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Graphical abstract

Minimum degree conditons on Hamilton cycles.

Public summary
■ If the minimal degree condition is satisfied, then by perturbing the digraph with a random 1-regular graph, the resulting
digraph is a.a.s. pancyclic.

■ Moreover, we give a polynomial algorithm to find cycles of all possible lengths in such perturbed digraph.
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Abstract: Dirac’s  theorem states  that  if  a  graph G on n vertices  has  a  minimum degree of  at  least  ,  then G contains  a
Hamiltonian cycle. Bohman et al. introduced the random perturbed graph model and proved that for any constant   and
a graph H with a minimum degree of at least  , there exists a constant C depending on α such that for any  , 

is asymptotically almost surely (a.a.s.) Hamiltonian. In this study, the random perturbed digraph model is considered, and

we show that for all   and  , the union of a digraph on n vertices with a minimum degree of at least

 and a random d-regular digraph on n vertices is a.a.s. pancyclic. Moreover, a polynomial-time algorithm is proposed to
find cycles of any length in such a digraph.
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1    Introduction
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In  graph  theory,  Dirac’s  famous  theorem[1]  states  that  if  a
graph G  on  n  vertices  has  a  minimum  degree  of  at  least  ,
then G contains a Hamiltonian cycle. Moreover, if G is not a
completely  balanced bipartite  graph  ,  then the  result  can
be  strengthened  such  that  G  is  pancyclic;  i.e.,  G  contains
cycles of all lengths from 3 to n.

Gn, p

p ⩾

(1+ε)
logn

n
Gn,p

The  study  of  random  structures  is  a  thriving  field  in  the
graph theory.  This  implies  that  we  can  generate  a  graph   ac-
cording  to  a  certain  distribution,  and  the  probability  that  the
graph  satisfies  some  property  is  considered.  A  well-known
model  is  the  Erdös-Rényi  random  graph  ,  which  is  a
graph  of  n  vertices whose  edges  appear  individually   inde-
pendent with probability p. It was shown in Ref. [2] that if 

,  then    is  asymptotically  almost  surely  (a.a.s.)

Hamiltonian.

δ(H) ⩾ αn

H∪G

α > 0
δ(H) ⩾ αn

p ⩾
C
n

H∪Gn,p

In  2003,  Bohman  et  al.[3]  introduced  an  random  perturbed
graph model. This is a combination of extremal problems and
the study of  random structures.  In  this  model,  we consider  a
graph H,  whose  minimum  degree  is  bounded  by  ,
and a random graph G according to a certain distribution. The
goal  is  to  determine  whether    a.a.s  satisfies  certain
properties.  Bohman  et  al.[3]  examined  the  problem  of
Hamiltonicity  and  proved  that  for  any  constant    and  a
graph H with  , there exists a constant C depending

on α  such  that  for any  ,    is  a.a.s.  Hamiltonian.

Krivelevich et al.[4] generalized Hamiltonicity to pancyclicity,
and Hahn-Klimroth et al.[5] showed that the constant α can be
a function that tends to 0, where n tends to infinity. Hamilton-
icity has also been studied in randomly perturbed digraphs[3, 4],
hypergraphs[4, 6, 7, 8],  and  subgraphs  of  the  hypercube[9].  Many
other  properties  of  this  model  have  also  been  studied.  For
example,  the  existence of  powers  of  Hamiltonian cycles[10, 11],
F-factor[12, 13],  and general bounded degree spanning graphs[11].
In  all  these  cases,  the  results  significantly  improved  the
bounds provided by the traditional random graph model. Re-
cently, Espuny Díaz and Girão[14] considered Hamiltonicity in
graphs perturbed by a random regular graph.

H∪D
δ(H) ⩾ αn

d ∈ N
d ⩾ 3

d ∈ {1,2}

In  this  study,  we  consider  a  randomly  perturbed  digraph
model,  i.e.,  the  Hamiltonicity  and  pancyclicity  of  ,
where H is a digraph on n vertices with  , and D is a
random  d-regular  digraph  for  some  .  Cooper  et  al.[15]
proved  that  for  all  ,  the  random  d-regular  digraph  is
a.a.s.  Hamiltonian.  Hence,  we  only  consider  the  case  when

. Furthermore, the main result is as follows:

α = ω
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logn
n

) 1
4
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δ(H) ⩾ αn H∪D

Theorem 1.1. Let   and   and let H

be a graph of n vertices with  . Then, a.a.s.   is
pancyclic,  where  D  is  a  random  d-regular  digraph  on  n
vertices.
The remainder of this paper is organized as follows. In Sec-

tion  2,  some  notation  and  lemmas  are  presented.  Proof  of
Theorem 1.1 is  presented in Section 3.  Finally,  in Section 4,
we present an open problem. 
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2    Preliminaries
 

2.1    Notation
m,n ∈ N [m,n] := {m,m+1, · · · ,n} [n] =

[1,n] O
For  ,  we  denote    and 

.  For  the  asymptotic  notations,  we  use  the  standard 
notation and assume that the functions are nonnegative.

V(D) = [n]

Throughout  this  paper,  the  term  digraph  denotes  to  a
simple  directed  graph.  For  any  digraph D  of  n  vertices,  we
implicitly assume that  .

D = (V,E) v ∈ V
N+

D(v) := {w ∈ V | (v,w) ∈ E}
N−

D(v) := {w ∈ V | (w,v) ∈ E}
d+D(v) := |N+

D(v)|
d−D(v) := |N−

D(v)|
∆+(D) :=maxv∈V d+D(v)

∆−(D) :=maxv∈V d−D(v)
δ+(D)

δ−(D) ∆(D) =
max{∆+(D),∆−(D)}

δ(D) =min{δ+(D), δ−(D)}
∆(D) = δ(D) = d

Given  a  digraph    and  any  vertex  ,  we  let
 be  the  out-neighbor  set  of v,  and
 be the in-neighbor set of v. Addi-

tionally, we denote its out-degree in D by   and
its in-degree by  . The maximum out-degree of
D  is  defined  as    and  maximum  in-
degree of D is defined as  . Similarly, we
can  define  the  minimum out-degree    and  minimum in-
degree  .  The  maximum  degree  of  D  is 

, and  similarly,  we  can  define  the  minim-
um  degree  of  a  digraph D  by  .  We
can state that digraph D is d-regular if  .

D = (V,E) V ∗ ⊂ V
E(V ∗) = {(x,y) ∈ E | x,y ∈ V ∗} V ∗

D[V ∗] = (V ∗,E(V ∗)) D \V ∗ = D[V \V ∗]
D′ D∪D′ = (V(D)∪V(D′),E(D)∪

E(D′)) D′ ⊂ D V(D′) ⊂ V(D) E(D′) ⊂ E(D′)
E′ ⊂ V ×V D \E′ = (V,E \E′)
D∪E′ = (V,E∪E′).

Given  a  digraph    and  vertex  subset  ,  let
.  The  induced  subgraph  of    is

defined  as  .  We  write  .
Given  another  digraph  , 

  and    if    and  .  Let
  be  a  set  of  edges,  and  let    and

P = v1v2 · · ·vℓ P = ({vi | i ∈
[ℓ]}, {(vi,vi+1) | i ∈ [ℓ−1]}) {vi | i ∈ [ℓ]}

P ⊂ D
N−

D(v1),N+

D(vℓ) ⊂ V(P)
C = v1v2 · · ·vℓv1 C = ({vi | i ∈ [ℓ]}, {(vi,vi+1) | i ∈
[ℓ−1]}∪ {(vℓ,v1)}) {vi | i ∈ [ℓ]}

A  directed  path    is  the  digraph 
,  where  all  vertices    are

distinct. Furthermore, degenerated cases can exist in which P
is an isolated vertex. We can state that   is the maximal
directed  path  if  .  A  directed  cycle

  is  the  digraph 
, where all vertices   are distinct. 

2.2    Configuration model

i ∈ [n]
xi yi

{xi | i ∈ [n]}∪ {yi | i ∈ [n]}
xiy j i, j ∈ [n]

D = (V,E)
xiy j ∈ M (i, j)

The  configuration  model  is  the  most  useful  tool  to  examine
random regular graphs or digraphs, and it  was introduced by
Bollobás[16].The  configuration  model  provides  a  process  that
uniformly  generates  a  random  regular  graph.  We  used  the
model to generate a random 1-regular digraph. The process is
as follows. For any  , we consider a set of two vertices,
 and  . Then, we select a uniformly random perfect match-

ing M covering set   using only (undir-
ected) edges of the form   for some  . Now, we gen-
erate  a  1-regular  digraph  ,  where,  for  each  edge

, a directed edge   is added to E.

Cn,1

C∗n,1

Whenever  we  produce  a  random 1-regular  digraph D  fol-
lowing the process  above,  we use    to denote the distribu-
tion of D, and   to denote the distribution of the correspond-
ing perfect matching M. We state that perfect matching M that
generates D  is  a  configuration.  We  observe  that  for  any  1-
regular  digraph  D,  exactly  one  configuration  M  exists  that
generates D.

M1 M2

M1 ∼ M2 xiy j xkyl M1

Suppose we have two configurations   and  . We state
 if there exist two edges   and   in   such that

M2 = (M1 \ {xiy j, xkyl})∪{xiyl, xky j}.  The  following  lemma
bounds the  probability  that  certain  variable  in  the  configura-
tions deviate from their expectation.

c > 0
C∗n,1 M1 ∼ M2

|X(M1)−X(M2)| ⩽ c t ∈ N

Lemma 2.1. Let    and  let X be  a  random variable  on
 such that for every pair of configurations  , we al-

ways have  . Then, for all  , we have

P(|X−E(X)| ⩾ t) ⩽ 2exp
{
− t2

4nc2

}
.

M ∈ C∗n,1
Proof. It should be noted that if we ignore the orientation,

the  graph  generated  by  configuration    is  a  2-regular
undirected graph. Díaz and Girão[14, Lemma 2.1] proved that

P(|X−E(X)| ⩾ t) ⩽ 2exp
{
− t2

4nc2

}
,

under the same conditions provided in this lemma. The proof
is  complete,  and  this  lemma can  be  considered  as  a  directed
version of Lemma 2.1 in Ref. [14].

[n]

When we sample a random 1-regular digraph following the
process above,  we  observed  that  the  obtained  digraph   con-
tains loops. However, by conditioning the event that D is a 1-
regular digraph without a loop, this type of a graph is a uni-
formly  random  1-regular  simple  digraph.  The  configuration
of a loopless 1-regular simple digraph can be viewed as a de-
rangement of  . Therefore, by considering the derangement
problem, we have

n ⩾ 3 P(D

) ⩾
1
3
> 0

Lemma 2.2. Let D be a random 1-regular digraph of n ver-
tices generated by the process above. If  , then   con-

tains no loops  .
n!

[n] xiy j ∈ M⇔ σ(i) = j

[n] n!
n∑

i=0

(−1)i

i!

Proof. There are   potential configurations for generating
a  1-regular  graph  on  n  vertices.  A  configuration  can  be
viewed as a permutation σ on  , i.e.,  . In
this  manner, D  contains  no  loop,  indicating  that  σ  is a   de-

rangement  of  .  Hence,  we  have    possible

choices for σ. Therefore, the probability

P(D contains no loop) =
n∑

i=0

(−1)i

i!
⩾

1
3
> 0.

 

2.3    Properties of random 1-regular digraph

log2 n

Let D be a 1-regular digraph of n vertices. Thus, the underly-
ing  graph G  of D  is  2-regular.  It  should  be  noted  that  the
strongly connected component of D is a directed cycle, which
is also a component of G. Díaz and Girão showed that G has a
maximum of   components[14, Lemma 3.1(i)].  Thus, we have the
following property for D.

Cn,1

log2 n

Lemma 2.3. Let D be a random 1-regular digraph on n ver-
tices generated according to the distribution  , then a.a.s. D
has at most   strongly connected components.
The next property is a key lemma of the edge distribution,

which is  frequently used during the proof.  We use it  to con-
nect different components of the digraph. Furthermore, it is a
directed version of Lemma 3.3 in Ref.  [14],  and their  proofs
are analogous. We provide a proof for completeness.

ϵ > 0 k = k(n) ⩽ n3 i ∈ [k]Lemma  2.4.  Let    and  .  For  each  ,
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αi = αi(n) βi = βi(n) αiβi = ω((
logn

n
)

1
2 )

Ui,Vi ⊂ [n] |Ui| ⩾ αin
|Vi| ⩾ βin

Cn,1

i ∈ [k] Ui (1− ϵ)αiβin
N+

D(v)∩Vi , ∅

let    and    such  that  ,  and
let   be two arbitrary sets of vertices with 
and  . Let D be a random 1-regular digraph on n ver-
tices  generated  according  to  the  distribution  .  Then,  for
every  ,    contains  at  least    vertices v  such
that  .

i ∈ [k] Z = {v ∈ Ui | N+

D(v)∩Vi , ∅}
X = |Z|

v ∈ Ui

Proof. Let P be the probability that the statement holds for
D.  First,  we  set  .  Let  ,  and

.  Using  the  configuration  model,  for  each  sufficiently
large   and n, we have

P(v ∈ Z) ⩾
|Vi| −1
n−1

⩾ (1− ϵ
2

)βi.

E(X) ⩾ (1− ϵ
2

)αiβinHence,  .

C∗n,1 M1 ∼ M2

|X(M1)−X(M2)| ⩽ 4
P(X < (1− ϵ)αiβin) ⩽

exp{−Ω(α2
i β

2
i n)}.

We know that X can also be viewed as a random variable in
. Given any pair of configurations  , they differ in

two  edges  at  four  vertices;  thus,  .
Hence,  from  Lemma  2.1,  we  have 

Finally, by the union bound, we have

P ⩾ 1−
∑
i∈[k]

exp{−Ω(α2
i β

2
i n)} = 1−o(1).

 

3    Proof of Theorem 1.1

d = 1

It has been known that every d-regular digraph can be decom-
posed  into  the  union  of  1-regular  digraphs[17].  Therefore,  to
prove Theorem 1.1,  we should only consider  the  case  where

.

α = ω((
logn

n
)

1
4 )

δ(H) ⩾ αn
V(D) = V(H) = [n]

Cn,1

X,Y ∈ V(H) ϵ =
1
2

|X|, |Y | ⩾ βn

We  always  assume  that  n  is  sufficiently  large  throughout

the proof. Recall that   and H is a digraph of n

vertices  with  .  Let  D  be a  random  1-regular   di-
graph with vertex set   generated according
to the distribution  .  For  a  positive  number β,  by applying

Lemma  2.4  to  the  pair  of  sets    with    and
, we have the following claim:

X,Y ∈ V(H)

|X|, |Y | ⩾ βn β2n
2

N+

D(z)∩Y , ∅

Claim. For any   (not necessarily distinct)  with

,  X contains  at  least    vertices  z  such  that
.

U ⊂ V(H)
|U |

P ⊂C

We  used  the  absorbing  method  to  construct  cycles  of  all
lengths.  First  we  select  an  arbitrary  vertex  subset 
with    sufficiently  small  when  compared  to  n.  Then,  we
construct  a  path P  to  ‘absorb’ vertices  in U.  Next,  we  show
that there exists an almost spanning cycle C with   such
that C avoids U. Finally, we use C and U to determine cycles
of all lengths.

(X,Y)
Z(X,Y) := {(z,w) ∈ E(D) | z ∈ X,w ∈ Y}

(X,Y)
(X,Y) |X|, |Y | ⩾ βn

β > 0

For each pair  of vertex subsets   (not necessarily dis-
tinct),  we consider  set  .
This  is  the  set  of  all  ‘ available’  edges  for  .  Based  on
Claim 1, for all pairs of vertex subsets   with 
for some  , we have

|Z(X,Y)| ⩾ β
2n
2

(1)

ZXY = (V(H),Z(X,Y))
As  we  consider  available  edges  from  D,  the  digraph

 has a maximum degree of 1 as follows:

∆(ZXY) = 1 (2)

U ⊂ V(H) m =
α2n

10000
U = {u1, · · · ,um}

j ∈ [m]
e j = (z j,z∗j) ∈ Z(N−

H(u j),N+

H(u j)) {z j,z∗j}∩ (U ∪{zt,z∗t |
t ∈ [ j−1]}) = ∅

δ(H) ⩾ αn
W = {zt,z∗t | t ∈ [m]}

β = α/5 (X,Y)
|X|, |Y | ⩾ βn

Consider an arbitrary set   of size   and
label it as  . This is the set of vertices we want
to  ‘ absorb’.  For  each  ,  we  iteratively  choose  an  edge

,  such  that 
.  Hence,  we  consider m  vertex-disjoint  edges

in D  such  that  they  all  avoid  the  vertex  set U.  We note  that
. Thus, the existence of such m edges is guaranteed

by  (1)  and  (2).  Let  .  We  now  choose
.  For  each  pair  of  vertex  subsets    with

, we update the set of available edges by letting

Z1(X,Y) := {(z,w) ∈ E(D) | z ∈ X \ (U ∪W),w ∈ Y \ (U ∪W)}.

By  (1)  and  (2),  we  can  estimate  the  number  of  available
edges:

|Z1(X,Y)| ⩾ β
2n
2
−3m ⩾

2β2n
5

(3)

j ∈ [m−1]
e1

j = (w j,w∗j) ∈ Z1(N+

H(z∗j),N
−
H(z j+1))

P =
z1z∗1w1w∗1z2z∗2 · · ·wm−1w∗m−1zmz∗m H∪D

Now,  for  each  ,  we  iteratively  choose
  such  that  these  edges  are

vertex disjoint. Similarly, (3) and (2) guarantee the existence
of  such  edges.  Therefore,  we  obtain  a  directed  path 

 in  , which is used to absorb
set U.

W ′ = V(P) \ {z1,z∗m} D0 = (D \ (W ′∪U))∪P D0

D \ (W ′∪U) D0

H∪D ∆(D0) ⩽ 1 D0

log2 n

(1+o(1))
α2n

2000
D0

(1+o(1))
α2n

2000

(H∪D) \U n−m P ⊂C
V = V(H) \U X, Y ⊂ V |X|, |Y | ⩾ βn

Let   and  , i.e., 
is the union of the graph   and path P. Thus,   is
a  subgraph  of    with  .  From  Lemma  2.3, 
contains  at  most    directed cycles.  Given  that  we   re-

moved at most   vertices from D and every ver-

tex  produces  at  most  one directed path,    contains  at  most

 directed paths. We iteratively use the edges of

H  to combine  these directed cycles and paths into a directed
cycle  C  in    of  length    with  .  Let

.  For  each    with  , we   up-
dated the set of available edges by setting

Z0(X,Y) := {(z,w) ∈ E(D) | z ∈ X\(V(P)∪U),w ∈Y \(V(P)∪U)}.

Using (1) and (2), we can estimate the number of available
edges.

|Z0(X,Y)| ⩾ β
2n
2
−5m ⩾

2β2n
5

(4)

i ∈ N
Di−1

Di = (Di−1 \Ea)∪Eb Ea Eb

H∪D ∆(Di) ⩽ 1
i ∈ N
Zi(X,Y) := Zi−1(X,Y) \Ea

X,Y ⊂ V |X|, |Y | ⩾ βn

In  the  iteration  process,  for  any  ,  we  assume that  we
have already defined    in the  ith step. The  ith step adjusts
the graph by letting  , where   and   are
sets  of  edges  of    with  the  property  that    for
every step  . Subsequently, we update the available edges
by setting  . We assume the following
in each step for each   with  .

|Zi(X,Y)| ⩾ β
2n

10
(5)

We  prove  this  later  by  showing  that  the  number  of  steps
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performed  and  number  of  removed  edges  are  small  at  each
step.

Di−1For  the  ith  step,  we  have  graph  ,  and  we  consider  the
following possible  cases:  We  refer  to  the  component   iso-
morphic  to  a  directed  path  (resp.  a  direct  cycle)  as  a  path
component (resp. a cycle component).

Di−1

P′ = v1v2 · · ·vℓ
(u,v) ∈ Zi−1(N−

H(v1),N+

H(vℓ)) Di = (Di−1 \ {(u,v)})∪
{(u,v1), (vℓ,v)} (u,v) ∈ E(P′) P′ =
v1 · · ·uv · · ·vℓ P′

v1 · · ·uv1 v · · ·vℓv (u,v)
P′′

C′ P′ P′′ C′

Di

Di

Case 1. At least two path components exist in  . We se-
lect  one  of  them,  such  as  ,  and  any  edge

.  We  wet 
.  If  ,  then  recall  that 

.  Therefore,    is  decomposed  into  two  directed
cycles    and    after  the  operation.  If    be-
longs  to  another  directed  path  component    or  a  directed
cycle component  , then   and   (or  ) are combined into
a single directed path (or  a  longer directed cycle)  in  .  The
operation deduces the number of path components by 1. The
operations of Case 1 stop after we obtain   with exactly one
path component.

Di−1

P′ = v1v2 · · ·vℓ P′
Case  2.  There  is  exactly  one  path  component  in  ,  i.e.,

. We adjust the graph to extend   into a longer
path  while  reducing  the  number  of  components  if  possible;
otherwise,  we  construct  a  graph  that  is  a  union  of  vertex-
disjoint cycles. We consider the following cases.

(vℓ,v1) ∈ E(H) Di = Di−1∪{(vℓ,v1)}
P′

Subcase  2.1  .  Set  .  This
operation  converts  the  path  component    into  a  directed
cycle.

v ∈ N−
H(v1) \ (U ∪V(P)∪

V(P′)) v′ ∈ N+

Di−1
(v) Di =

(Di−1 \ {(v,v′)})∪{(v,v1)} P′
Di P′ (v,v′)

v ∈ N+

H(vℓ) \ (U ∪V(P)∪V(P′))

Subcase 2.2 There exists  a  certain 
.  Then,  we  choose  vertex    and  let 

.  This  operation  extends    into  a
longer directed path in   (  and the cycle containing   is
adjusted to a longer directed path) and reduces the number of
components  by  one.  We  can  do  similar  operation  if  there
exists some  .

(N−
H(v1)∪N+

H(vℓ)) \ (U ∪V(P)) ⊆ V(P′)
vi ∈ V(P′)

v+i = vi+1 i ∈ [ℓ−1] v−i = vi−1 i ∈ [2, ℓ]
U ⊂ V(P′) U+ = {v+ | v ∈ U} U− = {v− | v ∈ U}

U,V ⊂ V(P′) U∗ = {i ∈ [ℓ] | vi ∈ U}
V ∗ = {i ∈ [ℓ] | vi ∈ V} U < V maxU∗ <

minV ∗ δ(H) ⩾ 5βn
|U ∪V(P)| ⩽ 5m < βn N−

H(v1)∩V(P′) U1

U2 U1 < U2 |U1| ⩾ 3βn |U2| ⩾ βn
N+

H(vℓ)∩V(P′) W1 W2

W1 <W2 |W1| ⩾ βn |W2| ⩾ 3βn

Subcase  2.3.  .  We
first  introduce  some  notations  used  here.  For  ,  let

 for   and   for  . With respect to
,  let    and  .  Given

two vertex subsets  ,  let   and
.  We  can  state  that    if 

.  It  should  be  noted  that    and
. We can partition   into 

and   such that   with   and  . Simil-
arly, we can partition   into   and   such that

 with   and  .
W1 < U2 |W−

1 |, |U+

2 | ⩾ βn
(w−1 ,u

+

2 ) ∈ Zi−1(W−
1 ,U

+

2 ) Di = (Di−1 \ {(w−1 ,w1),
(u2,u+2 )})∪{(w−1 ,u+2 ), (u2,v1), (vℓ,w1)}
P′

If  ,  then  .  Based  on  (5),  there  is  an
edge  .  We  wet 

.  This  operation  converts
 into a directed cycle.

maxU∗
1 <minU∗

2 <maxW∗
1 <minW∗

2

U1 <W2 U12 βn U1

(U1 \U12) < U12 |U1 \U12| ⩾ 2βn U11 = {v ∈
U1 \U12 | N+

D(v)∩U+

12 , ∅} |U11| ⩾ βn
|U1 \ (U12∪U11)| ⩾ βn |U+

12| = βn
β2n
2

U1 \ (U12∪U11) U+

12

U11 |U11| ⩾ βn W21 βn
W2 W22 = {v ∈W2 \W21 | N−

D(v)∩W−
21 , ∅}

Otherwise,  we  have  ,
i.e.,  .  Let    be  the  last    vertices  of  ,  i.e.,

.  Clearly,  .  Let 
;  It  is  claimed that  .  If  this

is  not  true,  then  .  Given  that  ,

Claim 1 guarantees that at least   edges are available from

  to  .  However, this  contradicts  the   defini-
tion of  . Thus,  . Similarly, let   be the first 
vertices  of  ,  and  let  .

|W22| ⩾ βn
(w−22,u

+

11) ∈ Zi−1(W−
22,U

+

11)
u12 ∈ U12 w21 ∈ W21 (u11,u+12), (w−21,w22) ∈
E(D)

Hence,  we can state  .  Based on (5),  there  exists  an
edge  .  Additionally,  by  definition,

  and    exist  such  that 
. Set

Ea = {(w−21,w21), (w−22,w22), (u11,u+11), (u12,u+12)},

Eb = {(w−22,u
+

11), (u12,v1), (vℓ,w21), (u11,u+12), (w
−
21,w22)}

Di = (Di−1 \Ea)∪Eb.

P′
and    This operation  turns  the  path   com-
ponent   into a directed cycle.

Di−1

Di−1

Di−1

C′

Di−1

Case  3.  All  the  components  of    are  directed  cycles.  If
  is  a  single  directed  cycle,  then  our  proof  is  completed.

Now,  we assume that   contains  at  least  two components.
In this  iteration  process,  we  reduce  the  number  of   compon-
ents by one while creating a path. Let   be the longest direc-
ted cycle in  .

|V(C′)| ⩾ n−αn |V(C′)| < αn
αn

δ(H) ⩾ αn e′ = (u,v) ∈ E(H) C′

C′′

αn ⩽ |V(C′)| < n−αn
e′ = (u,v) ∈ Zi(V(C′), [n] \V(C′)) e′

C′ C′′

(u,u′) ∈ E(C′) (v′,v) ∈ E(C′) Di = (Di−1 \ {(u,u′),
(v′,v)})∪{(u,v)} C′ C′′

If    or  ,  then  the  other  cycle
components  exhibit  lengths  that  are  less  than  .  Given that

, there must be an edge   joining 
and  some  other  cycle  component    in both  cases.  Now as-
sume  .  Based  on  (5),  there  exists  an
available  edge  ,  i.e.,    joins
  and  some  other  cycle  component  .  Suppose  that

,  and  .  Set 
. This operation converts   and   into a dir-

ected path and reduces the number of components by one.

t−1

t ⩽ (1+o(1))
α2n

2000
D0

Di

4(t−1)+2log2 n Di

P ⊂C

N ⩽ 5t+2log2 n ⩽ (1+o(1))
α2n
400

(1+o(1))
α2n
100
= (1+o(1))

β2n
4

First, we claim that the aforementioned process stops after
finite steps. The operations in Case 1 are iterated   times,

where   is the number of path components in

. This is due to the fact that after the process of Case 1, the
number of path components of   will never be more than one
again.  Next,  if  we  perform  the  operation  of  Subcases  2.1  or
2.3,  the  next  process  must  be  Case  3,  and  each  iteration  of
Case 3  decrease  the  number  of  components  by  one;   other-
wise, Subcase 2.2 is  performed,  and the number of  compon-
ents will also be reduced by one. Therefore, after finite itera-

tions  (at most  ),  we  obtain  a  graph    with
only  one  cycle  component C.  Given  that  we  do  not  destroy
path P in each iteration, we have  . Thus, the total num-

ber  of  iterations  is  at  most  ,

and in each iteration, we remove at most 4 edges such that at

most   edges are removed, which
implies (5).

U ′

H∪D U ′

Remark 3.1. Specifically, for any subset   of size at most
m,  we  can  use  the  above  process  to  construct  an  almost
Hamiltonian cycle in   which misses  .

Ck k ∈ [3,n]
n−m

We now use the directed cycle C constructed above to con-
struct  directed  cycles    of  all  possible  lengths  .  It
should be noted that C has a length of  . We consider the
following cases.

n−m ⩽ k ⩽ n P ⊂C

I ⊂ [m] |I| = k+m−n
i ∈ I (zi,z∗i ) ziuiz∗i

Case  1.  .  We  use    to absorb  some  ver-
tices of U to obtain a directed cycle of the desired length. We
choose  an  arbitrary  subset    with  .  For
each  , replace the edge   with the directed path  ,
and the resulting directed cycle has length k as desired.

Pancyclicity of randomly perturbed digraph Ren et al.
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3 ⩽ k < n−m
δ(H) ⩾ αn (v,w) ∈

Z(N+

H(u),N−
H(u)) uvwu

H∪D 4 ⩽ k < n−m

U− ⊂ N−
H(u) U+ ⊂ N+

H(u) |U−| = |U+| = m
4
=
α2n

40000
(v,w) ∈ Z(U+,U−)

W− = {v ∈ V | N+

D(v)∩U− = ∅} W+ = {v ∈ V |
N−

D(v)∩U+ = ∅} W− W+

o(n) |W−|, |W+| < m
4

U ′ ={u}∪U−∪U+∪W−∪W+ |U ′| < m
C′ n−m

H∪D U ′

P′ = y1y2 · · ·yk−3 k−4
W− W+ a ∈ U− b ∈ U+

(yk−3,a), (b,y1) ∈ E(H) P′∪ yk−3auby1

Case  2.  .  Fix  a  vertex  u.  It  should  be  noted
that  ,  and  there  must  be  an  available  edge 

. Thus,   is a directed cycle of length 3 in
.  Now,  we  assume  that  .  We  choose

  and    with  .

From  Lemma  2.4,  an  available  edge   must
exist.  Let    and 

.  From  Lemma  2.4,  the  size  of    and 

must  be  .  Therefore,  we assume  that  .  Let

. Then,  . As stated in Re-
mark A, we can construct a directed cycle   of length 
in  , missing  . Therefore, we can select a directed path

 of length  . According to the definitions of
  and  ,    and    must  exist  such  that

. Thus,   is a directed cycle
of desired length.
This completes the proof of Theorem 1.1.

H∪D

O(n3) O(αn)

Remark 3.2. As this proof is constructive, by retracing the
proof,  one  can  find  cycles  of  any  given  length  in    in
gradual steps. Given that each step can be performed in poly-
nomial time (at most   times) and there are   steps at
most, the proof provides a polynomial-time algorithm. 

4    Concluding remarks and discussions

αn

α = ω


(

logn
n

) 1
4


d = 1

δ(H)

In  this  study,  we  show that  for  a  given  digraph H  on n  ver-
tices  with  a  minimum  degree  of  at  least    (where

), we can a.a.s. obtain a pancyclic digraph by

perturbing  it  with  a  random d-regular  digraph when   or
2. However, there is no evidence that the lower bound of the
minimum degree of H is tight, and we believe that the bound
is far  from optimal.  It  would  be  interesting  to  obtain  an  op-
timal lower bound of  .

v ∈ V(H) k ∈ [3,n]
A natural  question  is  to  extend the  pancyclicity  to  vertex-

pancyclicity, i.e.,  for any   and  ,  there exists
a directed cycle C of length k passing v, and we leave this as
an open problem.

α = ω


(

logn
n

) 1
4

 d ∈ {1,2}

δ(H) ⩾ 4αn H∪D

Problem 4.1. Let   and   and let H

be a graph of n vertices with  .  Then, a.a.s. 
is vertex-pancyclic, where D is a random d-regular digraph on
n vertices. 

Acknowledgements
This work was supported by National Natural Science Found-
ation of  China  (12071453)  and  the  National  Key  R&D Pro-
gram of China (2020YFA0713100). 

Conflict of interest
The authors declare that they have no conflict of interest.

Biographies
Zelin Ren     is currently a master student under the supervision of Prof.
Xinmin Hou at the University of Science and Technology of China. His
research mainly focuses on random graphs.

Xinmin Hou     received his  Ph.D.  from  Dalian  University  of   Techno-
logy. He is currently a Professor at the University of Science and Techno-
logy of China. His research interests focus on graph theory, combinatori-
al optimization and cyberspace security.

References
 Dirac  G  A.  Some  theorems  on  abstract  graphs. Proceedings  of  the
London Mathematical Society, 1952, s3-2 (1): 69–81.

[1]

 Korsunov  A  D.  Solution  of  a  problem  of  Erdös  and  Rényi  on
Hamiltonian  cycles  in  undirected  graphs. Metody  Diskret.  Analiz.,
1977, 31: 17–56.

[2]

 Bohman  T,  Frieze  A,  Martin  R.  How  many  random  edges  make  a
dense graph Hamiltonian? Random Structures Algorithms, 2003, 22
(1): 33–42.

[3]

 Krivelevich  M,  Kwan  M,  Sudakov  B.  Cycles  and  matchings  in
randomly  perturbed  digraphs  and  hypergraphs.  Combinatorics,
Probability and Computing, 2016, 25 (6): 909–927.

[4]

 Hahn-Klimroth  M,  Maesaka  G  S,  Mogge  Y,  et  al.  Random
perturbation  of  sparse  graphs.  The  Electronic  Journal  of
Combinatorics, 2021, 28 (2): P2.26.

[5]

 Bedenknecht  W,  Han  J,  Kohayakawa  Y,  et  al.  Powers  of  tight
Hamilton  cycles  in  randomly  perturbed  hypergraphs.  Random
Structures & Algorithms, 2019, 55 (4): 795–807.

[6]

 Han  J,  Zhao  Y.  Hamiltonicity  in  randomly  perturbed  hypergraphs.
Journal of Combinatorial Theory, Series B, 2020, 144: 14–31.

[7]

 Chang Y L, Han J, Thoma L. On powers of tight Hamilton cycles in
randomly  perturbed  hypergraphs.  https://doi.org/10.48550/
arXiv.2007.11775.

[8]

 Condon P, Espuny Díaz A, Girão A, et al. Hamiltonicity of random
subgraphs  of  the  hypercube.  In:  Proceedings  of  the  2021  ACM-
SIAM  Symposium  on  Discrete  Algorithms  (SODA).  Philadelphia,
PA: SIAM, 2021.

[9]

 Dudek A, Reiher C, Ruciński A, et al. Powers of Hamiltonian cycles
in  randomly  augmented  graphs. Random  Structures  &  Algorithms,
2020, 56 (1): 122–141.

[10]

 Böttcher  J,  Montgomery  R,  Parczyk  O,  et  al.  Embedding  spanning
bounded degree graphs in randomly perturbed graphs. Mathematika,
2020, 66 (2): 422–447.

[11]

 Balogh J, Treglown A, Wagner A Z. Tilings in randomly perturbed
dense graphs. Combinatorics, Probability and Computing, 2019, 28
(2): 159–176.

[12]

 Han J, Morris P, Treglown A. Tilings in randomly perturbed graphs:
Bridging  the  gap  between  Hajnal-Szemerédi  and  Johansson-Kahn-
Vu. Random Structures & Algorithms, 2021, 58 (3): 480–516.

[13]

 Espuny  Díaz  A,  Girão  A,  Hamiltonicity  of  graphs  perturbed  by  a
random regular graph. https://doi.org/10.48550/arXiv.2101.06689.

[14]

 Cooper C, Frieze A, Molloy M. Hamilton cycles in random regular
digraphs. Combinatorics,  Probability  and  Computing,  1994,  3  (1):
39–49.

[15]

 Bollobás  B.  A probabilistic  proof  of  an  asymptotic  formula  for  the
number  of  labelled  regular  graphs.  European  Journal  of
Combinatorics, 1980, 1 (4): 311–316.

[16]

 Wormald  N  C.  Models  of  random  regular  graphs.  In:  Surveys  in
Combinatorics. Cambridge, UK: Cambridge University Press, 1999.

[17]

Ren et al.

2–5 DOI: 10.52396/JUSTC-2021-0208
JUSTC, 2022, 52(5): 2

https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.48550/arXiv.2007.11775
https://doi.org/10.48550/arXiv.2007.11775
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.48550/arXiv.2101.06689
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.48550/arXiv.2007.11775
https://doi.org/10.48550/arXiv.2007.11775
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.48550/arXiv.2101.06689
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.48550/arXiv.2007.11775
https://doi.org/10.48550/arXiv.2007.11775
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.48550/arXiv.2101.06689
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1112/plms/s3-2.1.69
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1002/rsa.10070
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.1017/S0963548316000079
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.37236/9510
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1002/rsa.20885
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.1016/j.jctb.2019.12.005
https://doi.org/10.48550/arXiv.2007.11775
https://doi.org/10.48550/arXiv.2007.11775
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1002/rsa.20870
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1112/mtk.12005
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1017/S0963548318000366
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.1002/rsa.20981
https://doi.org/10.48550/arXiv.2101.06689
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1017/S096354830000095X
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.1016/S0195-6698(80)80030-8
https://doi.org/10.52396/JUSTC-2021-0208

	1 Introduction
	2 Preliminaries
	2.1 Notation
	2.2 Configuration model
	2.3 Properties of random 1-regular digraph

	3 Proof of Theorem 1.1
	4 Concluding remarks and discussions
	Acknowledgements
	Conflict of interest

