers a set of equations to determine the phase of each base.
The informational completeness of the strategy is guaranteed
by the completeness of these equations. Because no multi-
qubit gates or complex quantum algorithms are involved, our
strategy offers a feasible approach to PS tomography for
experiments.

The remainder of this paper is organized as follows. In Sec-
tion 2, we first formulate the PS-IC problem and divide it
into the determination of the amplitude and the phase of each
base of the target state. Then, we prove the existence of Pauli
measurement settings that can be used to determine the phase
of each base. Finally, we provide a strategy to practically se-
lect the measurement settings for arbitrary PSs. In Section 3,
we numerically reconstruct a 1-D chain state with a restricted

In the recent decades, prodigious advances in quantum in-
formation technology have been achieved. As quantum
devices in laboratories reach tens of entangled qubits, validat-
ing the correctness of their performance has become challen-
gingl. Quantum state tomography (QST), one of the most
commonly used validation methods, aims to provide a com-
plete estimate of the quantum states””. QST reconstructs an
unknown quantum state from measurement results under a set
of informationally-complete (IC) measurement settings® ™.
For a d-dimensional system, d* positive operator-valued
measures (POVM) are necessary for general state tomo-
graphy', thereby making the measurement process and data
post-processing time-consuming.

To overcome this obstacle, prior information is used to re-
strict the unknown state to a more limited space, such as the
pure state (PS) space®”. Owing to the shrinkage of the de-
grees of freedom, various redundancies in the IC measure-

ment settings can be removed for PS tomography. Several Boltzmann machine (RBM) model to verify the feasibility of
protocols have been proposed for the design of PS-IC meas- our strategy. Moreover, we used the measurement error mitig-
urement settings™ ). However, these methods generally in- ation configuration with the RBM model to improve the ac-
volve multi-qubit gates or complex quantum algorithms, mak- curacy of the state reconstruction. A brief summary is
ing PS tomography a technically difficult task. An experi- provided in Section 4.
mentally friendly strategy with minimal Pauli measurement
settings for two- and three-qubit systems has been proposed!. 2 Design of adaptive IC Pauli measure-
This strategy offers a promising direction in developing a ment settings
feasible and general PS-IC measurement strategy for larger
systems. ) ) 0

In this study, we propose an adaptive strategy for the For a d-dimensional pure quantum state W/):ZC'M’ the
design of IC Pauli measurement settings for arbitrary N -qubit projective measurement results with observable A =
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Z a,la,)a,| can be expressed as follows: ) A
1 1 and
ple) = Ka, Y el = cealiiia), (1) L

; ij i ] @
which consists of d — 1 independent quadratic equations for c,. it ,
To determine |), 2d -2 independent and real parameters i
must be determined, considering the normalization condition ) )

from which we can deduce (assuming a < 3)
¢, =1 and the global phase symmetry of the quantum . .

2.kl global phase symmetry q 26,6, = WIXX - XXW) —iWIYX - XXIp).  (5)

state™”. To obtain a set of complete and compact equations,
we seek a strategy that provides IC Pauli measurement set-
tings for an arbitrary N -qubit PS.

First, projective measurements on each qubit in the Z-direc-
tion are implemented. The amplitude of each base is determ-
ined by

|C,-| ~ \/Ev

where p, is the relative frequency of the ith base in the meas-
urement results. In addition, we can deduce the support set A
of the target state from the measurement results, that is, the
set of bases with non-zero amplitude. The next step involves
determining the phase of each base using the measurement
results from the other measurement settings. In fact, owing to
global phase symmetry, only [A|—1 independent relative
phases need to be determined.

In the remainder of this section, we first prove that for an
arbitrary PS, there exists a set of Pauli measurement settings
that can be used to determine the phase of each base. We then
propose a strategy for selecting the measurement settings to
minimize the experimental errors originating from the meas-
urements in the X- or Y-directions.

2)

2.1 Existence of IC Pauli measurement settings

We denote the single-qubit Pauli operators as o, =X,
o,=Y,0.=Z7Z. For simplicity, we omit the tensor product
symbol by writing e.g. XY instead of X®Y. H(N), which is
composed of 2V elements, is denoted as the set of bases for N -
qubit system in a standard Z-basis representation. Then, we
can define the distance between the elements in H(N) as

d@.p) =@ -All, Ya,BeHN),

3)
that is, the number of different entries between @ and E . Here,
we denote @ and E as the vector forms of the bases a and g,
such as [00) — (0,0)". The relative phase between c, and c, is
denoted by £ = ¢, — ¢, where ¢, and ¢, are the phases of the
bases a and §. Clearly, £ = -« and -7 < £ <.

We argue that a set of Pauli measurement settings exists
that can be used to determine < for any a,8 € A C H(N). We
prove this by dividing the base pairs (@,) into three cases
based on their distance n = d(a,8):

(i) If n=N and |A| =2, we can use the measurement set-
tings {XX---XX, YX---XX} to determine <. The matrix
forms of these two observables are given as follows:

1-2

Therefore, < = Argc,c;. For a single-qubit system, {X,Y} is
sufficient to determine the phase of each base. In this case,
2¢,¢; = (WIXI) — KWIYIY).

(i) If n = N and there exists a third base y € A satisfying
0 <d(a,y), d(B,y) < N. According to

(6)

we can determine « by separately determining £, and 42. This
leads to Case (iii).

(iii) If n < N, @, B can be written in the tensor product form
in H(n) @ H(N —n), that is,

&=+ +2kn ke,

) =) @lay-,), |B)=18.)®|Br-.) (M

and |ay_,) = |Bv_.). We can use projective measurements in the
Z-direction on these N —n qubits to project the state into the
space spanned by H(n). Consequently, we can determine <2
with the measurement settings designed in H(n), which re-
turns the problem to Case (i) or Case (ii). This recursion res-
ults in Case (i) with the reduction in dimensionality. Finally,
we obtain a set of measurement settings for determining <.

After determining «* for each «,8 € A c H(N), we obtain a
full set of measurement settings for the target state.

2.2 Selection strategy

Although we have proven the existence of IC Pauli measure-
ment settings for arbitrary PSs, the solution to this problem is
not unique. For different experimental implementations, we
optimize the selection of the measurement settings. To min-
imize the system errors originating from the experimental op-
eration of measurements in the X- and Y-directions, we pro-
pose a strategy to select the measurement settings.

First, we define the cluster as a set of bases in which the re-
lative phase of each pair of bases has already been determ-
ined. We define the distance between clusters £ and Q as
follows:

d(P,Q) = min d(a,p). ®)
aeP, feQ

Our strategy involves the following steps. We begin with
the initial condition that each base in A is a cluster itself;
then, we iteratively execute the following steps until all of the
elements in A belong to the same cluster:

(i) We first split A into different clusters, that is,
A= J;A. We can select the two closest clusters A, and A,
using

d(A,,A,) = mind(A;, A,). ©)
ij
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(i) We find two bases @ and 3 that satisfy

da,p)=d(A,A), ae€A, LA, (10)

Using the method introduced in Section 2.1, we can deduce
the measurement settings for determining <%.

(iii) The measurement settings selected in Step (ii) can typ-
ically be used to determine the relative phases of more than
one pair of bases; therefore, we need to regroup the clusters in
this step. This leads the procedure back to Step (i).

Finally, we obtain a set of measurement settings that can be
used to determine the phase of each base of the target state
with the fewest single-qubit operations. Several examples are
provided as follows. For N-qubit cluster states, the support
set is A = H(N). The measurement settings can be deduced
as

XZ---7, ZXZ---Z, -+, ZZ---ZX,

YZ---Z,ZYZ--Z, -+, ZZ---ZY). (11)

For the GHZ states, the Pauli measurement settings are
{XX---XX, YX---XX}, which corresponds to Case (i) in Sec-
tion 2.1. For W states, the measurement settings can be de-
duced from the symmetry of the bases as!""

(XXZ---Z, ZXXZ---Z, ---, Z---ZXX,

YXZ---7Z, ZYXZ---Z, ---, Z---ZYX]}. (12)

3 Numerical simulation of pure state re-
construction

In this section, we numerically reconstruct a 1-D chain state
using the RBM model to verify the feasibility of our strategy.
In addition, we use a measurement error mitigation configura-
tion based on the RBM model to improve the accuracy of

12,13]

state reconstruction' >,
3.1 Introduction to the RBM model

Although the target state [) can, in principle, be inferred
from the set of equations generated by the strategy, solving a
multivariable system of equations is a time-consuming task.
The RBM is a classical generative machine-learning model
that can be used to capture the structure of the distribution
contained in the samples'* ', Its application in quantum state
reconstruction has been proven to be a state-of-the-art
method!” ', The N-qubit quantum state i) is represented by
two coupled RBM models, which can be expressed as!'”!

Yon@) = +f @ew“m, o e HN),

where p, and ¢, are two independent RBM configurations
that separately represent the amplitude and the phase of each
base. The RBM ansatz function is"*

(13)

1
Pi) = Zo5 D expL=E( I D, (14)

which is the marginal Boltzmann distribution of the spin sys-
tem. v, h; € {0, 1} represent the values of each node in the vis-
ible and hidden layers, respectively. The energy function of
the system is E@W,h;A)=-3, W, vh,—X,avi—2,byv,

which is controlled by the parameter A = {W,a,b}. The parti-
tion function Z(2) = 3}, 3., exp[—E(v, h; A)] ensures normaliza-
tion of the ansatz function. Because of this mechanism, the
RBM model becomes a universal approximation of probabil-
ity distributions. The measurement result of the base o under
the measurement setting « can be parameterized by !

(@) =Te(n, )XW, 1o )0 ]) =
: (15)

s

U@, oW (o)

where U(o*,0) is the unitary transformation of basis change.
The parameters of the RBM model can be fitted from the
measurement results using the contrastive divergence learn-
ing algorithm!¥, leading to a parameterized representation of
the target state.

To numerically simulate the preparation and measurement
process of the target state, we developed the Python package
Qusource”. We trained the target state using an open-source
library QuCumber!'”.

3.2 Measurement error mitigation

The measurement process contains readout errors, which can
reduce the accuracy of the reconstruction results. Therefore, a
measurement error mitigation procedure should be implemen-
ted before state reconstruction. Here, we take the measure-
ment process involving bit-flip errors as an example, and use
an error-mitigation configuration with the RBM model to im-
prove the accuracy of state reconstruction!!. We denote p.,
as the ideal probability distribution under a certain measure-
ment setting and p,,, as the distribution of the measurement
results involving bit-flip errors. Assuming that the measure-
ment process for each qubit is independent, we obtain the
transfer matrix of this process, that is, E = ® F,. Here
1-¢l

g
Fi_[ € 1-& ]

is the transfer matrix of the single-qubit measurement pro-
cess involving measurement errors p(0|1) = & and p(1]0) = &,
assuming that &' € [0,0.5) . The measurement process can be
expressed as follows:

(16)

amn

where p.,, is the finite sampling of Ep,.,. The linear inver-
sion method uses inverse mapping E-' to obtain an approxim-
ation of pi., that is, pie. = E™' p.,,. However, this method is
simplified at the expense of computability and robust-
ness!'. To overcome these problems, we can use the paramet-
erized probability distribution model P,(4) to find an op-
timal solution, that is,

pexp ~ Epidealy

(18)

To solve this problem, we can use the maximum likelihood
estimation (MLE) method, which takes the likelihood func-
tion as the cost function. Owing to its universality, the RBM
model is a good candidate for the MLE method""'*.

We compare the linear inversion and MLE methods in the

Ao = AN, ||E o (A) = Pes -

@ https://github.com/Meng-Xiang-Rui/Qusource
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reconstruction of the target state amplitude involving an error
rate € =0.01. The results are evaluated based on the fidelity
between the probability distribution ¢, and ideal distribution
lc;?, that is,

oN 2
F= (Z ti'lcilz] . (19)

i=1
As shown in Fig. 1, the processed measurement results
using the RBM model are close to the measurement results
without errors. The difference between their fidelities is
AFgpy =0.01£0.0045, which is notably better than that
between the processed measurement results involving the
linear inversion method (AF,,, = 0.074 £0.001) and measure-
ment results without processing (AF . = 0.10 + 0.005).

3.3 Reconstruction of a 1-D chain state

In this section, we apply our strategy to reconstruct a 10-qubit
1-D chain state. The entanglement feature of this state is im-
portant in optical lattices!”. We numerically reconstruct this
state using the RBM model"*.

The quantum circuit of the preparation process'” of a 10-
qubit 1-D chain state is shown in Fig. 2. The preparation pro-
cess begins with the Néel state |0101010101) ™. Then,

VSWAP% gates are imposed on the qubits at (2k—1,2k),
1 <k<5.Here

1 0 0 0
0 1-1i 1+i
SWAP = 2 2 (20)
141 1-i
0 — — O
2 2
0 0 0 1
° o 2
0.95 ;*‘lﬁtl. +%;
' -
n LI
0.90 + l f v ou W
0.85 # #‘.AA“*“"
* |4 y 4
# A
20.80 i
SR
“0.75 b
0.70 %
¢ original data
065 4 data with simulated error
)\ ¥ linear inversion method
0.60 # RBM method
250 500 750 1000 1250 1500 1750 2000

Measurement times

Fig. 1. Single-qubit flip error mitigation. The target state is the 10-qubit
1-D chain state, which is introduced in Section 3.3. The results
(mean +std) are evaluated using Eq. (19) from five independent numerical
experiments. The blue points represent the ideal measurement results
without errors. The yellow triangles represent the measurement results
with flip errors (e = 0.01), which are simulated by the bit-flips in the ran-
domly chosen data points of the ideal measurement results. The red
squares represent the processed measurement results with the RBM mod-
el. The green squares represent the processed measurement results with
the linear inversion method.

1-4

O | s
) U1 £
B 7 ) e =
1) L L o A
0) . p A
) L L ] A
0) S 1A
) B . A
S 7] ] i =
) 7] A

Fig. 2. Quantum circuit of a 10-qubit 1-D chain state preparation process.
The initial state involves the Néel state; the notation U and S stand for
VSWAP' gate and the STO process, respectively.

can be realized using a superexchange process™!. After this
step, we obtain the product of the five Bell states

(|Ol)+i|10> 85

. The relative phase of 7/2 in each pair of

2
Bell states is cancelled by the singlet-triplet oscillation (STO)
01y +110)\®
process”!. Finally, the five Bell states | ————

. . J 2 .
tangled by imposing the VSWAP gate on the qubits at
(2k,2k+1),1 < k < 4, ultimately resulting in a 1-D chain state.

Now, we deduce the measurement settings for the 10-qubit
1-D chain state based on its preparation process. The STO
process only changes the phase of each base of the state;
therefore, we only need to analyze the effect of the VSWAP

1= 1+i
gates. Because VSWAP = Tl I+ % -SWAP and

are €n-

d(a,SWAP-a)=0o0r2, acHN), 21

each element in the support set (A is generated by a series of
swap operations on the adjacent qubits from the initial state
[0101010101). The bases involved in these generation pro-
cesses are all reserved in (A because of the existence of [ in
the \/SWAPf gate. Based on the selection strategy, we can de-
duce that the measurement settings for the 10-qubit 1-D chain
state are

(XXZ---Z, ZXXZ---Z, ---, Z---ZXX,
YXZ.--7Z, ZYXZ---Z, ---, Z---ZYX}.

To verify the feasibility of these measurement settings, we
implement the reconstruction of the target state using the
RBM model under different measurement times. The results
are evaluated using the fidelity between the reconstructed
quantum and target states, that is,

F = [l (23)

Fig. 3 shows the sequence of fidelities are convergent to 1,
which numerically proves the feasibility of our measurement
strategy.

(22)

4 Conclusions

In this work, we presented an adaptive strategy for the design
of PS-IC measurement settings with Pauli measurements, and
numerically verified its feasibility by reconstructing the a 10-
qubit 1-D chain state with the RBM model. We demonstrated
that for an arbitrary pure quantum state, there exists a set of
Pauli measurement settings that fulfills the IC condition. This
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Fig. 3. Reconstruction of 1-D chain state with the RBM model. The res-
ults (mean +std) are evaluated using the fidelity between the target and re-
constructed states with the RBM model in five independent numerical ex-
periments.

1500 1750 2000

was proven by the fact that the relative phase between any
two bases of the target state can be recursively determined by
the relative phases of some intermediate bases using Pauli
measurements. Based on this proof, we proposed a strategy
for selecting a set of IC Pauli measurement settings. We veri-
fied the feasibility of our strategy by reconstructing the a 1-D
chain state with the measurement settings designed based on
this strategy. The fidelities of the reconstruction results con-
verged to 1 with increasing measurement times, thus proving
the feasibility of our strategy. In addition, we used the MLE
method to implement the procedure of measurement error
mitigation, which can improve the accuracy of state recon-
struction.

Our strategy provides a feasible approach to PS tomo-
graphy using Pauli measurements. In addition, our work
raises several open questions. For example, what is the upper
boundary of the number of measurement settings in our selec-
tion strategy? Does a general selection strategy exist for O(N)
Pauli measurement settings? How can we determine the min-
imal set of Pauli measurement settings for an arbitrary state?
These questions suggest avenues for future research explora-
tions that might turn PS tomography into a more practical ex-
perimental tool.
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