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复合泊松分布的对数凹性质

夏婉婉

(中国科学技术大学管理学院统计与金融系,安徽合肥230026)

摘要:根据前人文献给出的对数凹性质、TP2 性质和再生性的关系,得到了双参数复合泊松分布关于其参

数的对数凹性质以及TP2 性质的相关结论.
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0 Introduction
Log-concave functions have many nice

analyticalproperties,andplayanimportantrolein
statistics,probability,economics,and other
fields[1-3].Anonnegativefunctionh:RRn→RR+≡[0,
∞)issaidtobelog-concaveif,forallx,y∈RRn

andforallα∈(0,1),wehave
h(αx+(1-α)y)≥[h(x)]α[h(y)]1-α.

Ifh(x)>0forallx ∈RRn ,thenanequivalent
conditionis

lnh(αx+(1-α)y)≥      
αlnh(x)+(1-α)lnh(y).

  Totalpositivityoforder2(TP2)isaconcept
closelyconnectedwithlog-concavityasshownin
Lemma1.1.LetXXandYYbetwosubsetsofthe
reallineRR.Anonnegativefunctionψ:XX×YY→RR+

issaidtobeTP2if
ψ(x,y)ψ(x*,y*)≥ψ(x*,y)ψ(x,y*)

(1)
wheneverx,x* ∈XX,y,y* ∈YY,andx<x*

andy<y* .Iftheinequalityin(1)isreversed,



thenψissaidtobethereverseruleoforder2
(RR2).FormoredetailsonTP2andRR2,see
Ref.[3].

Avarietyoflog-concavityresultsforfamilies
ofdistributionfunctionsF(x|θ,ν)andrelated
functionsinx,θorνhavebeenstudied.Finner
andRoters[4-5]andDasGuptaandSarkar[6]studied
theinterrelationshipsbetweenlog-concavity,TP2
andreproductiveproperty.Inviewofsuchan
interrelationship,FinnerandRoters[5]obtaineda
seriesoflog-concavityresultsnotonlyforcentral
butalsofornoncentralchi-squareandFaswellas
forbetadistributions.

Thepurposeofthisshortnoteistoinvestigate
log-concavityandTP2(RR2)propertiesoftwo-
parameter compound poisson distributions
Q(x|θ,ν)withrespecttox,θandνbysimilar
argumentstothoseinRef.[5].Themainresults
aregivenin Section 2.Section 1 givesthe
definitionofreproductiveproperty,andprovides
theinterrelationshipsbetweenlog-concavity,TP2
andreproductiveproperty.Asufficientcondition
under which acompound Poisson distribution
functionpossesseslog-concavityisalsorecalledin
Section 1. One application is presented in
Section3.

1 Preliminaries
First,recallthereproductivitygiveninRefs.

[4-5].Let(XX,A,μ)denoteameasurespace
whichisingeneralassumedtobeequalto(RR,B,
λ)or (ZZ,P(ZZ),κ),whereλ denotesthe
LebesguemeasureontheBorelσ-fieldBoftheset
ofrealnumbersRR,andκdenotesthecounting
measureonthepowersetP(ZZ)ofthesetof
integersZZ.DefineNN={1,2,…}andNN0=NN∪
{0},andletΘ,T ∈ {(0,∞),[0,∞),NN,NN0}
andg:XX×Θ×T→RR+bemeasurableinthefirst
component.Thefunctiong(x|θ,τ)issaidto
havethereproductivepropertyinθ∈Θ,denoted
byRP(θ),ifforeveryη ∈Θ,thereexistsa
probability measure Pη on (XX, A) with
Pη(RR+∩XX)=1suchthatforallθ∈Θ,

∫XX
g(x-y|θ,τ)dPη(y)=

g(x|θ+η,τ),μ-a.s..
  Thefirstlemmabelow,whichcanbefoundin
Refs.[4-5]andalsoin Ref.[6]with minor
modification,revealstherelationshipbetweenTP2
propertyandlog-concavity.

Lemma1.1 Letf(x|θ,τ)beadensity
functiondefinedonXX×Θ×T,andletF(x|θ,τ)
denotethecorrespondingdistributionfunction.
Supposethatg(x|θ,τ)∈{F(x|θ,τ),F(x|θ,
τ),f(x|θ,τ)}isBorelmeasurableinx∈XXand
hasRP(θ).

(a)Ifg(x|θ,τ)islog-concaveinxforallθ
andsomeτ,theng(x|θ,τ)isTP2in(x,θ)∈
XX×θ.
(b)Ifg(x|θ,τ)isTP2in(x,θ)∈XX×Θfor

someτ,theng(x|θ,τ)islog-concaveinθforall
x.

Lemma1.2[6] Letg(x|θ,τ)beasdefined
inLemma1.1withRP(θ)property.Ifg(x|θ,
τ)isTP2in(x,τ)∈XX×Tforeachθ,theng(x|
θ,τ)isRR2in(θ,τ)∈Θ×Tforeachx.

Thethirdlemma,duetoRef.[8,Theorem
3.4], states that the compound Poisson
distribution function is log-concave if the
underlying distribution possesses a decreasing
densityfunctiononRR+.

Lemma1.3 Let{Xi,i≥1}beasequenceof
i.i.d.nonnegativerandomvariables,andNbea
Poissonrandomvariableindependentof{Xi,i≥
1}.IfX1hasadecreasingdensityfunctiononRR+,

thenthedistributionfunctionofSN=∑
N

i=1
Xiislog-

concave.
ForadistributionfunctionG,denotebyGk*

thek-foldconvolutionofG,k∈NN,andbyG0*

thedistributionfunctionofadegeneraterandom
variableX≡0.IfGhasadensityfunctiong,then
denotebygk*thedensityfunctionofGk* ,where
k ∈ NN.The nextlemmaisanimmediate
consequenceofRef.[8,Theorems1.C.11and
1.C.12].RecallthatarandomvariableXorits
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distributionissaidtobeofincreasinglikelihood
ratio(ILR)[resp.decreasingreversedhazardratio
(DRHR),increasingfailurerate(IFR)]ifXhasa
log-concave density or mass function [resp.
distributionfunction,survivalfunction].

Lemma1.4 LetGbeadistributionfunction
ofanonnegativerandomvariableX .Then

(a)gk*(x)isTP2in(k,x)∈ NN×RRifX
isILR;

(b)Gk*(x)isTP2in(k,x)∈NN0×RRifXis
DRHR;

(c)Gk*(x)isTP2in(k,x)∈ NN0×RRifX
isIFR.

2 Two-parametercompoundPoisson
distributions
Ma[9]introducedthefollowingtwo-parameter

compoundPoissondistribution:

Q(x;θ,ν,G)=e-θ∑
∞

k=0

θk

k! G
(ν+rk)*(x) (2)

withtwoparametersθ ≥0andνanonnegative
integer,whererisagivenpositiveinteger,andG
isadistributionfunction.Clearly,Q(x;θ,ν,G)
represents the distribution function of the
randomsum

Sν+rN(θ)=∑
ν

k=1
Xk+∑

rN(θ)

k=1
Xν+k (3)

where{Xi,i≥1}isasequenceofi.i.d.random
variableswithdistributionG,N(θ)isaPoisson
randomvariablewithparameterθandindependent
of{Xi,i≥1}.

Theorem2.1 LetGhaveadecreasingdensity
functionwithG(0)=0.Then

(a)Q(x;θ,ν,G)islog-concaveinx∈RRfor
allintegerν∈NN0andθ∈RR+;

(b)Q(x;θ,ν,G)islog-concaveinν∈NN0for
all(x,θ)∈RR×RR+;

(c)Q(x;θ,ν,G)islog-concaveinθ∈RR+for
all(x,ν)∈RR×NN0;

(d)Q(x;θ,ν,G)isTP2bothin(x,ν)∈
RR×NN0andin(x,θ)∈RR×RR+.

Proof (a)Foreachpair(ν,θ),
Q(·;θ,ν,G)=Q(·;0,ν,G)*Q(·;θ,0,G)

(4)

whereQ(·;0,ν,G)=Gν*(·),and*denotes
theconvolutionoperation.SinceGhasadecreasing
density,GisDRHRbythedefinition,which,by
Ref.[8,Corollary1.B.63],impliesthatQ(·;0,
ν,G)isDRHR.Ontheotherhand,forθ>0,it
followsfrom(3)that

SrN(θ)=∑
rN(θ)

k=1
Xν+k=∑

N(θ)

j=1
∑
r

k=1
Xν+(j-1)r+k  ,

whereN(θ)and{Xi,i≥1}arethesameasthose
in (3).Itcanbecheckedthatifthedensity
functiongofGisdecreasing,then

gr*(x)=∫
∞

-∞
g(x-u)g(r-1)*(u)du

isalsodecreasinginx.Since∑
r

k=1
Xν+(j-1)r+k,j∈

NN,arei.i.d.nonnegativeandhavedecreasing
density,byLemma1.3,weknowthatQ(x;θ,0,
G)isDRHRforeachθ>0.ItistrivialthatQ(x;
0,0,G)isDRHR.SoQ(·;θ,0,G)isDRHRfor
θ∈RR+.Again,byRef.[8,Corollary1.B.63],it
followsfrom(4)thatQ(·;θ,ν,G)isalsoDRHR
or,equivalently,Q(·;θ,ν,G)islog-concavein
x∈RR.Thisprovespart(a).

(b)~(d)ObservethatQ(·;θ,ν,G)has
RP(θ)andRP(ν).Thedesiredresultsinparts
(b)~(d)nowfollowfromLemma1.1directly.
Thiscompletestheproofofthetheorem.

Theorem2.2 SupposethatG(0)=0.
(a)IfGisILRandν≥1,thenthedensity

function,q(x;θ,ν,G),ofQ(x;θ,ν,G)isTP2
in(x,θ)∈RR×RR+,RR2in(θ,ν)∈RR+×NN,and
islog-concaveinθ∈RR+.

(b)IfGisDRHR,thenQ(x;θ,ν,G)isTP2
in(x,θ)∈RR×RR+,RR2in(θ,ν)∈RR+×NN0,and
islog-concaveinθ∈RR+.

(c)IfGisIFR,thenQ(x;θ,ν,G)isTP2in
(x,θ)∈RR×RR+,RR2in(θ,ν)∈RR+×NN,andis
log-concaveinθ∈RR+.

Proof Wegivetheproofofpart(a)only;
theproofsofparts(b)and(c)aresimilar.First,
notethatwhenν≥1,thedensityfunctionq(x;θ,
ν,G)ofQ(x;θ,ν,G)existsandisgivenby

q(x;θ,ν,G)=e-θ∑
∞

k=0

θk

k!g
(ν+rk)*(x) (5)
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wheregisthedensityfunctionofG.Since
g(ν+rk)*(x)isTP2in(k,x)∈NN0×RRbypart(a)of
Lemma1.4,andθk/k! isTP2in(θ,k)∈RR+×
NN0,applyingthebasiccompositionformula(cf.
Ref.[3:17])inEq.(5)yieldsthatq(x;θ,ν,G)
isTP2in(x,θ)∈RR×RR+.Ontheotherhand,
sinceq(x;θ,ν,G)hasRP(θ)andRP(ν),it
followsfromLemmas1.1and1.2thatq(x;θ,ν,
G)islog-concaveinθ∈RR+foreachx,andthat
q(x;θ,ν,G)isRR2in(θ,ν)∈RR+×NN.This
completestheproofofthetheorem.

3 Oneapplication
Letχ2n,θ denotethe noncentralchi-square

distribution with n degrees of freedom and
noncentralparameterθ,where(n,θ)∈RR2+.We
adopttheconventionthatχ2n ≡χ2n,0,thecentral
chi-squaredistributionwithndegreesoffreedom.
Thedensityfunctionofχ2nisgivenby

h(x|n)=
e-x/2xn/2-1

2n/2Γ(n/2)
,x∈RR+ (6)

Forn=0,χ20,θiscalledthepurelyeccentricpartby
Hjort[10],whileχ20,0isthedegeneratedistribution
withallmassat0,andforθ>0,χ20,θputsmass
e-θ/2at0.Ref.[5,Theorem3.4]provedthatχ2n,θis
DRHRforall(n,θ)∈RR2+byusingamorerefined
technique.Theyfirstprovedthatthedensity
functionofthecontinuouspartofχ20,θislog-
concave,andthenprovedthatχ20,θisDRHR.We
nowpresentadifferent,butsimple,proofby
usingLemma1.3.
3.1 Specialcase:n∈NN0

Firstconsiderthecasen∈NN0,andletXn,θ ~
χ2n,θ.Then,Xn,θ hasthefollowingstochastic
representation:

Xn,θ=∑
n

i=1
Xi+ ∑

2N(θ/2)

k=1
Xn+k (7)

where{Xi,i≥1}isasequenceofi.i.d.χ21-
distributed random variable,and N(θ/2)is
Poissonrandom variable with parameterθ/2,
independentof{Xi,i ≥ 1}.LetH(·|n,θ)
denotethedistributionfunctionofχ2n,θ.FromEq.
(6),itfollowsthatthedensityfunctionofχ2mis

decreasingwhenm ∈ [0,2].ApplyingTheorem
2.1toEq.(6),weconcludethat

①H(x|n,θ)islog-concaveinx∈RR+;
②H(x|n,θ)isTP2in(x,n)∈RR+×NN0and

TP2in(x,θ)∈RR2+;
③H(x|n,θ)islog-concaveinn∈NN0forall

(x,θ)∈RR2+;
④H(x|n,θ)islog-concaveinθ∈RR+forall

(x,n)∈RR+×NN0.
3.2 Generalcase:n∈RR+

Theorem3.1[5] χ2n,θisDRHRforall(n,θ)

∈RR2+.
Proof First,considerthecaseθ=0.Note

thatχ2nisILRforn ≥ 2,andthatχ2n hasa
decreasingdensityforn ∈ (0,2)andχ20isthe
degeneratedistributionwithallmassatzero.Then
χ2nisDRHRforalln∈RR+.

Next,considerthecaseθ>0.LetXn,θbea
random variable with distribution χ2n,θ,and
N(θ/2)be a Poisson random variable with
parameterθ/2.Forn=0,itfollowsfrom Ref.
[10]that

X0,θ=d ∑
N(θ/2)

k=1
Yk,

where=d meansequalityindistribution,and{Yk,

k≥1}isasequenceofi.i.d.χ22-distributed
randomvariables,independentofN(θ/2).Since
thedensityofχ22isdecreasing,byLemma1.3,we
getthatχ20,θisDRHR.Forn ∈ (0,∞),from
Ref.[11],wehave

χ2n,θ=χ2n*χ20,θ (8)

  Notethatχ2nisDRHRforalln>0.Applying
Ref.[8,Corollary1.B.63]inEq.(8)yieldsthat
χ2n,θisDRHR.Thiscompletestheproof.

FromRef.[11],italsofollowsthat
χ2n1+n2,θ=χ2n1,θ*χ

2
n2forall(n1,n2,θ)∈RR

3
+

(9)
and
χ2n,θ1+θ2=χ2n,θ1*χ

2
0,θ2forall(n,θ1,θ2)∈RR

3
+

(10)
  LetH(·|n,θ)denotethedistributionfunctionof
χ2n,θ.Then(9)and(10)statethatH(·|n,θ)has
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both RP(n)and RP(θ). Based on these
observations,weconcludefromLemmas1.1and
1.2andTheorem3.1that(seeRef.[5,Theorem
3.9])

①H(x|n,θ)isTP2in(x,n)∈RR2+andTP2
in(x,θ)∈RR2+;

②H(x|n,θ)islog-concaveinn∈RR+forall
(x,θ)∈RR2+;

③H(x|n,θ)islog-concaveinθ∈RR+forall
(x,n)∈RR2+.
Themainresultsinthisshortnotecanbeused

toestablishthelog-concavepropertiesofFand
betadistributions;interestedreaderscouldview
Ref.[5].
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