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Quantum circuit of DQCI algorithm and experimental results.

Public summary
m DQCI algorithm is implemented in a solid system in a real noisy environment.
m Nonvanishing quantum discord is observed.

m Quantum discord is responsible for the power of DQCI.

Citation: Li T W, Wu Y, Jin F Z, et al. Experimental investigation of quantum discord in DQC1. JUSTC, 2022, 52(4): 2. DOI: 10.52396/JUSTC-2021-
0267


mailto:fzjin@wsyu.edu.cn
mailto:xrong@ustc.edu.cn
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:fzjin@wsyu.edu.cn
mailto:xrong@ustc.edu.cn
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://justc.ustc.edu.cn
https://doi.org/10.52396/JUSTC-2021-0267
https://doi.org/10.52396/JUSTC-2021-0267

N
+

UST
http://justc.ustc.edu.cn Received: November 17, 2021; Accepted: February 09, 2022

Experimental investigation of quantum discord in DQCI1

Tingwei Li', Yang Wu'?, Fangzhou Jin® ™, and Xing Rongl’2 >

!CAS Key Laboratory of Microscale Magnetic Resonance and School of Physical Sciences, University of Science and Technology of China, Hefei
230026, China;

2CAS Center for Excellence in Quantum Information and Quantum Physics, University of Science and Technology of China, Hefei 230026,
China;

3Department of Fundamental Subjects, Wuchang Shouyi University, Wuhan 430064, China

BCorrespondence: Fangzhou Jin, E-mail: fzjin@wsyu.edu.cn; Xing Rong, E-mail: xrong@ustc.edu.cn
© 2022 The Author(s). This is an open access article under the CC BY-NC-ND 4.0 license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Cite This: JUSTC, 2022, 52(4): 2 (6pp) Read Online

Abstract: Quantum discord has been proposed as a resource responsible for the exponential speedup in deterministic
quantum computation with one pure qubit (DQC1). Investigation of the quantum discord generated in DQCI1 is of signific-
ant importance from a fundamental perspective. However, in practical applications of DQCI1, qubits generally interact with
the environment. Thus, it is also important to investigate the discord when DQCI1 is implemented in a noisy environment.
We implement DQC1 on an electron spin resonance (ESR) architecture in such an environment and nonzero quantum dis-
cord is observed. Furthermore, we find that the values of discord correspond to the values of purity & and quantum Fisher
information, which reflect the power of the algorithm. Our results provide further evidence for the role of discord as a re-
source in DQC1 and are beneficial for understanding the origin of the power of quantum algorithms.

Keywords: quantum discord; electron spin resonance; DQC1

CLC number: O413.1 Document code: A
Most quantum computation algorithms require qubits pre- al perspective, DQCI1 realizes an exponential speedup over
pared in a pure initial state'-”, whereas the mixed state is the best known classical algorithm for specific tasks and has
more naturally accessible for many experimental candidates been used in a variety of fields such as quantum metrology™,
for quantum computation. Thus, it has attracted considerable thermodynamics”’, calculation of fidelity decay", and estim-
interest since mixed-state quantum computation was pro- ating Jones and polynomials®’. When the DQCI1 algorithm is
posed® 7. A typical mixed-state quantum computation model implemented in practical applications, the system inevitably
is DQCI, deterministic quantum computation with one pure interacts with the environment. The interaction usually causes
qubit®. Unlike pure-state quantum computation, in which the a non-unitary evolution of the system, making an unideal im-
generation of a large amount of entanglement is necessary for plementation of the algorithm. It is also important to detect
exponential speedup”'’, entanglement is at most marginally and observe the behavior of quantum discord in this case,
observed in DQCI1!-", Thus, a fascinating and fundamental since if discord is the resource advancing the speedup of
question arises: what is responsible for the speedup of DQC1? DQC1, it should also be responsible for the practical imple-
It has been pointed out that entanglement cannot describe mentation in a real environment as long as the implementa-
all the nonclassical features in the correlations'”), whereas tion is successful. This is particularly important when consid-
quantum discord can be used as a measurement of the quan- ering the practical applications of DQCI.
tumness of correlations!*'®. Thus, discord has been proposed In this study, the DQCI1 algorithm is implemented in a sol-
as a figure of merit for characterizing the resources in id system in a real noisy environment. The normalized trace
DQCI", and it has been extensively researched"*". of U’ is estimated using the free evolution under the system
Quantum discord has also been demonstrated to be a re- Hamiltonian, where U, denotes a quantum gate. Although the
source for encoding information and remote state interaction between the system and environment causes a de-
preparation”™ >, implying a similar role of discord in DQCI. cay of the algorithm output, the algorithm can be success-
Nonvanishing quantum discord has been experimentally de- fully implemented, and nonvanishing quantum discord is ob-
tected in DQC1™, However, since it has been proven that served for 0 # km, 6 is a parameter related to the hyperfine
almost all quantum states have nonzero discord””, the obser- coupling and evolutionary time, though the discord decays
vation of nonvanishing discord presents insufficient evidence by approximately two orders of magnitude owing to the inter-
for the role of discord. The relationship between the discord action. This demonstrates a successfully implemented DQC1
and purity of the control qubit in DQCI has been analyzed"". algorithm in a real noisy environment, in which nonzero
However, to date, no experimental demonstration has been quantum discord is present and potentially plays an important
implemented. role. Furthermore, we detect the quantum discord generated in
In addition to the fascinating properties from a fundament- the algorithm for different values of purity @ of the control
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qubit. Since a smaller value of @ requires more runs of the al- 1 1 —a[Tr(UD)]' /N 3)
gorithm for a fixed accuracy of the estimation (see the text Pe= 2\-aTr(U?)/N 1

below for details), the variation in « represents a variation in
the algorithm power. Our results show that the value of
quantum discord corresponds to the value of @, indicating that
there is more discord generated in the more powerful al-
gorithm. The implementation can be immediately used to es-
timate the hyperfine coupling of the electron and nuclear spin
without modification. The quantum Fisher information places
an upper bound on the estimation precision™ ! and also re-
flects the power of the algorithm. We analyze the relation-
ship between the quantum Fisher information and quantum
discord when varying « and find an increasing function of the
quantum Fisher information with respect to increasing
quantum discord. This implies that larger amounts of discord
can lead to a more precise estimation, and thereby, reflecting
that the algorithm is more powerful. All the results indicate
that quantum discord is responsible for the power of DQCI.
Although insufficient, our results provide strong evidence of
the role of quantum discord as a resource in DQCI.

Fig. 1 shows the quantum circuit of the DQCI1 algorithm
for estimating the normalized trace of U?, in which U, is a n-
qubit quantum gate. The required input state consists of a

. . . |
single control qubit ¢, whose density matrix is 5(11 —aZ), and

a register of n qubits in the completely mixed state 1,/2",
where « reflects the purity of the qubit, 7, denotes the n-qubit
identity, and Z denotes the Pauli-z matrix. The circuit con-
sists of a standard Hadamard gate on the control qubit ¢ and
two controlled-gates. Among the two gates, the first gate
leads to a unitary evolution U,, which is applied to the re-
gister if and only if qubit c is in the logical state of |1), and the
second corresponds to unitary U, on the register when c is in
the state |0), where U} denotes the Hermitian conjugate of U,.
The complete evolution of the two controlled-gates can be de-
scribed as

u: 0 )
0 U,
After the evolution the output state of all n+ 1 qubits can be
expressed as

UC,=( (1)

@)

I, —anz)
Per

1
T 2N (—ozU,.2 1,
where N =2". By performing a partial trace over the register,
the reduced state of qubit ¢ can be obtained as

pe = —aZ)/2 —

A

1]

_ — t
p, =I,/2" u,| U]

Fig. 1. DQCI algorithm to estimate the normalized trace of U,>2. I, is the
n-qubit identity, ¢ reflects the degree of purity of control qubit ¢, and z
denotes the Pauli operator z. The normalized trace Tr(U,?)/2" can be de-
rived from the expectation values of the output of qubit ¢ measured on the
Pauli x and y bases.

2-2

The normalized trace of U,” can be retrieved by measuring
the expectation values of the standard Pauli operators X and Y
on the output state of qubit ¢, since (X) = —aRe[Tr(U,’)/N]
and (Y) = —aIm[Tr(U,%)/N]. It should be noted that a small
value of a leads to small absolute values of (X) and (Y),
thereby making it more difficult to estimate the normalized
trace. It is evident that for a fixed accuracy, a smaller @ im-
plies more runs of the algorithm considering the same U,, and
thereby, indicating less power of the algorithm.

We implement the first-order case (n = 1) on an electron
spin resonance(ESR) architecture. The E, center in «-
quartz®*", which consists of an electron trapped near the Si
atom and a proton localized on the O vacancy, is used as the
system. The electron spin and proton nuclear spin provide
control and register qubits, respectively. Fig. 2a shows the
continuous wave ESR spectrum of the E’ center recorded at
room temperature with the optical axis of quartz oriented
along the magnetic field. The split of the two peaks presents
the hyperfine coupling of the electron and nuclear spins. The
static Hamiltonian can be expressed as

HO = wSSz+wllz+27TASzI: (4)

where wg = gBB,/h and w, = —g,B,B,/h characterize the Zee-
man interactions for the electron and nuclear spins, respect-
ively, and A (1.12 MHz at room temperature) describes the
hyperfine coupling. The initial state is thermal state with a
density matrix p,, = e /" /Tr(e™™/"*"), where T denotes the
temperature. Given that w; is approximately three orders of
magnitude larger than w, and A and fiw; is approximately two
to three orders less than k7 within the experimental temperat-
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Fig. 2. (a) Continuous wave (CW) ESR spectrum of the E; center in a-
quartz recorded at room temperature with the optical axis of the quartz
oriented along the magnetic field. The split of the two peaks indicates the
hyperfine coupling of the electron and nuclear spins. (b) Output of al-
gorithm as evolution time varies for temperature 7 = 80 K. Temperature 7
and evolution time ¢ represent o and @, respectively, as described in the
text. The output value is not normalized. The area with time # <0 is re-
lated to the single-qubit gate on the control qubit. The output near ¢ =0 is
affected by the protection pulse, and thus it differs from the actual value
of the output. The decay of the output originates from the interaction with
the environment during the evolution of the system, as described in the
text.
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ure range, the thermal state can be approximated as

1 1
P = E(Il—aZ)(X)EI, 5

where

a = hws [(2kT) (6)

For the initial state, the Hadamard gate on the control qubit
is identical to a 7r/2 rotation of the qubit along the y axis. Un-
like the optical implementation of DQC1"*, in which the two-
qubit controlled-gate is realized non-deterministically, the
two-qubit gates are implemented deterministically via the free
evolution of the system. In a double-rotating frame, the sys-
tem Hamiltonian under free evolution is

H =2nrAS I @)
The evolution can be described with the operator
efiZNAl/Ll 0 0 O
0 ei27rAr/4 0 0
U“ = 0 0 ei2nAt/4 0 (8)
0 0 0 e—i2nAr/4
which gives
ei9/4 O
with
0 = 2nAt (10)

However, the practical evolution of the system becomes
non-unitary due to interaction with the environment. This
leads to an exponential decay in the off-diagonal elements of
the density matrix under evolution. Thus, the practical output
state p,,, deviates from the output state p,, of the perfect al-
gorithm circuit.

BT/
prrvp - 4 _aUlzefr/rz'

where T; (3.3 ps at room temperature) denotes the dephasing
time of the electron spin. The outputs (X) and (Y) also decay
by a factor of e™/”:. The algorithm can still be successfully
implemented to estimate the normalized trace because the de-
terministic decay can be compensated.

Fig. 2b shows the practical output of the algorithm as the
evolution time varies at 7 = 80 K. The value of the output is
not normalized. The area, where ¢ < 0, only records the imple-
mentation of the one-qubit gate before evolution, and thus, is
not the algorithm output. The deviation of the output near
t =0 is due to the influence of the protection pulse. The out-
put presents an overall decay in accordance with the theoret-
ical analysis above.

To analyze the generated quantum discord, quantum state
tomography"” is used to reconstruct the density matrix p,, of
the two-qubit output state. The mutual information for p,, is
I(p.) =S (p.)+S(p,) =S (o), where S(p)=-Tr(plog,) is
von Neumann entropy. The classical correlation can be ob-
tained using the maximum accessible information about re-
gister qubit » when performing a conditional positive-opera-
tor-valued measurement {IT,} on qubit ¢, ie., C.(o,)=

—aU;"ze’/T;) )

1,

2-3

max, [S (0,) — . piS ()],  where  p, = Tr(IL,p,IT)) and
O, = Tr.(IL o, I0I0)/ p,. The difference between the mutual in-
formation and classical correlation gives quantum discord
D.(p.) = I(p.) - C.(p.,).

Figs. 3a and 3b show the experimentally detected quantum
discord as 6 varies for T =20K (corresponding to
a=1.16x107?) and T =80K (corresponding to a =2.89%
107%). Nonzero quantum discord are observed for both & when
6 # kn for integer k. The overall decay of discord is due to the
interaction with environment during the evolution of the sys-
tem. When considering the effect of the interaction, i.e., with
Eq. (11), the theoretical predicted quantum discord fits the ex-
perimental data extremely well. In Figs. 3¢ and 3d, we com-
pensate the decay of off-diagonal elements of the reconstruc-
ted density matrices by multiplying e, and we calculate
quantum discord with the compensated density matrices. As
expected, after compensating the decay, the quantum discord
varies periodically with 8 while the overall decay feature dis-
appears. The results are in good agreement with theoretical
predictions considering perfect circuit operations(i.e., based
on Eq. (2)). Although practically detected quantum discord is
approximately two orders smaller than that calculated with
compensated density matrices, it is still nonzero in the suc-
cessfully implemented algorithm.

Fig. 4 shows the relationship between quantum discord and
a (or temperature 7). In Fig. 4a, the variation in experiment-
ally detected quantum discord with temperature is depicted
for fixed 6 = 4.487 and 6 = 4.27x. In both cases, the quantum
discord decreases as the temperature increases. By consider-
ing the relationship between the temperature and «, it is clear
that the discord increases as @ increases. Since the quantum
discord is significantly influenced by the interaction of the
system and environment, we also calculate the discord with
compensated density matrices in Fig. 4b for 8 = 4.487. The
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Fig. 3. Quantum discord generated for: (a)(c) T=20K (a=1.16x1072),
and (b)(d) T =80K (@=2.89x1073%). In (a) and (b), the experimental data
(black square points) are practically detected, quantum discord is calcu-
lated with the original reconstructed density matrices of the output state,
and the theoretical predictions (red curves) are calculated using Eq. (11)
considering the interaction of the system with the environment. In (c) and
(d), the experimental data (black square points) are calculated using the
compensated density matrices, as described in the text, and the theoretic-
al predictions (red curves) are calculated using Eq. (2) for perfect al-
gorithm circuit operation. The error bars include only the estimated er-
rors in numerically calculating quantum discord with density matrices.
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Fig. 4. (a) Experimentally detected quantum discord with varying tem-
perature for 6 =4.487 (black squares) and §=4.27r (red dots). Discord is
calculated with the original reconstructed density matrices of the output
state. (b) Comparison of quantum discord calculated using the original
(black squares) and compensated (red dots) density matrices for 8 = 4.48x.
The theoretical predictions (red curve) are calculated using Eq. (2) for
perfect circuit operation. (¢) Quantum discord calculated using com-
pensated density matrices with varying temperature for ¢ =4.48z (black
squares) and 6 =4.27r (red dots). The theoretical predictions (black and
red curves) are calculated using Eq. (2) for perfect circuit operation. (d)
Same as (c), but for quantum discord with varying «. @ and the temperat-
ure is related one-to-one according to Eq. (6). Error bars only include the
estimated errors for numerical calculation of the quantum discord with
density matrices, and are covered by symbols of points.

calculated quantum discord with compensated density
matrices is in good agreement with the theoretical prediction
calculated with Eq. 2 for perfect circuit operation. The differ-
ence between the discord calculated with original and com-
pensated density matrices is approximately two orders, and
this shows the decay of discord due to the interaction with the
environment during the system evolution corresponding to 6
from 0 to 4.48x. Fig. 4c compares the quantum discord calcu-
lated with compensated density matrices and theoretical pre-
dictions for perfect circuit operation. A good agreement is
realized for both 6 = 4.487 and 6 = 4.27x. In Fig. 4d, the vary-
ing temperature is translated to varying «, and the relation-
ship between quantum discord (calculated with compensated
density matrices) and « is clearly presented. It shows that the
value of quantum discord corresponds to the value of a. Giv-
en that larger o implies a more powerful DQCI algorithm, in
this case, the more powerful algorithm generates larger
amounts of quantum discord.

As 6 =2rAt (Eq. (10)), our implementation of the DQCI
algorithm can be immediately used to estimate the hyperfine
coupling A. Supposing that p(A) denotes the output density
matrix which contains the parameter A, the precision of esti-
mating A after a measurement E(¢) on the output state is bound-

o . L (op@a)Y
ed by the Fisher information F(A) = [d¢ @ A)( A ) s
where p(£|A) = Tr[E(£)p(A)] is the probability distribution of
the measurement result £. The quantum Fisher information is
the maximum of the Fisher information over all measure-
ments E(&), i.e., Iqu(A) = max., F(A). Thus, the quantum
Fisher information places an upper bound on estimation pre-
cision. By optimizing the measurement, the quantum Fisher
information can be derived as Iqu=Trlp'L,(0")], where

2-4

do 2 . .
a and LP(O) = Z(,‘,k\pj+1>kx0)mojkljka and |j) (Ik))

are eigenvectors of p with eigenvalues p; (p,)"™ .

For a fixed operation involving the estimation of a para-
meter, with the system prepared in different initial states, dif-
ferent final states can be typically obtained, and the best pos-
sible estimation precision represented by quantum Fisher in-
formation is usually different. Since the quantum Fisher in-
formation places the upper bound on the estimation precision,
it can be used to characterize the power of an algorithm for
estimating the parameter. We implement the DQC1 algorithm
to estimate the hyperfine coupling A. By varying the degree
of purity @ of the control qubit, we obtain different output
states. The corresponding quantum Fisher information differs,
suggesting that different algorithm power leads to different
estimation precision. Thus, we analyze the relationship bet-
ween the quantum Fisher information and generated quantum
discord to further demonstrate the role of quantum discord in
the algorithm.

Fig. 5 shows the result of calculated quantum Fisher in-
formation with quantum discord in practical implementation
of the algorithm to estimate the hyperfine coupling A. The
quantum Fisher information presents an increasing function
as the quantum discord increases, implying that larger
amounts of quantum discord can lead to a more precise estim-
ation. This supports the potential role of quantum discord as a
resource in DQCI1 from another perspective. The theoretical
prediction is calculated without considering the interaction of
system with the environment. Although the interaction causes
decay on the quantum Fisher information and quantum dis-
cord, surprisingly it has little effect on their relative relation-
ship. This may imply some intrinsic feature responsible for
the successful implementation of the algorithm under such
noisy environment.

In conclusion, a DQCI1 algorithm has been realized on an
ESR architecture with the E; center in a-quartz. The E; cen-
ter provides not only an electron and nuclear spin as the con-

< exp ,!
theo|

p=

! 13 ! 12 ! 1

10 10 10
discord

Fig. 5. Quantum Fisher information with quantum discord when imple-
menting the DQC1 algorithm to estimate the hyperfine coupling 4. The-
oretical predictions are calculated without considering the interaction
between the system and environment. Owing to the interaction, the exper-
imental data for quantum Fisher information and quantum discord are
much smaller than the corresponding theoretical values. However, their
experimentally obtained relationship is in good agreement with the theor-
etical prediction as shown in the figure. The error bars only include the
estimated errors in numerically calculating quantum discord with density

matrices.
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trol and register qubits of the algorithm, but also a real noisy
environment. This allows us to investigate quantum discord in
the practical implementation of the algorithm rather than in
the realization of the ideal model. Such an investigation is
valuable since in practical applications of DQCI1, qubits gen-
erally interact with the environment. In our case, the interac-
tion with the environment causes a decay of quantum discord.
Nevertheless, nonzero quantum discord is observed when
6 # km with integer k, confirming that quantum discord is
generated in DQC1 even in a noisy environment. Further-
more, we detect the quantum discord generated with different
degrees of purity @ of the control qubit. a reflects the power
of the DQC1 algorithm because a smaller value of @ requires
more runs of the algorithm for a fixed precision in estimating
the normalized trace. Our results show that the value of
quantum discord corresponds to the value of @, suggesting
that a more powerful algorithm generates larger amounts of
quantum discord in this case. We further implement the al-
gorithm from a more practical perspective for estimating the
hyperfine coupling A of the electron and nuclear spin.
Quantum Fisher information presents the best possible preci-
sion of the estimation, and thereby representing the power of
the algorithm. Different values of a lead to different output
states wherein the measurement provides a different estima-
tion precision of A. We have analyzed the quantum Fisher in-
formation and quantum discord for different values of @. The
quantum Fisher information increases as the quantum discord
increases, implying that quantum discord is helpful to ad-
vance estimation precision. All the results provide evidence
of the role of quantum discord as a resource in DQCI.
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