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一种离散纵向数据相依结构建模的Cholesky因子模型

李叶蓁,张伟平

(中国科学技术大学管理学院统计与金融系,安徽合肥230026)

摘要:对一类响应变量为离散型的平衡或非平衡纵向数据,提出了均值-相关系数联合回归模型框架,并且

使用Cholesky分解方法对模型的相关结构进行参数化,使其具有良好的统计解释性.为了解决似然推断中

高维积分计算的难题,提出了一种高效的蒙特卡罗期望最大化(MCEM)算法,并证明了参数估计的渐近性

质.模拟实验和实际数据分析表明提出的方法是高度有效的.
关键词:离散纵向数据;Cholesky分解;均值-相关系数回归模型;蒙特卡罗期望最大化算法



0 Introduction
Longitudinal data, with repeated

measurementscollectedfromthesamesubject,are
frequently encountered. Various models and
methodsfordealingwithlongitudinaldataanalysis
areproposedinliterature;see,amongothers,

Refs.[1-2]foroverviewsofthemethodsinthis
area.Itiswellrecognizedthatproperlyaccounting
for the correlation between these repeated
measurementsisimportant,notonlyforcorrect
statisticalinference,butalsoforefficiencyin
estimation.Recently,regressionanalysisofthe
covariance structure has attracted increasing
attention.SeeRefs.[3-7]forrelateddiscussion.
Fordiscretelongitudinaldata,however,thereis
nounifiedframeworkforthejointdistributionof
discretelongitudinalvariables.Hence,modeling
the within subject correlations/covariances are
essentiallycasebycase;see,forexample,the
Markovchainapproach[8]forbinarydata,and
other marginal approaches[9-10] for Poisson,

multinomial,andothertypesofvariables.The
GEEapproaches[11]andtheirvariationshavealso
beenemployedforstudyingdiscretelongitudinal
data.Formodelingagenericclassofdiscreteand
mixedtypesofvariablesinlongitudinaldata,Song
et al.[12] proposed a Gaussian copula based
approach tointegrate separate one-dimensional
generalizedlinearmodelsintoajointregression
analysis of continuous, discrete, and mixed
correlated outcomes. Mostrecently,Tang et
al.[13]proposedtomodelthediscretelongitudinal
responses with the Gaussian copula whose
correlationmatrixismodeledwiththeregression
approach by using the hyperspherical
parametrization[7].

We propose a copula-based joint mean-
correlation modeling approach for discrete
longitudinaldata.Thecorrelationstructuresfora
family of generic discrete responses are
decomposed by a moving average Cholesky
decomposition. Unlike the hyperspherical

parametrizationinRef.[13],themovingaverage
Cholesky decomposition has a more direct
interpretationofthestatistical meaningandis
particularly appealing because of the natural
orderingofthevariableinlongitudinaldata.Since
the likelihood inference is computationally
intractableingeneral,wedevelopatypeofMonte
Carloexpectation maximization (MCEM)based
methodforestimation.

Thearticleisorganizedasfollows.Section1
introducesthejoint mean-correlation modeland
the movingaverageCholeskydecompositionfor
correlation matrix. Section 2 provides the
estimationprocedureforour model.Section3
presentsextensivenumericalsimulationsandareal
dataanalysis.ConclusionsarefoundinSection4.

1 Models
1.1 Gaussiancopulafordiscretedata

Wedenotebyyi=(yi1,…,yimi
)Tthemi

longitudinalmeasurementsfromtheithsubject
(i=1,…,n),wherethediscreteresponseyijof
interestsisobservedattimetij.Letti=(ti1,…,

timi
)T andxij ∈RRp betheexplanatoryvariable

associatedwiththejthmeasurementofsubjecti.
Heretiandmicanbesubjectspecificsothatthe
model is capable of handling unbalanced
longitudinal data sets observed atirregularly
spacedtimepoints.

With multiple subjects, we denote the
observationsas{yij,xij,tij}(i=1,…,n;j=1,
…,mi).Forcategoricalresponses,weassume
thatyijfollowsanexponentialfamilydistribution
sothatthegeneralizedlinearmodels(GLMs)can
beusedforthediscreteresponsesmarginally[14].
Thatis,theprobabilitymassfunctionofyijtakes
theformf(y)=c(y;φ)exp{[yθ-ψ(θ)]/φ}with
thecanonicalparameterθandscaleparameterφ.

Forparsimoniouslymodelingthemeanofyij,

μij=E(yij),thetraditionalstrategyofGLMis
appliedtoincorporatetheavailableexplanatory
variablexij:

g(μij)=xT
ijβ (1)
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with the known transformation g (· )and
unknownmodelparameterβ.

To fill the gap between the marginal
distributions and the joint distributions, we
considerthecopulamodel.AfunctionC(u1,…,

ud)iscalledacopulafunctionifitisadistribution
function with each ofits margins uniformly
distributedon[0,1].Thatis,

C(u)=P(U1 ≤u1,…,Ud ≤ud),

whereeach Uj (j = 1,…,d)is uniformly
distributedon[0,1]andu=(u1,… ,ud).The
Sklar’stheorem ensurestheexistenceofsuch
multivariate function. In the context of
longitudinaldata,thejointdistributionfunctionof
yiandacopulaC(ui1,…,uimi

)areconnectedvia
Fmi
(yi)=P(Yi1 ≤yi1,…,Yimi ≤yimi

)=
P(Fi1(Yi1)≤Fi1(yi1),…,

Fimi
(Yimi

)≤Fimi
(yimi

))=
F(F-1

i1(ui1),…,F-1
imi
(uimi

))=
C(ui1,… ,uimi

) (2)

whereuij=Fij(yij),j=1,…,miandFij(·)is
themarginalcumulativedistributionfunctionof
yij.Inthispaper,weusetheGaussiancopulaasit
hastheadditionaladvantageofallowingaflexible
parametricdependencestructure.Thenthejoint
distributionofyiin(2)is
Fmi
(yi)=Φmi

(zi1,…,zimi
;Ri)=Φmi

(zi;Ri)

(3)

whereΦmi
(…;Ri)istheprobabilitydistribution

function (PDF)ofthemi dimensionalnormal
distributionwithzeromeanandcorrelationmatrix
Ri,andzij=Φ-1{Fij(yij)}forj=1,…,mi,

withΦ (·)beingthePDF oftheunivariate
standardnormaldistribution.

ItshouldalsobenoticedthattheentriesofRi

arenotdirectlythecoefficients ofcorrelation
between the discrete observations, but they
determine the dependence of the longitudinal
observationsviaEq.(3).Song[15]discussedthe
connectionbetweenthecorrelationcoefficientsin
Riandthoseoftheobservedvariablesexplicitly.
1.2 MovingaverageCholeskydecomposition

Modeling correlation (and covariance)

matricescanbechallengingduetothepositive-
definiteness constraint. This problem can be
removedbyinfusingregression-basedideasinto
Choleskydecomposition[16].

ThestandardCholeskydecompositionofan
mi×mipositivedefinitecovariancematrixisofthe
followingform:

Σi=CiCT
i (4)

whereCi=(cijk)isalowertriangularmatrixwith
positivediagonalelements andits entries are
difficulttointerpret.Pre-multiplyingCi bythe
inverseofDi=diag(ci11,ci22,...,cimimi

)leadsto
analternativeCholeskydecomposition(ACD)[17],

andkeepsDioutside,andwehave

Σi=Di(D-1
i Ci)(CT

iD-1
i )Di=DiLiLTiDi (5)

whereLi =D-1
i Ci isobtainedfrom aslightly

differentstandardisedCi,dividingeachrowbyits
correspondingdiagonalentry.

Forstatisticalinterpretation ofthebelow-

diagonalentriesofLi,itisclearthatD-1
i (zi-zi)

hasLiLTi asthestandardCholeskydecomposition
ofitscovariancematrixand

εi=(DiLi)-1(zi-zi),

itsvectorofinnovations,hasCov(εi)=Imi.

DenoteLi = (Lijk)andDi = (σij),weobtain
variable-order,movingaveragerepresentationfor

thestandardized
(zij-zij)

σij
as

(zij -zij)
σij

=εij +∑
j-1

k=1
Lijkεik (6)

Thenwecanprove,forany1≤j,k≤mi,the
correlation coefficient between zis and zit is
givenby

Rijk =corr(zij,zik)=
∑
j∧k

s=1
LijsLiks

∑
j

s=1
L2

ijs∑
k

s=1
L2

iks

(7)

Thispropertyisagreatmotivationformodelinga
correlationmatrix.

Inourapproach,weparameterizethemoving
averageparameters{Lijk}j>ktoovercometheover-
parametrizationproblem.Weproposeto model
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theseunconstrainedparameterscollectivelyviaa
regressionmodel

Lijk =w'ijkγ (8)

wherewijk∈RRqistheexplanatoryvariableandγis
theq ×1 unknown parameters,we needto
examinethecovariatesoftheithsubjectatthe
corresponding observations. We follow the
conventionoflongitudinaldataanalysisbytaking
wijkassomefunctionofthetimelag|tij-tik|
betweenobservations,whicheffectivelyensures
thecorrelation to be stationary. Othertime-
dependentcovariates mayalso be meaningfully
exploited.Thusourregressionapproachforthe
correlations can incorporate a broad class of
covariatesavailableforexplainingthecovariations
betweenlongitudinalmeasurements.

2 Estimation
WeusetheGLMfortheresponsesmarginally

characterizedbymarginalparametersη=(β,φ),

thecopulamodel3forthejointdistribution,and
theCholeskymodelforthecorrelationRiwiththe
parametersγin(8).Bycombiningallunknown
parametersinthismodelingframework,wewrite
collectivelytheparametervectorofinterestasθ=
(β,φ,γ).Thenwearereadytodevelopthe
maximumlikelihoodestimatorswiththediscrete
longitudinalresponses:

L(θ)=∏
n

i=1
P(Yi1=yi1,…,Yimi =yimi

)=

∏
n

i=1
P(yi1-1<Yi1 ≤

yi1,…,yimi -1<Yimi ≤yimi
)=

∏
n

i=1∫…∫z-
i <u≤zi

ϕmi
(u;Ri)du (9)

wherezi = (zi1,…,zimi
)T andz-

i = (z-
i1,…,

z-
imi
)Twith

zij =Φ-1{Fij(yij)},z-
ij =Φ-1{Fij(yij -1)},

andz-
ij=-∞ whenyijtakesthesmallestpossible

valueonitssupport.
However,evaluating the likelihood (9)

involvestheprobabilitydistributionfunctionsof
the mi-dimensionalnormaldistribution,whose

analyticalform is notavailableand numerical
approximationisrequired.Thecomputationalcost
ofnumericalapproximationishighandmaynot
scaleeasilytoevenamoderatenumberofrepeat
measurements.Infact,directlycalculatingthe
distributionfunctionofeachsubjectispecifiedby
(2)requires2misummationsoflowerdimensional
distributionfunctionsasintheapproachofRef.
[12], and the computational cost grows
exponentiallywithmi.

InspiredbyRef.[18],weimplementatypeof
MonteCarloexpectationmaximization (MCEM)

algorithm[19] to estimate this integral. The
expectationmaximization(EM)algorithm[20]isa
methodtomaximizethelikelihoodfunctioninthe
presence of missing data z. This is done
iteratively.IntheE-steponecalculatestheQ
function,viz.

Q(γ,γ
︿(m))=∫z

f(z|y;γ
︿(m))lnf(z;γ)dz

(10)

whichistheexpectationoftheloglikelihoodwith
respecttotheconditionalpredictivedistribution
f(z|y;R(γ

︿(m))),underthecurrentvalueofthe
modelparametersγ

︿(m)atthemthiteration.TheQ
functionisthenmaximizedintheM-steptofind
thenewvalueofthemodelparameters,viz.

γ
︿(m+1)=argmax

γ
Q(γ,γ

︿(m)) (11)

These steps are repeated iteratively until
convergence.WhentheQfunctionisnotavailable
inclosedform,a MonteCarloestimateofthe
requiredexpectationcanbeusedinstead.Thisis
the MCEM algorithm. The Q function is
replacedby

Q(γ,γ
︿(m))=

1
K∑

K

k=1
lnf(zk;R(γ

︿(m))) (12)

intheE-step,wherez1,…,zK aredrawnfrom

f(z|y;γ
︿(m)).

The Dunn-Smythresiduals[21] area useful
diagnostictoolforgeneralizedlinear modeling,

whichareusedhereasadevicefornumerical
approximationoftheintegrandinEq.(9).Letuij

beindependentdrawsfrom astandarduniform
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randomvariableU(0,1).Wefirstdefineuij=
Fij(yij)+uijfij (yij),which are uniformly
distributedonthe(0,1)interval,ifyij hasthe
marginaldistributionfunctionFij.ADunn-Smyth
residualisthendefinedbyζij=Φ-1(uij).The
distributionoftheseresiduals,conditionalonthe
dataand marginaldistributions,isatruncated
multivariatenormalwithanidentitycovariance
matrix.Wecanwritethedistributionofthevector
ofDunn-Smythresidualsas

g(ζi)=
∏
d

j=1
ϕ(ζij)

∏
d

j=1
fij(yij)

(13)

Thisdistributionhaspositiveprobabilityonlyin
theregionofintegrationofthelikelihooddefinedin
Eq.(9),makingitacandidateforimportance
samplingtoestimatethisintegral.

Theorem2.1 Thelikelihoodofthediscrete
Gaussian copula can be approximated by
importance sampling with K sets of Dunn-
Smythresiduals
L(β,φ,θ|y1,…,yn)=          

∏
n

i=1∫z-
i <z≤zi

ϕdi
(z;Ri(γ))dz≃

∏
n

i=1
∏
di

j=1
fij(yij)∏

n

i=1
∑
K

k=1

ϕdi
(ζk

i;Ri(γ))

∏
di

j=1
ϕ(ζk

ij)
,

wherefijisthemarginaldensityofvariablejand
observationi,andζiareDunn-Smythresiduals
distributedbyg.

Proof Wecanapproximatethelikelihoodby
importance sampling with K sets of Dunn-
Smythresiduals

Li(β,φ,γ|yi)=∫z-
i <z≤zi

ϕdi
(z;Ri(γ))dz=

∫z-
i <z≤zi

ϕdi
(z;Ri(γ))

∏
di

j=1
fij(yij)

∏
di

j=1
ϕ(zij)

g(z)dz=

∏
di

j=1
fij(yij)∫z-

i <z≤zi

ϕdi
(z;Ri(γ))

∏
di

j=1
ϕ(zij)

g(z)dz

(14)

whichcanbeapproximatedusingKsamplesfrom
g,viz.

Li(β,φ,γ|yi)≃∏
di

j=1
fij(yij)∑

K

k=1

ϕdi
(ζk

i;Ri(γ))

∏
di

j=1
ϕ(ζk

ij)

(15)

  Theparameters(β,φ,γ)areestimatedvia
thealgorithmintwosteps.First,themarginal
parameters(β,φ)areestimatedbyassuming
independence,as withindependenceestimating
equations.Second,theseestimates (β

︿,φ
︿)are

pluggedintothelikelihoodL(β,φ,γ|y1,…,yn),

defined in Eq.(14). The resulting plug-in
likelihoodL(γ|β

︿,φ
︿,y1,…,yn)ismaximizedfor

correlationparametersγ.Suchalgorithmshave
goodasymptoticproperties,includingasymptotic
efficiencyrelativetomaximumlikelihood[22].

Wenotethattheobservationsyi~f(y,η,γ)
fori ∈ {1,…,n}.Toestablishthetheoretical
properties,weassumethefollowingregularity
conditionshold.

Condition C1  The parameter space Θ
containsanopensetofwhichthetrueparameter
θ0isaninteriorpoint.

ConditionC2 Thereexistsanopensubsetof
ω∈Ω containingη0andanintegrablefunction
Mr(y),suchthatforeveryη∈ωandy∈y,

|3lnf(y,η,γ)/3ηr|≤Mr(y)
forr∈{1,…,dim(η)},whereEη0

{Mr(y)}<∞.
ConditionC3 Forr∈{1,…,dim(η)}there

areboundedfunctionsVr (y)suchthatinthe
neighborhoodofη0foranyfixedγ,

{lnf(y,η,γ)/ηr}2 ≤Vr(y)
withEη0

{Vr(y)}<∞.
Theorem2.2 UndertheconditionsC1~C3,

theestimators (β
︿,φ

︿,γ
︿)areconsistentand

asymptoticallynormallydistributed.
ThetechnicalproofisgiveninAppendix.

3 Numericalstudies
3.1 Simulations

Inthissection,weconductsimulationstudies
to investigate the finite performances ofthe

0721 中国科学技术大学学报 第50卷



proposed method.Ineach ofthestudies,we
generated500datasetsandtooksamplesizesn=
50,100and200,andtheMonteCarlosamplesize
K=200.WealsocomparedourmethodtotheGEE
method[23]andthegeneralizedlinearmixed-effects
models(GLMM)[24]forestimatingtheparameters
inthemean modelandthedispersion.InGEE
method,weassumeunstructuredcorrelations,and
inGLMM,weconsidertimeasrandomeffects.
AllsimulationswereconductedinR.

Study3.1 Inthisstudyweconsiderthatthe
marginaldistributionsFij(j=1,...,mi)forn
subjectsasthenegativebinomialdistributionyij~
NegBin(δ,μij)withmeanμijandvarianceμij+

μ2
ij/φ, where φ > 0 is the over-dispersion
parameter and the numbers of repeated
measurements mi for each subject satisfies
mi-1~Binomial(5,0.8).Themeanwasthen
parameterized as μij = exp (xT

ijβ)to allow
dependence on explanatory variables,and the
varianceexceedsitsmean(i.e.over-dispersion).
The explanatory variables xij1 and xij2 were
bivariate normal with correlation 0.5. The
parametersinthecorrelation matrix wassetas
Lijk=γ0+wijk1γ1+wijk2γ2forthemoving-average
(MA)structureasinEq.(6)withwijk={1,tij-
tik,(tij-tik)2}Tandthemeasurementtimestijs

wereuniformlydistributed.Thetrueparameters
weretakenasβ=(β0,β1,β2)=(1,-0.3,0.5),

δ=4andγ=(γ0,γ1,γ2)=(0.5,-0.3,0.3).
Tab.1showstheaccuracyoftheestimated

parametersintermsoftheirmeanbiases(MB)and
standarddeviations(SD)inthreemethods.For
theGLMM method,thedispersionparameteris
fixed,becausetheestimation ofitisalways
unstable.Wecanseethebiasesandthestandard
deviationsdecreaseasthesamplesizeincreases,

andallthebiasesaresmallespeciallywhennis
large.ComparedtotheGEEandGLMMestimates
fortheparametersinthemeanmodel,ourmethod
haveverycompetitiveperformances.Intermsof
dispersionparameter,thebiasofourmethodis
aboutone-halfoftheGEE,andofcourseGLMM.
Forthebiasesofother meanparameters,our
method performs much better than GLMM,

probablybecauseweneedtocorrectlymodelthe
randomeffectadditionallyinGLMM.AndtheSD
ofourmethodareslightlysmallerthanGLMM.
Additionally,wecanseethatthebiasesareclose
butalwayssmallerthanGEE,andtheSDofour
methodaremuchsmallerthantheSDofGEE.It
showsthatourmethodismorestablethanGEE.
Allabove show the advantage of proposed
method.

Tab.1 SimulationresultsforStudy3.1.Meanbias(MB)andstandarddeviation(SD)ofmeanparameters

ourmethod

50 100 200

GEE

50 100 200

GLMM

50 100 200
MBβ0 0.010 0.000 0.001 0.007 0.002 0.001 0.116 0.112 0.115
SDβ0 0.085 0.060 0.041 0.128 0.129 0.137 0.096 0.067 0.047
MBβ1 0.002 0.003 0.002 0.002 0.001 0.005 0.005 0.005 0.000
SDβ1 0.052 0.038 0.023 0.096 0.089 0.109 0.053 0.040 0.025
MBβ2 0.000 0.002 0.002 0.003 0.009 0.003 0.005 0.006 0.002
SDβ2 0.055 0.038 0.026 0.119 0.158 0.093 0.057 0.040 0.028
MBψ 0.767 0.359 0.166 1.464 0.913 0.381 - - -
SDψ 1.817 1.075 0.660 2.395 1.916 1.401 - - -
MBγ0 0.001 0.006 0.004 - - - - - -
SDγ0 0.151 0.103 0.073 - - - - - -
MBγ1 0.072 0.003 0.001 - - - - - -
SDγ1 0.917 0.613 0.438 - - - - - -
MBγ2 0.081 0.010 0.008 - - - - - -
SDγ2 1.151 0.764 0.532 - - - - - -
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  Study3.2 Thedatasetsweregeneratedfrom
themodel

yij ~Bernoulli(pij),

logit(pij)=β0+xij1β1+xij2β2,

Lijk =γ0+wijk1γ1+wijk2γ2,

i=1,…,n;j=1,…,mi,

whereagainthe measurementtimestij’swere
uniformandmi -1~Binomial(5,0.8).The
covariatexij=(xij1,xij2)T wasgeneratedfroma
standardbivariatenormaldistribution withzero
correlation.We took the covariates for the
correlationsaswijk={1,tij-tik,(tij-tik)2}T.The
parametersweresetasβ=(β0,β1,β2)=(1.0,

-0.3,0.5)and
γ=(γ0,γ1,γ2)=(0.5,-0.3,0.3).

  Tab.2showsthattheresultsarequalitatively
similartothoseinStudy3.1.Whenn=50and
100,themeanbiasesofGEEareslightlysmaller
thanourmethod,butthestandarddeviationsare
lagerthanourmethod.Andwhenn=200,our
methodhasthebestperformance.Overall,our
methodperformspromisinglyandindicatesthe
potentialbenefitforestimatingthemean model
incorporatingthecorrelationsinthelongitudinal
databyusingaparsimoniouscorrelationmodel.

Tab.2 SimulationresultsforStudy3.2.Meanbias(MB)andstandarddeviation(SD)ofmeanparameters

ourmethod

50 100 200

GEE

50 100 200

GLMM

50 100 200

MBβ0 0.027 0.026 0.017 0.051 0.031 0.018 0.141 0.044 0.015

SDβ0 0.225 0.149 0.105 0.235 0.153 0.106 1.092 0.501 0.106

MBβ1 0.018 0.012 0.004 0.011 0.008 0.008 0.020 0.012 0.006

SDβ1 0.169 0.116 0.089 0.174 0.128 0.090 0.197 0.122 0.094

MBβ2 0.018 0.016 0.001 0.011 0.010 0.004 0.025 0.017 0.003

SDβ2 0.186 0.119 0.090 0.193 0.123 0.090 0.198 0.132 0.096

MBγ0 0.063 0.057 0.016 - - - - - -

SDγ0 0.299 0.207 0.128 - - - - - -

MBγ1 0.139 0.113 0.076 - - - - - -

SDγ1 1.904 1.219 0.771 - - - - - -

MBγ2 0.238 0.076 0.029 - - - - - -

SDγ2 2.385 1.460 1.460 - - - - - -

3.2 Onlineshoppingdata
E-commerceapplicationhasbecomeoneofthe

mostcommonlyusedInternetapplicationsallover
the world.Research on behavior ofshopping
users,especiallyitsimpactonpurchasing,isof
greatsignificanceto deeply understand user’s
onlinepurchasebehavior,discoverhighpotential
users,andpromoteconsumption.

Inthissection,weconsideranapplicationof
our methods using online shoppinglogs data
accumulated by Tmall.com. We analyze a
randomlyselectedsampleofn=1000visitsto

Tmall.comfrom MaytoOctoberin2015.The
responsevariableisthenumberoftimesauser
makepurchases.Usersonaverage made4.23
visitswithastandarddeviation1.92,resultingina
highlyunbalancedrepeatedmeasurementdataset.
Wealsoconsiderasetofcovariatesthatcould
explain the variation in users’consumption
behavior,including users’personalinformation
and shopping logs. Tab.3 describes these
explanatoryvariablesindetail.Intheapplication,

thenonlineareffectofageisassumedincluding
age2amongthecovariates.
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ThemodeldescribedinSection1isfittedon
thisdataset.Toaccountfortheover-dispersion,

weusedaparametricnegativebinomialregression
modelforthemean,

actionij ~NegBin(φ,μij),

ln(μij)=ln(timeij)+β0+β1clickij+

β2favorij+β3agei+β4age2i+β5genderi,

whereφistheover-dispersionparameter,timeijis
the month oftimefrom thestartday.The
ln(timeij)is needed to account for different
observationperiods.

Tab.3 Variabledescriptions

variable description

action numberoftimesausermakepurchases

age
1for<18;2for[18,24];3for[25,29]

4for[30,34];5for[35,39];6for[40,49]

7for≥50

age2 squareofage

gender 0forfemale,1formale

merchant numberofmerchantsclicked

click numberofitemsclicked

favor numberofitemsaddedtofavourite

  Tab.4reportstheestimatesoftheregression
parameters.Andalsoasacomparison,aGLMM
approach with visit-timeasrandom effect was
implemented.Fromtheresults,wenoticethatall
the explanatory variables are statistically
significant.The variable click is a positively
significantvariable,indicatingthatuserswhoclick
morewillhavemorechancetomakepurchases,

givenotherexplanatoryvariables.Thetimesusers
makepurchasesisnegativelyrelatedtofavorand
gender.Sincegendertakes1foramanand0fora
woman,itisobviousthatamantendstomakeless
purchases.Andthefactthatfavorisnegatively
correlatedtopurchasesuggestsuserswhoaddan
itemtofavoritesmaybelesslikelytobuyitatthe
same time. As for nonlinear relations,the
quadraticeffectsofageisnegativelysignificant,

whichmeansthatmiddle-agedpeoplewillmake
morepurchases.Theover-dispersionparameter
δ
︿
=0.682issignificant,suggestingthatthecounts

areover-dispersed.
Tab.4 Estimatesoftheparameters

ourmethod

Est. SE p-value

GLMM

Est. SE p-value

(intercept)-3.6930.514 <0.01 -3.6880.482 <0.01

click 0.045 0.004 <0.01 0.034 0.004 <0.01

favor -0.2440.051 <0.01 -0.1890.043 <0.01

age 1.133 0.219 <0.01 1.195 0.204 <0.01

age2 -0.0980.023 <0.01 -0.1090.021 <0.01

gender -0.1130.049 0.021 -0.1200.047 0.01

φ 0.682 0.028 <0.01 0.832 - -

  Fortheparametersinthecorrelation,we
obtainedγ

︿
0=1.055,γ

︿
1=0.142,γ

︿
2= -0.037.

We summarize the fitting with some plots.
Fig.1(a)showstheplotsofthefitted M.A.
coefficientversusthetimelag,suggestingthata
polynomialmodelforcorrelationsisreasonable.
Thecurvedpatternbetweenthecorrelationand
timeinFig.1(b)isinteresting,whichmaybedue
tothefactthatpurchases madewithinashort
periodoftimearemorecorrelatedtoeachother
butsuchaneffectbecomesweakerinarelative
longerterm.

Fig.1 Theonlineshoppingdata

4 Conclusion
Withdiscretelongitudinaldata,weproposea

mean-correlationmodelbasedonmovingaverage
Choleskydecomposition.Forthisclassofmodels,

computingthefulllikelihoodisofteninfeasible.
Therefore,weproposeacomputationallyefficient
MCEM approach for model estimation. Our
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method can deal with any set of marginal
distributionsin Gaussiancopula model,andis
simpleandflexibletoimplement.Weassessthe
performancebyaseriesofsimulationstudieswhich
show thatourapproach has very competitive
performances.Overall,theproposedframeworkis
revealing someinformative features from the
statisticalmodelingforgenericdatawithtemporal
dependence.Itisbenefitstodiscoverinteresting
dependencepropertiesofthecovariancestructures.
Topicsforfutureresearchincludethefeature
selectionforthemean-correlationmodelandthe
model diagnostic tools for assessing model
adequacy.
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Appendix
Ourmethodisatwo-stepestimationprocedure,whereweestimateβandφfromamarginallikelihood

andthenmaximizetheconditionallikelihoodgiventheseestimates.Bytreatingβandφasnuisance
parameters,wecangetconsistentestimatorsofparametersγ.

ProofofTheorem2.2
Letθ0=(η0,γ0)bethetrueparameters,andη

︿
betheestimatedcoefficientswhereη

︿
jisfoundby

maximizingthejthmarginallikelihood,

η
︿
j =argmax

ηj
lnLj(yj,ηj) (A1)

  BecausemaximizingEq.(A1)isequivalenttousingindependenceestimatingequationsintheGEE
framework[23],whichisconsistentunderConditionC1andConditionC2,wenowstatearesult,without
proof,concerningtheconsistencyofthemarginalparameters.

LemmaA.1 UndersomeregularconditionsC1~C3,η
︿
→η0inprobabilityasn→∞.

AnalogouslytotheproofofstandardmaximumlikelihoodestimationinRef.[25],wedefine

τ(γ)=
1
nln

L(y;η
︿,γ)

L(y;η
︿,γ0)

=
1
n∑

n

i=1
ln

f(yi;η
︿,γ)

f(yi;η
︿,γ0)

(A2)

  However,wecannotusethelawoflargenumbersdirectlytoshowthisconvergestoitsexpectation
underθ0aseachsummandofτ(γ)isafunctionofallthedata,throughη

︿
.Instead,wedevelopthe

followingresult.

LemmaA.2 Letln(θ)=ln(η,γ)=lnL(y;η,γ)=∑
n

i=1
lnf(yi;η,γ),wehaveln(η

︿,γ)/n→

Eθ0lnf(y,η0,γ)inprobabilityasn→∞.
Proof UnderConditionsC1~C3onehasthat,foranyfixedγ,theTaylorexpansionofthe

standardizedlikelihoodaroundη0is
1
nln(η

︿,γ)=
1
nln(η0,γ)+

1
n
(η
︿
-η0)T


η

ln(η,γ)|η (A3)

whereηisbetweenη
︿
andη0.BytheCauchy-Schwarzinequality,thelasttermis

‖
1
n
(η
︿
-η0)T


η

ln(η,γ)|η ‖ ≤
1
n ‖η

︿
-η0 ‖×‖


η

ln(η,γ)|η ‖ (A4)

  ByLemmaA.1,weknow‖η
︿
-η0‖=op(1).Wethenlookatthesquareofthelastterm,viz.

‖

η

ln(η,γ)|η ‖2=∑
dim(η)

r=1

{∑
n

i=1


ηr
lnf(yi,η,γ)|η}2=Op(n2) (A5)

whichfollowsfromtheregularityconditions.Hence

‖

η

ln(η,γ)|η ‖=Op(n) (A6)

  SotheremainderterminEq.(A3)isgivenby

‖
1
n
(η
︿
-η0)T


η

ln(η,γ)|η ‖ ≤
1
nop(1)Op(n)=op(1) (A7)

  Thisinturnimplies
1
nln(η

︿,γ)=
1
nln(η0,γ)+op(1) (A8)

  Thereforeforanyγ,ln(η
︿,γ)/n→Eθ0lnf(y,η0,γ)inprobability.Theproofiscompleted.

Nowwecanreturntothestandardproof,itcanbeeasilyshownthat
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τ(γ)=
1
n∑

n

i=1
ln

f(yi;η
︿,γ)

f(yi;η
︿,γ0)

→Eθ0
{ln

f(y,η0,γ)
f(y,η0,γ0)

}=-K(θ0,θ)<0 (A9)

unlessf(y,θ)=f (y;θ0),andθ
︿
→θ0inprobabilityandhenceγ

︿
→γ0inprobability.Thenthroughthe

standardprocess,wecaneasilyobtaintheasymptoticnormality.
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