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Abstract:Theproblemofsamplingmultivariatecountvariableshaspracticalsignificance.Ref.[1]proposedan
algorithmforsamplingmultivariatecountrandomvariablesbasedonC-vinecopulas,bywhichtheparametersρi,j|D

ofedgeei,j|DoftheC-vinestructureareestimatedbyoptimizingthedifferencebetweenthesamplepartialcorrelation
σ
︿
i,j|Dandthepartialcorrelationσi,j|DcalculatedfromtheprespecifiedcorrelationmatrixbythePearsonrecurrence
formula,whereDisaconditioningnodeset.Weintroducetheconceptofmarginalregularvinecopula,whichleads
todirectlyoptimizingthedifferencebetweenthesamplecorrelationσ

︿
ijandthetargetedcorrelationσijforpairsof

variables.Threesimulationstudiesillustratethatthenewsamplingmethodgeneratesmoreaccurateresultsthanthe
C-vinesamplingmethodinRef.[1]andtheNaivesamplingmethodinRef.[3].Thesamplingalgorithmroutinesare
implementedinPythonaspackagecountvarinPyPi.
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0 Introduction
Thestudy of multivariate discrete random

variablesareimportantbothintheoreticalresearch
andinpracticalapplicationsinthefieldslikesignal
processing, management science,financialrisk
managementandparticlephysics.Thestatistical
analysisof multivariatecountshasbeen proved
difficultbecauseofthelackofaparametricclassof
distributionssupportingarichenoughcorrelation
structure.It remains a problem of sampling
multivariatecountvariableswithspecifiedmarginal
distributionsand their correlation matrix.The
progressthathavemadeinvinecopulasbringhope
tosolvingthisproblem.Throughthispaper,we
willdenotethecountrandomvariablesasY1,…,
Yn,Yi ~ Fi,i =1,…,n,andthecorrelation
matrixcorr(Y)=Σ.

ErhardtandCzado[1]usedaC-vinedecomposition
andGaussiancopulatoapproximatelysamplehigh-
dimensionalcountrandomvariables.Theirmethodis
dividedintotwosteps.Thefirststepistoestimate
theparameteroneachedgeoftheC-vinecopulaby

approximatingthepartialsamplecorrelationρ
︿
i,j|Dto

thetargetoneρi,j|D ,whereDisaconditioningnode
set.Thisstepiscarried outbytherecursive
method[2].Thesecondstepistosampleu=(u1,…,
un)∈ (0,1)nfromtheC-vinecopulasandobtain
the multivariate count samples by theinverse
method,i.e.,Yi =F←

i (ui),whereF←
i istheleft

continuousinversefunctionofFidefinedby

F←
i (u)=inf{x:Fi(x)≥u},u∈ (0,1).

ErhardtandCzado[3]comparedtheC-vinesampling
approach withanaivesamplingapproachbyan
extensivesimulationstudyforavarietyofmarginal
distributionssuchasPoisson,generalizedPoisson,
negative binomial,and zero-inflated generalized
Poissondistributions.

InspiredbyRefs.[1,3],wedevelopanew
samplingmethod.Thismethodperformsbetterin
simulationstudiesthantheC-vineandthenaive
samplingapproaches.Firstly,weuseregularvine
copulas,which have more flexible dependence
structuresthan C-vine and D-vine copulas,to
approximate the distribution function of



multivariate uniform samples. Secondly, our
methoddirectlyoptimizesthedifferencebetween
samplecorrelationandthetargetcorrelationbased
ontheconceptofmarginalregularvinecopulasand
the regular vine copula sampling algorithm
implementedinPythonpackagepyvine[4].Thevine
structure is determined with respect to the
maximumdependencycriteriagiveninRef.[5].
Theformaldefinitionofthemarginalregularvine
copulaisgiveninSection2.

Thispaperisorganizedasfollows.Section1
brieflyreviewsthedistributionsoffourkindsof
countrandomvariablesandsomebasicpropertiesof
vinecopulas.Section2introducestheconceptof
marginalregularvinecopulaandournewsampling
algorithm.InSection3,threecasesofsimulation
studyarecarriedouttocompareoursampling
methodwiththeC-vineandthenaivesampling
methodsintermsofrelativebiaswithrespectto
targetcorrelationandintermsofaveragenumberof
acceptanceofspecifiedcorrelation.InSection4,the
samplingalgorithmformultivariatecountvariables
inthispaperisusedinthesimulationanalysisof
operational risk aggregation for financial
institutions.Section 5 gives a conclusion and
discussion.

1 Discretedistributionsandvinecopulas
1.1 Fourfamiliesofdiscretedistributions

Webrieflyreview fourfamiliesofdiscrete
distributions:Poisson,generalizedPoisson(GP),
zero-inflated generalized Poisson (ZIGP),and
negative binomial (NB) distributions. These
distributionshavebeenappliedtocountdatain
variousfieldssuchassports,insurance,household
fertility, genomics and others[6-9]. The GP
distributiongeneralizesPoissondistributioninthe
senseofover-dispersionusingparameterϕ,and
includesthecaseofPoissondistributionwhenϕ=1
(seeRef.[6]).TheZIGPdistributionaddsan
additionalzero-inflationparameterω allowingfor
excesszeros,andincludesthecaseofGPwhenω=0.
Ref.[10]provedthatGPisthemixtureofPoisson
distributionsandinvestigatedhow GPandNBas
wellasZIGPcanbedistinguishedfromeachother.
Theprobabilitymassfunction(PMF),expectation
andvarianceforthesedistributionsaresummarized
inTab.1;alsoseeTable4.1inRef.[3].

1.2 Vinecopulas
OnecanrefertoRef.[1,3]forthedefinitions

andrelated concepts of vine and regular vine
structures, vine and regular vine copulas,
conditioningandconditionedsets,H-functionsand
inverseH-functions.Thedefinitionofregularvine
isreviewedasfollows.

Definition1.1(Regularvine) Visaregular
vineonnelementsif

(Ⅰ)V=(T1,…,Tn-1);
(Ⅱ)Fori=1,…,n-1,Tiisaconnectedtree

withedgesetEiandnodesetNi =Ei-1withNi =
n-(i-1),where# Niisthecardinalityofthe
setNi;

(Ⅲ)Fori=2,…,n-1,ifa={a1,a2}and
b={b1,b2}aretwonodesinNiconnectedbyan
edge,wherea1,a2,b1,b2∈Ni-1,then#a∩b=
1.

Let(U1,…,Up)havearegularvinecopulawith
regularvinestructureV .ForeachedgeeinV ,
considerthefollowingmapping:

e→cF(uCe,1|uDe
),F (uCe,2|uDe

);uDe  (1)
where{Ce,1,Ce,2}istheconditionednodesetofedge
e,Deistheconditioningnodeset,andc(·,·;
uDE

)isthedensityfunctionofabivariatecopula
whichcorrespondstotheconditionaldistribution
ofrandomvariablesUCe,1andUCe,2givenUDe =uDe =
(ui,i∈De).Thejointdensityfunctionof(U1,
…,Un)canbeconstructedviamultiplicationofthe
abovemappings:

c(u1,…,up)=∏
p-1

i=1
∏
e∈Ei

c(F(uCe,1|uDe
),

        F(uCe,2|uDe
);uDe

) (2)

whereerunsoveralledgesinEioftheithtreeTi .
Thetermc(F(uCe,1 |uDe

),F(uCe,2 |uDe
);uDe

)
dependsonuDe notonlythroughitsconditional
marginsF(uCe,υ1

|uDe
)andF(uCe,υ2

|uDe
),but

alsodirectlythroughuDe .
WhenthelengthofuDeincreases,itisdifficult

toestimatethebivariatecopulac(·,·;uDe
).Ref.

[11]statedthatthesimplifiedformc(F(uCe,1 |
uDe
),F(uCe,2 |uDe

))canbeusedtoapproximate
therighthandsideinEq.(1)wellenough,inwhich
the bivariate copula depends on conditioning
variablesuDeonlythroughthetwoconditionalmarginal
distributions,whileRef.[12]pointedoutthatthis
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Tab.1 PMFs,expectationsandvariancesofthePoisson,GP,ZIGPandNBdistributions

P (Y =y) E (Y) Var(Y)

Poi μy

y!
e-μ μ μ

GP μ(μ+(ϕ-1)y)y-1

y! ϕ-yexp{-
1
ϕ
(μ+(ϕ-1)y)} μ μϕ2

ZIGP

whereϕ> max{
1
2
,1-μ

m
}andmisthelargest

naturalnumberwithμ+m(ϕ-1)>0ifϕ<1.

1{y=0}[ω+(1-ω)exp{-μ
ϕ
}]+

1{y>0}(1-ω)μ
(μ+(ϕ-1)y)y-1

y! ϕ-yexp{-
1
ϕ
(μ+(ϕ-1)y)},

thesameconditionasGP.

(1-ω)μ (1-ω)μ(ϕ2+μω)

NB
Γ(y+ψ)
Γ(ψ)y!

(ψ
μ+ψ

)ψ(μ
μ+ψ

)y μ μ(1+μ
ψ
)

couldbe misleading,andintroducedanonpara-
metricsmoothingmethodforR-vinewithp=3.We
adoptthissimplifiedformasfollows,whichwillbe
usedinthesequel:

c(u1,…,up)=∏
p-1

i=1
∏
e∈Ei

c(F(uCe,1|uDe
),

    F(uCe,2|uDe
)) (3)

Vine copula provides a flexible way of
constructingmultivariatedistributions.Ref.[13]
firstintroducedthepaircopulaconstruction(PCC)
formultivariatedistributions.Refs.[14-15]found
thatPCC can berepresented orindexed by a
hierarchicaltreestructurenamedvinestructure.A
wide range of dependence structures can be
constructedbycombiningthelargenumberofvine
structuresanddifferentfamiliesofbivariatecopulas
oneachedgeoftreesfromthevinestructure.Ref.
[5]gavealgorithmsforsamplingandtestingtwo
specialcasesofvinestructures,theC-vineandD-
vinestructure.Ref.[16]appliedvinecopulasfor
samplingjointuniform distributions.Ref.[17]
investigated the density evaluation, structure
selectingandsamplingprocedureforthegeneralized
regular vine copulas based on the array
representationofthevinestructure.Ref.[18]
developedavinecopula modelingframeworkfor
multivariatediscretedatathatisflexible,easyto
estimateandapplicableinhighdimensions.For
packagesonmodeling,samplingandtestingofC-
vine,D-vineandregularvinecopulas[4,19].For
standardreferencesonvinecopulas[20].

2 Samplingmultivariatecountvariables
Theproblem ofsampling multivariatecount

randomvariablesY1,…,Yn withdifferentmarginal
distributionsandaprespecifiedcorrelationmatrix
remainsopenbecauseofthelackofparametric
familiesofmultivariatediscretedistributions.The
samplingalgorithmforonedistributionisusually
designedspecifically.Theinversemethodisused
widely.However,thismethodisinvalidforsome
distributionslikenormaldistribution[21].Though
the inverse method for sampling univariate
distributionshasseveralshortcomingssuchaslow
efficiency,complexity in the form of explicit
expressionsofinversefunctionsetc.,itistheonly
choiceunderthecurrentsolutionframeworkto
generate multivariate discrete samples from u
generatedfromspecifiedcopulas.TaketheNaive
methodasanexample:givenacorrelationmatrix
which is the target correlation structure of
multivariatecountvariables,wefirstsimulatefrom
theGaussiancopulaCn(u;)toobtainsamplesu
∈ (0,1)n ,andthenapplytheinversemethodto
eachmarginsoastogetmultivariatecountsamples
Y.

Ref.[1]gave an algorithm for sampling
multivariate count variables via obtaining each
parameterofbivariateconditionalGaussiancopulas
correspondingtoeachedgeofaC-vinecopulaby
using bisection method for optimization. More
precisely,theydeterminedtheparameterρi,j|D of
edgee=ei,j|Dbythebisectionoptimizationofobject
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function

f(ρi,j|D)=|σ
︿
i,j|D -σi,j|D| (4)

where{i,j}istheconditionedsetofedgee,Dis
theconditioningsetofedgee,σ

︿
i,j|DisthePearson

correlationofYi|D =F←
i (ui|D)andYj|D =F←

j (uj|D),
(ui|D,uj|D) follows the bivariate conditional
gaussiancopulawithparameterρi,j|D ,andσi,j|Dis
thepartialcorrelationofYi ,YjgivenYk ,k∈D .
Denotebyσijthe(i,j)thelementof.Thepartial
correlationσi,j|DisevaluatedbyPearsonrecursive
formula[2]asfollows:

σij|D =
σij|D\{k}-σik|D\{k} σjk|D\{k}

1-σ2ik|D\{k}  1-σ2jk|D\{k}  
,k∈D.

  InspiredbyRef.[1],wesuggestanalgorithm
forsamplingmultivariatecountvariablesbasedon
the proposed concept of marginalregular vine
copulasdefinedbelow.Thiswillletusoptimizethe
objectivefunction

f(ρi,j|D)=|σ
︿
i,j -σi,j| (5)

onthelefthandsideofwhichρi,j|Distheparameter
ofedgeei,j|DfromregularvinecopulasV .Whileσ

︿
i,j

ontherighthandsideoftheobjectivefunction
meansthePearsoncorrelationofthetwodiscrete
variableYi =F←

i (ui),Yj =F←
j (uj),inwhichui

andujaresamplessimulatedfromthemarginalvine
copulaVDcorrespondingtoedgeei,j|D belongingto
theregularvinecopulaV .Noticethattheobjective
functioninEq.(5)optimizesdirectlythedistance
fromtheunconditionalcorrelation,ratherthanthe
partialcorrelation of samplesin the objective
functionofEq.(4),tothepre-specifiedcorrelation
parameterσi,j belongingto ,whichisthekey
pointthatwebelieveandwillproveinlatersections
toimprovethesamplingalgorithm'saccuracyof
multivariatecountvariables.
2.1 Marginalregularvinecopula

Marginalregular vine structureisin fact
composedofallj-foldunionsofedgeei ∈ Ei ,
wherej =1,…,i -1.First,wereviewthe
definitionofregularvineandj-foldunionofanedge
fromRef.[15].

Definition2.1 Completeunion,j-foldunion.
Foraregularvineandanyei ∈ Ei ,the

completeunionofeiisthesubset

Aei ={j∈N1:∃ek ∈Ek(k=1,…,i)with

j∈e1,ek ∈ek+1(k=1,…,i-1)},

andthej-foldunionofei(1≤j ≤i-1)isthe
subset

Uei
(j)={ei-j ∈Ei-j:∃edges     
ek ∈Ek(k=i-j+1,…,i-1),
withek ∈ek+1(k=i-j,…,i-1)}.

Forj=0,defineUei
(0)={ei}.

Inthefollowingcorollary,weprovethatthej-
foldunionisessentiallyavinetreebutnotaforest
withseveralisolatedtrees.

Corollary2.1 Foreache ∈Ei ,thej-fold
unionUe(j)formsasubtreeofTi-j .

Proof ItisobviousthatUe(j)⊆Ei-j .We
shallstatethatUe(j)isatreeratherthanaforest
withseveraltrees.Forj=1,Ue(1)={e1,e2}ife=
{e1,e2},henceUe(1)isatreewithtwoedges.
Assumetheconclusionholdsforj=k-1≤i-1
butnotforj=k≤i-1,thatis,Ue(k-1)isone
subtreeandUe(k)isaforestcontainingmorethan
twosubtrees,which leadsto a conflict since
differenttreesoftheforestUe(k)generateseveral
isolatedsubtreesofTi-k+1.

Fig.1 Marginalregularvinestructure

Definition2.2 Marginalregularvinestructure.
ForaregularvinestructureV withnlabels,

denotebyTitheithtreeofVfori=1,…,n-1.
Foranyedgee∈Ei ,themarginalvinestructure
withrespecttoedgee,denotedbyVe ,isobtained
bythej-foldunion(1≤j<i),i.e.,

Ve ={Ue(i-1),Ue(i-2),…,Ue(1)}.

  Theregularvinecopulacorrespondingtothe
marginalvinestructureVeismarginaltotheregular
vinecopulacorrespondingtothefullstructureV .

Example2.1 Fig.1displaysanexample.The
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leftpanelisaregularvinestructureRwithlabels1,
2,3,4,5,whiletherightpanelisthemarginalvine
structureR1,5|2,3in whichthedashededgesand
nodesaretakenofffromR.
2.2 Samplingalgorithm

Thesamplingalgorithmformultivariatecount
variablesbasedontheconceptof marginalvine
copulasiscomposedoftwosequentialsteps.The
firststepgeneratesabestfitregularvinestructure
for the prespecified correlation matrix of
multivariatecountvariables,andthesecondstep
determinestheparametersofbivariate Gaussian
copulasforalledgesoftheregularvinestructure.
Wegivethedetailsasfollows.
2.2.1 Determineregularvinestructure

Therearemanychoicesforthestructureofa
regularvine,includingthetwospecialcasesnamed
C-vineand D-vine.Ref.[5]suggestedthatthe
selected structure should be determined by
consideringwhichbivariaterelationshipsaremost
important.Thismeansthatthevariablepairsthat
containhigherdependenceshallbeputintothetop
treeswith priority.Wenow givea methodto
determinetheregularvinestructurebasedonthe
maximum-spanning-tree whichcanguaranteethe
sumof(conditional)absolutecorrelationonvine
treearethelargest.Thestepsarelistedasfollows:

(Ⅰ)LetT1bethemaximum-spanning-treeof
thecompleteundigraphG1 withweight|σi,j |of
eachedge;

(Ⅱ)Iteratethroughtheneighborededgepairs
denotedby{i,k}and{j,k}ofT1andtreatthemas
oneedgedenotedbyei,j|kofthesecondgraphG2.
LetT2bethemaximum-spanning-treeofgraphG2

withweight|σi,j|k|foreachedgeei,j|kofG2;
(Ⅲ)RepeatthisprocedureforT3tillTn-1.
Acorrespondingpseudo-codeforthealgorithm

ispresentedinAlgorithm2.1.
  Algorithm2.1 Determinetheregularvinestructure
basedoncorrelationmatrixΣ=(σij).

RequireV={1,2,…,n},thenodeset
Require=(σij)istheprespecifiedcorrelationmatrix
1theregularvinestructureisinitializedasanemptylist,

denotedbyR={}
2thegraphlistisinitializedasanemptylist,denotedby

G={}
3G1istheconnectedweightedcompleteundirectedgraph

withverticesV
4theweightofedgeeijofG1isωij=|σij|
5G.append(G1)

6Forrfrom1ton-1do
7 Tr=maximum_spanning_tree(Gr)
8 R.append(Tr)
9 letGr+1becomeanemptyweightedgraph
10 Fortwoneighborededgepaire=(e1,e2)inTr.

edges()do
11  eisaprobableedgefornexttreeTr+1
12  Gr+1add_edge(e)
13  lettheconditionedsetofe=(e1,e2)be{i,j}
14  lettheconditioningsetofe=(e1,e2)beD={k1,

… ,kr-1}▷ifr=1,letD=Ø
15  letωe=σi,j|D={k1,…,kr-1},whereσi,j|Disthepartial

correlation
16 EndFor
17 G.append(Gr+1)
18EndFor

2.2.2 Estimateparametersofaregularvinecopula
Theestimationforparametersofalledgesofa

specified regular vine structureRislisted as
follows:

(Ⅰ)Iteratethroughalledgesofthefirsttree
T1toobtaintheoptimizedparametersρi,jthatwill
minimizetheobjectivefunction

f(ρi,j)=|corr(Yi,Yj)-σi,j|,
wheree={i,j}isoneofthen-1edgesofT1;

(Ⅱ)Iteratethroughalltheedgesofthesecond
treeT2.Letei,j|D={k}denoteoneedgeofT2,where
Distheconditioningsetofoneelementk,and
denotebyRi,j|D={k}thecorrespondingmarginalvine
copula.Accordingtothedefinition,Ri,j|D={k}is
constitutedwithtwovinetreesandtheparameters
ofthefirsttreeare obtainedin Step 1.The
parameterofthesecondtreeρi,j|k canthusbe
estimatedthroughoptimizing|corr(Yi,Yj)-σi,j|,
whereYi =F←

i (ui),Yj =F←
j (uj)and{ui,uj}is

simulatedfromRi,j|D={k};
(Ⅲ)Continuetheprocedureinstep2abovefor

vinetreesT3tillTn-1,andalltheparametersofR
willbeestimatedsequentially.

Acorrespondingpseudo-codeforthealgorithm
ispresentedinAlgorithm2.2.

Algorithm2.2 Estimatetheparametersofaregularvine
copula

RequireR= {T1,T2,…,Tn-1}isthestructureof
regularvine

Require = (σij)istheprespecifiedcorrelationmatrix
Requireregular_vine_copulas_samplingfunctionfrom

packagepyvine
RequireunivariatediscretedistributionfunctionsF1,…,

Fn

1Forrfrom1ton-1do
2 ForeinTr.edges()do
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3  Statelettheconditionedsetofedgeebe{i,j}
4  StatelettheconditioningsetofedgeebeD={k1,

…,kr}▷ifr=1,letD=Ø
5  StateletRebethemarginalregularvinecopulas

fromRwithrespecttoedgee
6  theGaussianparameterρeofedgeeisobtainedby

ρe=argminf(ρe),f(ρe)=|corr(Yi,Yj)-σi,j|
7  whereYi=F←i (ui),Yj=F←j (uj),andu=(ui,uj,

uk1,…,ukr)isajointuniformsamplegeneratedfromRe,

thatis,
u=regular_vine_copulas_sampling(Re)

  8 EndFor
9 EndFor

3 Simulationstudies
Thissectioninvestigatestheperformanceofthe

multivariate count variable sampling algorithm
basedonmarginalregularvinecopulas,compared
withthealgorithmgivenbyRefs.[1,3]andthe
Naivemethod.Thesethreealgorithmsaredenoted
byM1,M2andM3,respectively.Tocomparethe
threeapproaches,wetakethefactorssuchasthe
dimension,thesizeofparameters,thestructureof
the correlation matrix, and the marginal
distributions of the count variables into
consideration.Threecasestudiesarecarriedoutto
illustrate the sampling performance and
effectivenessofthethreealgorithms.Theyare

Case1 Atdifferentlevelsofdimensionand
different size levels of the correlation in an
exchangeabletargetcorrelationstructure;

Case2 Atdifferentlevelsofdimensionand
differentunstructuredcorrelationmatrices;

Case3Atdifferentcountmarginsandparameters.
We also use the maximum relative bias

(MAXRB)andtheaveragenumberofacceptance
(AAC)fromRef.[1]tomeasuretheperformance
andeffectivenessforcomparison.Thedefinitionsof
thesetwostatisticsarerecalledasfollows.

Definition3.1(Maximumrelativebias) The
relativebiasoftheempiricalcorrelation ofthe
samplevaluestothetargetcorrelationof(Yi,Yj)is
definedby

RB
︿

i,j =
1
R∑

R

r=1

σ
︿r
i,j -σi,j

σi,j
,i≠j,

whereRisthenumberofreplicationsofNsamples
ofY = (Y1,…,Yn),andσ

︿r
i,j isthesample

correlationof(Yi,Yj)forther-threplicationof
sampleset.Themaximumrelativebiasisdefinedas
themaximalestimatedrelativebias

MAXRB:= max
1≤i<j≤n

RB
︿

i,j.

  Definition 3.2  (Average number of
acceptance) Considerthefollowinghypothesis

H0:σi,j =σ0i,j,∀1≤i<j≤n↔H1:notH0

withlevelα,whereσ0i,jisthetargetcorrelation.
Thiscompositetestcanbedecomposedinton(n-
1)/2individualtests

Hij
0:σi,j ≠σ0i,j↔Hij

1:σi,j =σ0i,j
with Bonferroni correction under level αc =

α
n(n-1)/2

.TherejectregionofHij
0is

RejectHij
0:σ

︿
ij ≠σ0ij⇔ N -3,

|tanh-1(σ
︿r
ij)-tanh-1(σ0ij)|≤qαc

,

whereqαcisthe(1-αc)-quantileofthestandard
normaldistribution,andNisthesamplesize.We
rejectH0ifforsome(i,j),Hij

0cannotberejected.
ACCαisdefinedasthepercentageofacceptancesof
H0underlevelofαamongtheRreplications.

Tab.2 Marginalparameterschosenforsimulation
studyofCases1and2

n Parameters

Poi 2 μ:= (10,15)

5 μ:= (10,15,12,20,28)

9 μ:= (10,15,12,20,28,17,27,13,19)

10 μ:= (10,15,12,20,28,17,27,13,19,25)

GP μthesameasinPoissoncase
2 ϕ:= (1.5,3.5)

5 ϕ:= (1.5,3.5,1.5,2,2.5)

9 ϕ:= (1.5,3.5,1.5,2,2.5,2,3,1.5,1.5)

10 ϕ:=(1.5,3.5,1.5,2,2.5,2,3,1.5,1.5,2.5)

ZIGP μandϕthesameasinGPcase
2 ω:= (0.25,0.15)

5 ω:= (0.25,0.15,0.10,0.3,0.2)

9
ω: = (0.25,0.15,0.10,0.3,0.2,0.17,
0.24,0.24,0.2)

10
ω: = (0.25,0.15,0.10,0.3,0.2,0.17,
0.24,0.24,0.2,0.15)

NB μthesameasinPoissoncase
2 ψ:= (8,4/3)

5 ψ:= (8,4/3,9.6,20/3,16/3)

9 ψ:= (8,4/3,9.6,20/3,16/3,17/3,
3.375,10.4,15.2)

10 ψ:= (8,4/3,9.6,20/3,16/3,17/3,
3.375,10.4,15.2,4.762)
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Tab.3 Maximumrelativebias(MAXRB)andaveragenumberofacceptance(ACC)forsimulationstudyofCase1
basedonR=1000replicationsandN=500samplesofsizenforexchangeabletargetcorrelationρand

differentcountmarginsandparametersasinTab.2(hereACCismultipliedby100)

ρ n M
Poisson

MAXRB ACC0.05

GP

MAXRB ACC0.05

ZIGP

MAXRB ACC0.05

ZIGP

MAXRB ACC0.05

0.1 2 1 1.42 95.4 0.68 95.4 1.22 94.8 0.52 94.5

2 0.83 94.8 1.96 94.8 0.322 94.1 9.06 93.3

3 0.81 94.9 10.36 93.4 8.90 93.8 8.58 94.2

5 1 4.47 94.2 1.19 93.5 2.33 93.9 3.09 94.1

2 11.74 95.3 22.35 92.7 9.98 94.7 13.63 94.3

3 4.21 95.8 11.94 93.5 12.98 93.4 9.29 94.9

10 1 3.61 94.4 3.85 94.7 4.11 93.8 3.85 94.7

2 16.04 94.2 17.54 94.1 20.18 94.3 15.99 93.0

3 5.24 96.0 14.91 92.1 12.21 95.4 14.9 92.1

0.5 2 1 0.09 94.6 0.20 92.1 0.20 94.4 0.21 93.3

2 0.99 93.5 1.93 90.6 0.63 95.3 0.22 91.4

3 1.14 95.0 7.24 78.8 9.39 74.5 6.19 83.6

5 1 0.46 94.4 0.75 92.6 0.62 94.9 0.50 93.2

2 4.48 94.1 2.15 90.6 4.38 89.6 2.70 91.5

3 1.03 95.0 7.54 77.6 9.58 72.7 6.66 85.7

10 1 0.48 95.8 0.55 90.5 0.98 94.9 0.47 95.3

2 4.45 91.5 3.65 86.5 5.01 90.3 3.41 91.3

3 1.55 95.3 7.79 76.5 12.27 73.2 7.02 87.8

0.9 2 1 0.06 94.3 0.09 94.4 0.07 97.4 0.03 94.7

2 0.76 89.1 0.16 92.4 0.02 95.7 0.31 93.2

3 0.72 87.9 4.35 3.9 6.64 0.0 4.33 3.7

5 1 0.06 95.8 0.09 92.0 0.11 97.1 0.09 95.0

2 1.03 86.1 2.66 53.5 3.66 21.9 1.23 82.2

3 0.78 91.3 4.64 33.0 7.81 0.0 4.90 0.9

10 1 0.08 96.6 0.09 90.6 4.38 0.7 0.11 95.3

2 1.40 78.6 2.61 56.5 7.10 0.0 1.84 74.7

3 0.86 92.6 5.42 18.0 12.15 0.0 5.03 1.5

  Forallthreecasestudies,the numberof
replicationsRissetto1000,andthenumberofsamples
ineachreplicationNissetto500.Thefirsttwocase
studiessharethesamemarginaldistributionparameters
listedinTab.2,andthemarginalparametersofthe
thirdcasestudyarelisted.
3.1 Case1

Inthiscase,wecomparethethreesampling

algorithmsatdifferentlevelsofdimensionandsize
ofparameterswithconstrainttotheexchangeable
structureofcorrelationmatrix,thatis,ρij=ρforall
i≠j.Thesettingsareρ∈ {0.1,0.5,0.9}and
n∈ {2,5,10},and the parameter choices of
marginalcountvariablesarelistedinTab.2.The
simulationresultsaresummarizedinTab.3.From
Tab.3,weobservethat
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(Ⅰ)Forallthethreealgorithms,thehigher
theρis,thesmallertheMAXRBwillbe;

(Ⅱ)Forallthethreealgorithms,MAXRBwill
increasewithdimensionn;

(Ⅲ)MAXRBof M1isalmostsmallerthan
thoseofM2andM3;

(Ⅳ)ACCishigherandmorestableforM1than
M2andM3whenρislarge.
3.2 Case2

Wecomparethe performance ofthethree

sampling algorithms with unstructured target
correlationmatricesnspecifiedforn=5and9.5
and9aregivenby

5=

1.00 0.80 0.50 0.40 0.35
0.80 1.00 0.70 0.65 0.50
0.50 0.70 1.00 0.40 0.30
0.40 0.65 0.40 1.00 0.55
0.35 0.50 0.30 0.55 1.00























(6)

and

9=

1.00 -0.71 -0.80 0.33 0.40 0.37 0.51 0.50 0.35
-0.71 1.00 0.78 -0.33 -0.38 -0.36 -0.51 -0.50 -0.32
-0.80 0.78 1.00 -0.34 -0.37 -0.37 -0.52 -0.51 -0.34
0.33 -0.33 -0.34 1.00 0.48 0.44 0.19 0.19 0.13
0.40 -0.38 -0.37 0.48 1.00 0.60 0.22 0.22 0.14
0.37 -0.36 -0.37 0.44 0.60 1.00 0.23 0.23 0.15
0.51 -0.51 -0.52 0.19 0.22 0.23 1.00 0.95 0.68
0.50 -0.50 -0.51 0.19 0.22 0.23 0.95 1.00 0.59
0.35 -0.32 -0.34 0.13 0.14 0.15 0.68 0.59 1.00

































(7)

  Itshouldbepointedoutthatsomenegative
correlationsareincludedinthecorrelation matrix
9.ForM1,weadditionallyspecifyC-vineforthe
regularvinestructurein ordertoexaminethe
influenceofthestructureupontheperformanceof
samplingalgorithms.Resultsaresummarizedin
Tab.4.Wefindthat

(Ⅰ)MAXRBforn =9issignificantlylarger

thanthatforn=5;
(Ⅱ)MAXRBofM2haspoolperformance;
(Ⅲ )MAXRB of M1r (M1 with R-vine

structure)issmallerthan M1c (M1withC-vine
structure)whenn =5,whileMAXRBofM1ris
largerthanM1cwhenn=9;

(Ⅳ)TheperformanceofthenaivemethodM3
isclosetoM1randM1c;

Tab.4 MAXRBandACCforsimulationstudyofCase2basedonR=1000replicationsandN=500
samplesofsizenforspecifiedtargetcorrelationmatrices(6)and(7)anddifferentcount

marginsandparametersasinTab.2(hereACCismultipliedby100)

n M
Poisson

MAXRB ACC0.05
GP

MAXRB ACC0.05
ZIGP

MAXRB ACC0.05
NB

MAXRB ACC0.05
5 1r 0.71 95.5 0.48 91.6 0.36 94.7 6.70 93.2

1c 0.80 95.0 0.85 91.0 0.84 94.9 10.52 91.7

2 4.64 93.3 9.86 71.3 15.40 64.4 9.93 86.1

3 1.20 95.9 6.95 45.2 8.62 18.2 6.24 58.8

9 1r 4.83 96.4 31.50 85.8 22.65 88.2 15.08 95.2
1c 3.98 96.3 12.55 95.7 17.32 88.1 7.27 86.1

2 102.24 0.0 58.32 8.3 48.12 12.8 71.73 0.8

3 1.80 94.3 19.38 1.9 19.22 0 11.54 30.2

Tab.5 MarginalparameterchoicesforsimulationstudyofCase3

small large

μS =(1,3,2,2,1.5) μL =(30,20,35,50,25)

ϕS =(1.1,2.5,1.5,3,2) ϕL =(6,5,3,4,4.5)

ωS =(0.05,0.1,0.05,0.08,0.07) ωL =(0.25,0.2,0.35,0.15,0.4)

ψS(μS)=(4.7619,0.5714,1.6,0.25,0.5) ψL(μS)=(0.029,0.125,0.25,0.133,0.078)

ψS(μL)=(142.9,3.810,28,6.25,8.333) ψL(μL)=(0.857,0.833,4.375,3.333,1.299)
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Tab.6 MAXRBandACCforsimulationstudyofCase3basedonR=1000replicationsandN=500
samplesofsizen=5forspecifiedtargetcorrelationmatrix(6)anddifferentmargin

parametersasinTab.5(hereACCismultipliedby100)

μ ϕ ω
M1r

MAXRB ACC0.05

M1c

MAXRB ACC0.05

M2

MAXRB ACC0.05

M3

MAXRB ACC0.05

Poisson S 1 0 1.17 94.2 1.91 92.5 7.85 89.1 11.61 29.1

L 1 0 2.70 95.4 1.11 96.8 5.68 93.7 0.73 95.2

GP S S 0 26.17 36.1 9.50 62.9 13.65 46.5 25.16 1.4

S L 0 17.22 10.0 19.11 8.1 37.92 1.0 55.83 0.0

L S 0 6.99 92.5 6.66 93.1 9.21 89.1 2.98 88.7

L L 0 10.26 71.8 18.94 51.3 18.97 50.2 15.85 21.1

ZIGP S S S 1.21 61.6 1.49 61.9 14.27 37.8 25.66 0.5

S S L 18.72 39.2 0.79 54.2 11.64 34.2 32.64 0.3

S L S 14.16 8.7 19.74 11.6 36.00 2.0 63.06 0.0

S L L 11.47 8.6 14.91 9.0 113.45 0.0 68.37 0.0

L S S 16.77 90.4 11.96 91.1 11.72 53.6 11.87 0.1

L S L 0.21 95.9 11.97 91.6 12.42 80.8 16.29 0.1

L L S 0.93 79.8 1.17 78.6 20.02 45.8 16.82 20.3

L L L 1.10 80.6 14.14 70.8 22.59 41.9 22.30 13.6
NB S S 0 16.18 47.0 11.49 62.0 13.57 79.3 26.53 0.1

S L 0 18.34 4.1 16.13 5.9 13.59 81.1 67.54 0.0

L S 0 1.45 95.3 3.66 95.0 9.37 86.3 2.50 92.1

L L 0 9.14 80.1 3.70 83.5 9.31 85.4 12.89 4.2

  (Ⅴ)ACC0.05ofboththeM1randM1cdefeat
M2andM3significantly.ACC0.05ofM1randM1c
maintainatabove0.85,whileitwilldropbelow
0.10for M2and M3 whenthe marginalcount
variablecomesfromthefamiliesofGP,ZIGPor
NB.
3.3 Case3

Inthissection,wecomparetheinfluenceof
differentsizesofmarginalparametersμ,ϕ,ωandψ.
Twosetsofmarginalparametersareprespecified:
thesetofsmall(S)valuesandthesetoflarge(L)
values.Marginalparameterchoicesarepresentedin
Tab.5withn=5,andthetargetcorrelationmatrix
isfixedtobe5asinEq.(6).Inordertokeepthe
variancesoftheith GPand NB marginsdelete
equal,weshouldsetϕ2

i=1+μi/ψior,equivalently,
ψi=μi/(ϕ2

i -1).ForψS =(ψS
1,…,ψS

n)andψL =
(ψL
1,…,ψL

n),theentriesinTab.5werecalculated
accordingto

ψS
i(μi)= μi

(ϕS
i)2-1

,ψL
i(μi)= μi

(ϕL
i)2-1

,

whereμicouldbeeitherμS
iorμL

i .Thecomparison

resultsaredisplayedinTab.6.
Theaboveresultsarebrieflyinterpretedas

follows:
(Ⅰ)Thesmallerthemeanparameterμis,the

largerMAXRBis,andthesmallerAACis;
(Ⅱ)Thelargertheparameterϕis,thelarger

MAXRBis,andthesmallerAACis;
(Ⅲ)MAXRB (AAC)of M1cand M1rare

significantlyless(larger)thanM2andM3;
(Ⅳ)Theinfluenceofωisnotsignificant.

4 Applicationinsimulationanalysis
ofoperationalriskaggregation
OperationalriskcategorywasadoptedbyBasel

CommitteeIIforfinancialregulationoverbanks,
whichistheriskresultingfromtheactuallosses,
incurredbyinadequateorfailedinternalprocesses,
people and systems,or from external events
(includinglegalrisk).Thevariationversionwas
adopted by Solvency II directives forinsurers
regulation.

Theregulatorycapitalofoperationalriskfor
smallbanksorinsurerscanbefiguredoutbythe
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advancedmeasurementapproach.Fist,wedivide
theactivitiesoffinancialinstitutionsintoB (=8)
businesslinesasinTab.7(seeTable13.1inRef.
[22]),andthencategorizeoperationallossesintoL
(=7)losseventtypesasinTab.8foreachbusiness
line.Thentheaggregationlossofacertainperiodis
determinedby

S=∑
B

b=1
∑
L

l=1
∑
Nb,l

k=1
Xk,b,l (8)

whereXk,b,lstandsforthekthlossoftypelfor
businesslineb,andNb,listhecorrespondingloss-
count.Therisk-capitalforthespecialperiodis
hencedeterminedbyariskmeasureoαlikeValue-at-
Risk (VaR)orExpected-ShortfallofS atsome
confidencelevelα∈(0,1).Now,weconsideroα =
VaRα ,whereVaRα(S)=F←

S (α),andFSisthe
distributionfunctionofS.Thesamplingalgorithm
formultivariatecountvariablesinSection3provides
an effective method for simulationanalyses of
operationalrisk aggregationS,hencetherisk
capitalchargeforfinancialinstitutions.

Ref.[23]performedadetailedoperationalrisk
analysison the dataset of QuantitativeImpact
Studies,andconcludedthatthelossvalueofthe
singlesection of (b,l)can be modeled by a
generalizedParetodistribution(GPD)intheupper-
tailareaundersomeappropriateassumptions.The
estimatedmarginal(GPDandNB)distributionsfor

theeightbusinesslinesarepresentedinTab.9,
whichistakenfromRef.[23].
Inthefollowing,wegiveanillustrationrather

thanarealpracticeunderBaselII,weassumethat
thereisonlyonelosseventtype,thatis,L =1.
LossvariablesXk,bandloss-countvariablesNbare
assumedtofollowGPD(βb,ξb)andNB(μ,Ψ )in
Tab.9,respectively.Differentlossvariableswithin
thesamebusinesslineareindependent,andare
assumedtobeindependentamongdifferentbusiness
lines.Thecorrelationmatrixofloss-countrandom
variables(N1,N2,…,N8)isdenotedby 8,
whichwillbespecifiedbelow.Hence,theaggregate

lossvariablesSb = ∑
Nb

k=1
Xk,b aredependentfor

differentbusinesslinesonlythroughloss-count
random variables Nb . Here four correlation
matricesareutilizedforthesimulation ofloss
aggregation:

(ⅰ)Identity matrix forindependentloss
relationship;

(ⅱ)Exchangeablecorrelationwithρ=0.1for
weakpositivedependence;

(ⅲ)Exchangeablecorrelationwithρ=0.5for
moderatepositivedependence;

(ⅳ)Submatrix 1:8,1:8 ofthe correlation
matrix9specifiedinEq.(7)forbothunstructured
andnegativedependence.

Tab.7 Eightbusinesslinesforanoperationalriskaggregation

businesslines

1.corporatefinance

2.trading&sales

3.retailbanking

4.commercialbanking

5.payment&settlement

6.agencyservices

7.assetmanagement

8.retailbrokerage

Tab.8 Sevenlosseventtypesforanoperationalriskaggregation

losseventtypes

1.internalfraud

2.externalfraud

3.employmentpractices&workplacesafety

4.clients,products&businesspractices

5.damagetophysicalassets

6.businessdisruption&systemfailures

7.execution,delivery&processmanagement

Tab.9 Empiricalmarginaldistributionsoflossandloss-countvariables

b 1 2 3 4 5 6 7 8

loss
(GPD)

β 774 254 233 412 107 243 314 124

ξ 1.19 1.17 1.01 1.39 1.23 1.22 0.85 0.98

loss-count
(NB)

μ 0.45 0.37 0.26 0.47 0.51 0.30 0.52 0.24

Ψ 0.25 0.05 0.02 0.10 0.13 0.07 0.20 0.03
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Tab.10 VaRα(S)underthefourspecifiedcorrelationmatricesbysimulation

Levelα (ⅰ) (ⅱ) (ⅲ) (ⅳ)

0.900 107052 115865 122038 112446

0.950 221358 251937 257347 232932

0.975 485675 540765 545119 493801

0.990 1471664 1576687 1616502 1441295

0.999 33337855 33800474 36440883 25872229

  For the above correlation matrices,by
simulationwithsamplesizeN =50000,theVaRα

valuesofanaggregationlossSwithdifferentlevels
ofα arepresentedin Tab.10,which provides
referenceinformationfortherisk-capitalofS.
Withineachlevelα,VaRαalsoincreasesfrom (ⅰ)
to (iii). Situation (ⅳ ) has a similar tail
characteristicas (ⅰ),andthe VaRα issmall
comparedwiththeotherthreecases,especiallyforα
=0.999.Thismaybeexplainedbybynegative
dependenceamongtheloss-countvariablesofthe
eightbusinesslinesinCase(ⅳ).

5 Conclusion
Samplingmultivariatecountrandomvariables

with specified correlation remains a difficult
question. There exist two methods for
approximatelysampling:theNaivemethod (M3)
andtheonesuggestedbyRef.[1](M2).TheNaive
method samples from a multivariate Gaussian
distributionwithacorrelationmatrixidenticaltothe
prespecifiedone,andthentheinversemethodare
utilizedto generate multivariatecountsamples.
HenceM3willsufferfromgreatbiasandcouldonly
betreatedasabenchmark.M2outperformsM3.
However,the optimization by bisectiontothe
distanceofsamplepartialcorrelationandtarget
partialcorrelationmayalsoleadtosomebias.

Themethod M1 wesuggestedinthispaper
directlyoptimizesthedistancebetweenthesample
correlationandthetargetcorrelationforpairsof
random variables.Also,the R-vinestructureis
moregeneralizedthantheC-vine.Hence,more
flexibledependencestructuresareavailableforthe
sampling algorithm. We carry out simulation
studiessoastocompareperformanceofthethree
sampling methods. Results illustrate that M1
outperformstheothertwomethods.M1and M2
havea shortcoming thatthey are moretime-
consumingthan the Naive one.The sampling

algorithmroutinesinthispaperareimplementedin
PythonaspackagecountvarinPyPi[24].
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基于边际正则藤copulas对具有既定皮尔逊相关系数的
多元离散随机变量的抽样算法

袁振飞,胡太忠
中国科学技术大学管理学院统计金融系,安徽合肥230026

摘要:基于多元离散随机变量的抽样问题在实践中的应用价值,Erhardt和Czado提出了基于C藤Copulas的

多元离散随机变量的抽样算法,其优化参数为C藤的边参数,目标函数为给定的皮尔逊偏相关系数与样本偏

相关系数的距离.本文引入了边际正则藤Copulas的概念,进而直接以随机变量对的样本相关系数与给定的

皮尔逊相关系数σij之间的距离为目标函数进行优化.三组模拟实验结果分别与文献[1]提出的基于C藤的抽

样算法,文献[3]中使用的Naive基准抽样算法相比,基于边际正则藤Copula的抽样算法具有相对较高的精确

性.本文中所使用的抽样算法通过Python语言实现并打包命名为countvar上传至PyPi.
关键词:C藤Copula;边际正则藤Copula;多远离散随机变量;Naive抽样算法;正则藤;抽样
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