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带干扰的Sparre-Andersen对偶风险模型

陈 昱,张 棋

(中国科学技术大学管理学院统计与金融系,合肥230026)

摘要:研究了带干扰的对偶风险模型,其中收入时间间隔是服从于广义Erlang(n)分布的独立同分布的随机

变量.推导出了破产时间Laplace变换满足的积分-微分方程和边界条件,并且得到了其精确表表达式.特别

地,以收入变量服从指数分布为例,给出了破产时间Laplace变换的具体解.最后,考虑了阈值分红下的带干

扰的对偶风险模型,得到了期望折现分红满足的积分-微分方程和边界条件.
关键词:Sparre-Andersen对偶模型;广义Erlang(n)更新时间;破产时间;折现分红支付

0 Introduction
Thedualmodeltotheclassicalrisk model

describesthesurplusprocessU={U(t),t≥0}ofa
portfolioofinsurancecontractsas



U(t)=u-ct+∑
N(t)

i=1
Xi,t≥0 (1)

whereu(>0)istheinitialcapitalandc(>0)isthe
expenserate.Therevenuenumberprocess{N(t),
t≥0},definedbyN(t)=max{n:T1+T2+…+
Tn ≤t},denotingthenumberofrevenuesupto
timet,isarenewalprocess,whereTifori≥2
denotestheinter-incometimebetweenthe(i-1)th
andtheithincomearrivalandT1isthetimeuntil
thefirstincomearrival.{Xn,n≥1}(representing
theindividualrevenueamountsandindependentof
{N(t),t≥0})isasequenceofindependentand
identically distributed strictly positive random
variables withacommon distributionfunction
P(x)thatsatisfiesP(0)=0andhasapositive
meanμ.WeassumethatP(x)isdifferentiable
andp(x)=P'(x)istheindividualrevenueamount
probability density function. Further assume
cE(Ti)<μ,providingapositivesafetyloading.

Recently,dualriskmodelshavedrawnlotsof
attentionin ruin theory.Forthe compound
Poissondualrisk model,Avanzietal.[1]have
studiedtheexpectedtotaldiscounteddividends
untilruinwithbarrierandAlbrecheretal.[2]have
consideredthetaxpaymentproblem whenthe
surplusisatarunning maximum.Andfor
expectedtotaldiscounteddividendsbeforeruinfor
exponentiallydistributedprofits,seealso Ref.
[3].Besides,LandriaultandSendova[4]generalized
theSparre-Andersendualriskmodelbyaddinga
budget-restrictionstrategy.JiandZhang[5]have
showntherootstotheLundberg’sequationofthe
Sparre-Andersendualrisk modelaredistinct,
Rodríguezetal.[6]derivedanexplicitformofthe
Laplacetransform oftheruintimeunderthe
Sparre-Andersendualriskmodel.Moreover,Yang
andSendova[7]derivedanexplicitexpressionfor
theLaplacetransform oftheruintime,which
involves multiple roots and also obtainsthe
expecteddiscounteddividendsforthethreshold-
dividendstrategyintheSparre-Andersendualrisk
model.In this paper,we study a diffusion
perturbedSparre-Andersendualriskmodel,whose

inter-gain times are generalized Erlang(n)
distributed. We derive an integro-differential
equationwithcertainboundaryfortheLaplace
transformoftheruintimeandthenweobtainits
explicitexpression.Inparticular,wederivean
explicitformoftheLaplacetransformofthetime
toruinwhenjumpsizesareexponential.Finally,

weconsiderathresholddividendpaymentstrategy
inthemodel,andderiveanintegro-differential
equationwithcertainboundaryfortheexpected
discounteddividends.
Inthis paper,weconsiderthe diffusion

perturbedSparre-Andersondualriskmodel,which
canbedescribedas:

U(t)=u-ct+∑
N(t)

i=1
Xi+σB(t),t≥0 (2)

wherec>0representstheconstantexpenserate,

S(t)=∑
N(t)

i=1
Xiistheaggregaterevenuefromtime0

uptotimet,{B(t),t≥0}isastandardWiener
process(thatisindependentofS(t))andσ≥0is

thedispersionparameter.∑
n

j=1

1
λj
< μ

c isthe

relativesecurityloading.Thetimeofruinis
definedasτ:=inf{t ≥ 0:U(t)=0}.And
probabilityofruincanbedefinedas

ψ(u)=P(τ<∞|U(0)=u)=   
E[I(τ<∞)|U(0)=u](u>0),

inwhichI(A)istheindicatorfunctionofanevent
A. When theinitialcapitalisu,Laplace
transformoftheruintimecanbedefinedas:

ψδ(u)=E[e-δτI(τ<∞)|U(0)=u](u>0).
  Therestofthepaperisorganizedasfollows.
InSection1,wederiveanintegro-differential
equationwithcertainboundaryfortheLaplace
transformoftheruintime.InSection2,wesolve
theintegro-differentialequationdeducedinSection
1andobtainanexplicitformofLaplacetransform
oftheruintime.InSection3,weobtainan
integro-differentialequationwithcertainboundary
fortheexpecteddiscounteddividendswhenthe
thresholddividendstrategyisdiscussed.
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1 Anintegro-differentialequationfor
Laplacetransformoftheruintime
Inthissection,wefocusontheLaplace

transformoftheruintimeoftheriskprocess(2).
AgeneralizedErlang(n)randomvariablecanbe
expressedasanindependentsumofnexponential
randomvariables,i.e.,ZisageneralizedErlang(n)
randomvariable,Zcanbedenotedas

Z=dW1+W2+…+Wn,
whereWi(i =1,2,…,n)areindependent
exponentialrandom variables with parameters
λi(i=1,2,…,n).Thenwewillderivean
integro-differentialequationwithcertainboundary
fortheLaplacetransformoftheruintime.

Theorem1.1 Whenu > 0,theLaplace
transformofthetimetoruinψδ(u)satisfies

∏
n

i=1
I+

δ
λi
I+

c
λi


u-

σ2
2λi

2

u2    ψδ(u)=

∫
∞

0
ψδ(u+y)p(y)dy (3)

andboundaryconditions

∏
k

i=1
I+

δ
λi
I+

c
λi


u-

σ2
2λi

2

u2    ψδ(u)
u=0

=1,

k=0,1,2,…,n-1









(4)

whereI,uand
2

u2denotetheidentityoperator
,

differential operator and second-difference
operator,respectively.

Proof Weconsiderthefirsttimeinterval[0,
T1].SinceT1followsageneralizedErlang(n)
distribution,wecanconsidernstatesoftherisk
processbydecomposingtheinter-incometimeinto
the independent sum of exponential random
variableswithparametersλ1,λ2,…,λn ,i.e.,

T1=W1+W2+…+Wn.
Supposethattherearen-1incomesthatarriveat

Si=∑
i

j=1
Wj,i=1,2,…,n-1,buteveryincome

amountiszero.LetT(i)
1 =∑

n

j=i
Wj,i=1,2,…,

n-1.Define
Ni(t)=max{n:T(i)

1 +T2+…+Tn ≤t}
(5)

thus{Ni(t),t≥0}becomesadelayedupdate
processandN1(t)isthesameprocessasN(t).
Nowweintroducesomenotationsinordertoprove
thistheorem.Denoteby

Ui(t)=u-ct+∑
Ni(t)

i=1
Xi+σB(t),t≥0;

and
ψδ,i(u)=E[e-δτiI(τi<∞)|Ui(0)=u](u>0)
fori=1,2,…,n,whereτiisthetimeofruin
whichdefinedasτi:=inf{t≥0:Ui(t)=0}.Itis
clearthatψδ(u)canbeobtainedfromψδ,i(u)by
lettingi=1.Whenj=1,…,n-1,byconsidering
whetherornotWjisgreaterthantheinfinitesimal

timeΔt(≤
u
c
)andusingthetotalprobability

theorem,wehave
ψδ,j(u)=P(Wj>Δt)e-δΔt·   

E [ψδ,j(u-cΔt+σB(Δt))]+
P(Wj≤Δt)e-δΔt·

E[ψδ,j+1(u-cΔt+σB(Δt))]+o(Δt) (6)
For

P(Wj>Δt)e-δΔt=e-(λj+δ)Δt=
   1-(λj+δ)Δt+o(Δt),
P(Wj≤Δt)e-δΔt=(1-e-λjΔt)e-δΔt=
   λjΔt+o(Δt)












(7)

Taylorexpansionyields
ψδ,j(u-cΔt+σB(Δt))=         

∑
2

k=0

1
k!ψ

(k)
δ,j(u)[-cΔt+σB(Δt)]k+

1
3!ψ

(3)
δ,j(u*)[-cΔt+σB(Δt)]3,

whereu*isduringthetimeintervalfromu -
cΔt+σB(Δt)tou.Inaddition,E[B(Δt)]=
E[B3(Δt)]=0andE[B2(Δt)]=V[B(Δt)]=Δt,
wehave

E [ψδ,j(u-cΔt+σB(Δt))]=ψδ,j(u)-

cψ'δ,j(u)Δt+
σ2
2ψ″δ,j

(u)Δt+o(Δt) (8)

Thus,

ψδ,j(u)=[1-(λj+δ)Δt]·       

[ψδ,j(u)-cψ'δ,j(u)Δt+
σ2
2ψ″δ,j

(u)Δt]+

λjΔt·[ψj+1(u)-cψ'δ,j+1(u)Δt+
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σ2
2ψ″δ,j+1

(u)Δt]+o(t) (9)

Aftersorting,dividingtwosidesoftheequationby
ΔtandlettingΔt→0,wehave

ψδ,j+1(u)=(1+
δ
λi
)ψδ,j(u)+

c
λj
ψ'δ,j(u)-

σ2
2λj

ψ″δ,j(u)=

(1+
δ
λi
)I+

c
λj


u-

σ2
2λj

2

u2



 




ψδ,j(u)(10)

Whenj=n,ifWn ≤Δt,thenthereisarevenue
duringthetimeinterval[0,Δt].Hence,

ψδ,n(u)=P(Wn >Δt)e-δΔt·   
E [ψδ,n(u-cΔt+σB(Δt))]+

P(Wn ≤Δt)e-δΔt·          
E[ψδ,1(u-cΔt+σB(Δt)+X)]+o(Δt)

(11)
  Again,weexpandψδ,n(u-cΔt+σB(Δt))and
ψδ,1(u-cΔt+σB(Δt)+X)inaTaylor’sseries
u,u+Xrespectively,tothetermofψ'δ,n,ψ″δ,n
toget,

(1+
δ
λn
)I+

c
λn


u-

σ2
2λn

2

u2



 




ψδ,n(u)=

∫
∞

0
ψδ,1(u+y)p(y)dy (12)

ApplyingEq.(10),wehave
ψδ,k(u)=                 

∏
k-1

i=1
(1+

δ
λi
)I+

c
λi


u-

σ2
2λi

2

u2



 


  ψδ(u),

k=2,…,n












(13)
Becauseψδ,k(0)=1,wearriveattheboundary
conditions.

Accordingtoψδ(u)=ψδ,1(u)togetherwith
Eqs.(12)and(13),weget

∏
n

i=1
(1+

δ
λi
)I+

c
λi


u-

σ2
2λi

2

u2    ψδ(u)=

∫
∞

0
ψδ(u+y)p(y)dy.

WearriveatEq.(3).
Inparticular,theruinprobabilityforthe

process{U(t),t≥0},denotedψ(u),isobtained
fromψδ(u)bylettingδ=0.

Theorem1.2 Whenu >0,ψ(u)isthe

solution of the following integro-differential
equation:

∏
n

i=1
I+

c
λi


u-

σ2
2λi

2

u2    ψ(u)=
∫

∞

0
ψ(u+y)p(y)dy (14)

andwithboundaryconditions

∏
k

i=1
I+

c
λi


u-

σ2
2λi

2

u2    ψ(u)u=0
=1,

k=0,1,2,…,n-1









(15)

2 TheexplicitexpressionoftheLaplace
transformoftheruintime
InordertosolveEq.(3),wefirstderivethe

Lundberg’sequation.Then,applying Rouch
TheoremweprovethatthegeneralizedLundberg’s
equationhasn rootsintherighthalfofthe
complexplaneandprovidetheexplicitexpression
oftheLaplacetransformofthetimetoruin.

Lemma2.1 Let(Ω,F,PP)bethecomplete
probabilityspaceand{τk}nk=0beaseriesofstop
times satisfying the condition τ0 ≡ 0.If
{τk-τk-1}nk=1 areindependent and identically
distributed(i.i.d),soare{B(τk)-B(τk-1)}nk=1.

TheLemmahasbeenprovedbyRef.[8].

LetM0=0andMk=∑
k

j=1
Tjfork∈NN+,denote

theoccurrencetimeofthekthincomeevent.Let
U(0) = u and Uk(k∈NN+), denote the
instantaneoussurplusafterthekthincomeevent.
Wehave

Uk=U(Mk)=u-cMk+∑
k

i=1
Xi+σB(Mk)=

u-c∑
k

j=1
Tj+σ∑

k

j=1
[B(Mj)-B(Mj-1)]+

∑
k

j=1
Xi=du-c∑

k

j=1
Tj+σ∑

k

j=1
B(Tj)+∑

k

j=1
Xi

(16)
Hence,{Uk}k≥0isadiscretetimeMarkovchain
withstationaryandindependentincrements.Also,
forallδ > 0,therandom variablesequence
{e-δMk-sUk}k∈NN+ has stationary independent
increments.
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Lemma2.2 IfR(t)isastochasticprocess
withstationaryandindependentincrements,the
sufficientandnecessaryconditionfor{e-R(t):t≥0}
beingamartingaleis:forallt≥0,

E[e-R(t)|R(0)=u]=e-u.
  Forfurtherdetailonmartingale,seeRef.[9].
Assume that the generalized Erlang(n)
distributionwithparametersλ1,λ2,…,λn>0with
probabilitydensityfunctionf(t),theLaplace
formoff(t)canbeexpressedas

f(s)=∫
∞

0
e-stf(t)dt=∏

n

j=1

λj

λj+s
,Re(s)≥0

(17)
whereRe(s)istherealpartofs.Hence,tofind
s∈CCmake{e-δMk-sUk}k∈NN+isamartingale,we
shouldhavefors,

E[e-δT1-s(X1-cT1+σB(T1))]=1 (18)
whichmeansthat

∫e-δt+sct-
s2σ2
2f(t)dt·∫e-syp(y)dy=1.

Thusweget

fδ-sc-
s2σ2
2  p(s)=1 (19)

whichisthegeneralizedLundberg’sequationfor
thegeneralizedErlang(n)dualriskprocess,in

whichf(s),p(s)aretheLaplaceformoff(s)and
p(s),respectively.

Becauseasequenceofi.i.drandomvectorsTi

havecommongeneralizedErlang(n)distribution,
accordingto (17),the generalized Lundberg
equationcanbewrittenas

∏
n

j=1
[1+

δ
λj

-
c
λj
s-

σ2
2λj

s2]=p(s) (20)

InordertosimplifyEq.(20),letting

r(s)=∏
n

j=1
[1+

δ
λj

-
c
λj
s-

σ2
2λj

s2],

Eq.(20)becomes

r(s)=p(s) (21)
  Now weobtainedthegeneralizedLundberg
equationandthenwegivealemmawhichindicated
thatEq.(20)hasexactlynrootsintherightpart
ofthecomplexplane.

Lemma2.3  Whenδ>0,thegeneralized

LundbergEq.(20)hasexactlynrootsρ1(δ),

ρ2(δ),…,ρn(δ)intherightpartofthecomplex
plane,forj=1,2,…,n,Res(ρj)>0.

FortheproofpleaserefertoRef.[8].
Toobtain the explicitexpression ofthe

Laplacetransformoftheruintime,weneedto
refertothelemmamentionedinRef.[7].

Lemma2.4 Supposethath(x)isan
arbitrarypolynomialofdegree2n∈NN,namely,

h(x)=h0+h1x+…+h2nx2n,
h0,h1,…,h2n ∈C,hn ≠0.

Define

h 
u  f(u)=h0f(u)+h1f'(u)+…+

h2nf(2n)(u),f∈Cn(-∞,+∞),
thenforanyi∈NN,ξ∈RR,

h 
u  (uieξu)=eξu∑

2n

j=0

h(j)(ξ)
j!

j

uj
(ui).

  Then,weformallygivetheexplicitexpression
oftheLaplacetransformoftheruintime.

Theorem 2.1  Suppose the generalized
LundbergEq.(20)hasm differentrootsinthe
rightpartofthecomplexplane:ρ1(δ),ρ2(δ),…,

ρm(δ),thatarerootswithmultiplicityυi(i=1,2,
…,m)respectively.Foranypolynomialofdegree
υi -1 ∈ NN,πυi

(u)=ri,0 +ri,1u + … +
ri,υ-1uυi-1(ri,υ-1 ≠0),theexplicitexpressionof
Eq.(3)canbewrittenas

ψδ(u)=∑
m

j=1
∑
υj-1

k=0
rj,kuk  e-ρju (22)

  Proof Firstofall,weprovethatifρ∈CC,
Res(ρ)>0isarootwithmultiplicityυofthe
generalizedLundberg Eq.(20),thenforany
polynomialπυ(u)ofdegreeυ-1,πυ(u),ψ*(u)=
πυ(u)e-ρu,isasolutionofEq.(3).

Let

h(x)=∏
n

j=1
(λj+δ+cx-

σ2
2x

2),

usingLemma2.4,wehave

∏
n

j=1
(λj+δ+c

u-
σ2
2

2

u2



 




ψ*(u)=     

h 
u  ∑

υ-1

i=0
riuie-ρu  =∑

υ-1

i=0
rih


u  (uie-ρu)=
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∑
υ-1

i=0
rie-ρu·∑

2n

j=0

h(j)(-ρ)
j!

j

uj
(ui).

  Substituting the above back into Eq.
(20)yields

h(-s)-(∏
n

j=1
λj)p(s)=0 (23)

  SinceρisarootofEq.(20)withmultiplicity
υ,wemaywrite

h(-s)-(∏
n

j=1
λj)p(s)=(s-ρ)vη(s)(24)

whereη(s)isananalyticalfunctionwithη(ρ)≠0.
Thenforj=1,2,…,υ-1,differentiationjtimes
of(24)yields

(-1)jh(j)(-ρ)- ∏
n

j=1
λj  p(j)(ρ)=     

∑
j

k=0

j
k  υ!
(υ-k)!

(s-ρ)υ-kη(j-k)(s)



 






s=ρ
=0,

i.e.,

h(j)(-ρ)=(-1)j ∏
n

j=1
λj  p(j)(ρ),

j=0,1,…,υ-1  (25)

  Inaddition,fori≤υ-1<n,wheni<j≤

n,d
j

duj
(ui)=0.Hence,wehave

∑
2n

j=0

h(j)(-ρ)
j!

j

uj
(ui)=          

∏
n

j=1
λj  ∑

i

j=0

(-1)jp(j)(ρ)
j!

j

uj
(ui)=

∏
n

j=1
λj  ∑

i

j=0

i
j  (-1)jp(j)(ρ)ui-j.

Thus,

∑
υ-1

i=0
rih


u  (uie-ρu)=         

∏
n

j=1
λj  ∑

υ-1

i=0
rie-ρu∑

i

j=0

i
j  (-1)jp(j)(ρ)ui-j

(26)
  Since

(-1)jp(j)(ρ)=∫
∞

0
yie-ρyp(y)dy,

wehave

∑
υ-1

i=0
rih


u  (uie-ρu)= ∏

n

j=1
λj  ∑

υ-1

i=0
rie-ρu·

∫
∞

0
(u+y)ie-ρyp(y)dy=

∏
n

j=1
λj  ∫

∞

0
ψ*(u+y)p(y)dy,

i.e.,

∏
n

j=1
(λj+δ+c

u-
σ2
2

2

u2
)



 




ψ*(u)=

∏
n

j=1
λj  ∫

∞

0
ψ*(u+y)dP(y),

soψ*(u)isasolutionofEq.(3).Then,ψδ(u)has
thesolutionofthefollowingform:

ψδ(u)=∑
m

j=1
∑
υj-1

k=0
rj,kuk  e-ρju+rI(δ=0),

whereρjisarootofEq.(20)withmultiplicityυjin
therightpartofthecomplexplane.

Whenu→∞,wehaveψδ(u)→0,hencer=
0.WemaysatisfyEq.(27)as

ψδ(u)=∑
m

j=1
∑
υj-1

k=0
rj,kuk  e-ρju (27)

Thatistheresultofthissection.
ThefollowingexampleprovidestheLaplace

transformoftheruintimeforsomespecialcases.
Example2.1 SupposeaSparre-Anderson

dual model perturbed by diffusion with
exponentiallydistributedrevenuewithparameter
λ=1,whiletheinter-innovationtimesarei.i.d
generalized Erlang(2)random variables with
parametersλ1=4,λ2=9.Now,lettheexpense
ratec =1.Thenthegeneralized Lundberg’s
equationis

(4+δ-s-
σ2
2s

2)(9+δ-s-
σ2
2s

2)=
36

s+1.

  Whenδ =0,0.2andσ2 =0.25,0.5,the
generalizedLundberg’sequationhas2positivereal
part roots (ρ1,ρ2)and its corresponding
coefficients arer1,0,r2,0,respectively. We
calculatethevaluesofρ1,ρ2,ρ1,0andρ2,0forδ=0,

0.2andσ2=0.25,0.5.Theresultsaregivenin
Tab.1.
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Tab.1 Positiverealpartrootsanditscorrespondingcoefficients

δ=0,σ2=0.25 δ=0,σ2=0.5 δ=0.1,σ2=0.25 δ=0.1,σ2=0.5

ρ1,ρ2 1.7154,5.7581 1.4002,4.6492 1.9290,5.8361 1.5809,4.7064

r1,0,r2,0 1.2664,-0.2664 1.2316,-0.2316 1.2850,-0.2850 1.2495,-0.2495

  Fig.1displaysthegraphofψδ(u)forδ=0,0.2
andσ2=0.25,0.5.It’snothardtofindoutthatif
δisfixed,ψδ(u)increasesasσ2increasesandifσ2is
fixed,ψδ(u)decreasesasδincreases.

Fig.1 Graphicsofψδ(u),δ=0,0.2andσ2=0.25,0.5

3 Expecteddiscounteddividendsundera
modelwithathresholdstrategy
Inthis section,we consider a diffusion

perturbedSparre-Andersondualriskmodelwith
generalized Erlang(n) inter-event times’
distributionandathresholdstrategyb.Whenthe
surplusreachesathresholdb,dividendsata
constantrateα > 0.Anexpenseratewithout
dividendpayments,c1isassumedtosatisfythe
securityloadingconditionofmodel(2)withc
replacedbyc1.Letc2 =α +c1.Thus,the
dynamicsofthesurplusprocess{Ub(t),t≥0}is
dUb(t)=                 

-c1dt+dS(t)+σdB(t),0<Ub(t)≤b;

-c2dt+dS(t)+σdB(t),Ub(t)>b. 
  Definethetimeofruinτb:=inf{t≥0:Ub(t)=
0}.LetD(t)denotethetotaldividendpayments
fromtime0totimet.Assumeδ≥0isaninterest
forceforthecalculationofthepresentvalueof
dividends,thenthepresentvalueoftotaldividends
untilruinisdefinedas

Du,b=(c2-c1)∫
τb

0
e-δtI(Ub(t)>b)dt.

Theexpectedtotaldividendspaiduntilruinare
V(u;b)=E[Du,b|Ub(0)=u].

WriteV(u;b)=V1(u;b)forUb(t)≤ band
V(u;b)=V2(u;b)forU(t)≥ b.Wederive
integro-differentialequations forV1(u;b)and
V2(u;b)inthefollowingpart.

Firstly,wegivethedefinitionofstopping
timeandstrong Markovproperty (forfurther
detailon stopping time and strong Markov
property,seeRef.[10].

Definition3.1 Let(Ω,F,PP)beaprobability
space,andlet{Ft}t≥0beaσ-filtration.Anon-
negativerandomvariableTiscalledastopping
time (withrespecttotheσ-filtrationFt)if
{T≤t}∈{Ft}forallt≥0.

Definition3.2 SupposetheMarkovprocess
{X(t),t≥0}andstatespaceS={0,1,2,…},0≤
ρ1≤ρ2≤…≤ρn(n≥1)arestoppingtimeswith
respecttoX(t).Theprocess{X(t),t≥0}with
respectto{ρk,0≤k≤n}(n≥1)satisfiesstrong
Markovproperty,if

P{X(ρn+t)=j|X(0)=i0,
X(ρk)=ik,…,X(ρn)=in}=

P{X(ρn+t)=j|X(ρn)=in},
forallj,ik∈S(0≤k≤n).

Strong Markovproperty hasavarietyof
equivalentforms,oneofwhichis
[E f(Xt)|Fs  =E f(Xt)|Xs  (0≤s<t).
ThiswillbeusedintheproofofTheorem3.1.

Theorem3.1 V(u;b)satisfiesthefollowing
integro-differentialequations.

When0<u≤b,

∏
n

j=1
λj+δ+c1


u-

σ2
2

2

u2  


 


 V1(u;b)=

∏
n

j=1
λj  ∫

b-u

0
V1(u+y;b)dP(y) +

∫
∞

b-u
V2(u+y;b)dP(y) (28)

  Whenu>b,

∏
n

j=1
λj+δ+c2


u-

σ2
2

2

u2  


 


 ·
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V2(u;b)-
c2-c1

δ



 


 =

∏
n

j=1
λj  ∫

∞

0
V2(u+y;b)-

c2-c1
δ




 


 dP(y)

(29)
andboundaryconditions

V1(0;b)=0,
V1(b;b)=V2(b+;b),

lim
u→∞

V2(u;b)=
c2-c1

δ
,

iV2(u;b)
ui u=b+

=              

c1
c2  

iiV1(u;b)
ui u=b

-
c2-c1

δ
(-

δ
c2
).

  Proof SimilartotheproofofTheorem1.1,

letSi = ∑
n

j=i
Wj,in which Wi areassumed

independentexponentialrandom variables with
parametersλi.IfT1=dSiandTi =dS1(i≥2),
{Ni(t),t≥0}(seeEq.(5))becomesadelayed

renewalprocess,andfori=1,2,…,n,wedefine
Ui,b(t)asfollows
dUi,b(t)=                
-c1dt+dSi(t)+σdB(t),0<Ui,b(t)≤b;

-c2dt+dSi(t)+σdB(t),Ui,b(t)>b 
whereSi(t)=∑

Ni(t)

j=1
Xj.Fori=1,2,…,n,we

denoteby
Vi,1(u;b)=E[Du,b|Ui,b(0)=u],u≤b;
Vi,2(u;b)=E[Du,b|Ui,b(0)=u],u>b.

ItisclearthatVj(u;b)canbeobtainedfrom
Vi,j(u;b)bylettingi=1,wherej=1,2.

Letht=u-c1t+σBt,wehavedht=-c1dt+
σdB(t)and(dht)2=σ2dt,.

Forj=1,…,n-1and0<u<b,let,t>0
besuchthat<u<b.ConsideringWj,define
τj=T

t∧WjandT
t=inf{s>0:hs∉(,b)}∧t.

ItisclearthatP(τj < ∞)=1,∀s∈ (0,τj).
AccordingtothestrongMarkovproperty,wehave

Vj,1(u;b)=E[Du,b|Uj,b(0)=u]=E{E[Du,b|Fτj]|Uj,b(0)=u}=
E{E[e-δτjDUj,b(τ

j),b|Uj,b(τj)]|Uj,b(0)=u}=
E[I(Wj>t)e-δTtVj,1(Uj,b(T

t);b)|Uj,b(0)=u]+
E[I(Wj≤t)e-δTWjVj+1,1(Uj+1,b(T

Wj
);b)|Uj,b(0)=u]:=K1(t)+K2(t) (30)

  ByItointegralformula,wehave
dVj,1(hTt

;b)=            

-c1V'j,1(hTt
;b)+

σ2
2V″j,1

(hTt
;b)



 


 dT
t+

σV'j,1(hTt
;b)dB(T

t)+o(dT
t).

  Changingtheaboveequationtotheformof
integral,weobtain

Vj,1(hTt
;b)=Vj,1(u;b)-c1∫

Tt

0
V'j,1(hTt

;b)dT
t+

1
2σ

2∫
Tt

0
V″j,1(hTt

;b)dT
t+

σ∫
Tt

0
V'1(hTt

;b)dB(T
t)+o(T

t).

Forlim
t→0

P(T
t=t)=1,lim

t→0
P(T

t<t)=0,a.s.and

t→0,e-λt =1-λt+o(t).
DividingthetwosidesofEq.(30)bytand

lettingt→0,wefirstdealwithK1(t).
K1(t)=P(Wj>t)·          

E[e-δTtVj,1(Uj,b(T
t);b)|Uj,b(0)=u]=

e-λjtE[e-δTtVj,1(Uj,b(T
t);b)|Uj,b(0)=u].

  CalculatingK1(t)byItointegralformula,

wehave

lim
t→0

K1(t)-Vj,1(u;b)
t =

σ2
2

2Vj,1(u;b)
u2 -

(λj+δ)Vj,1(u;b)-c1
Vj,1(u;b)

u
(31)

  NowwewilldealwithK2(t)inthesameway
asK1(t),

K2(t)=∫
t

0
λje-λjsE[e-δsVj+1,1(u-cs+σBs)·

I(T
s=s)|Uj,b(0)=u]ds+

∫
t

0
λje-λjsE[e-δTsVj+1,1(Uj+1,b(T

s);b)·

I(T
s<s)|Uj,b(0)=u]ds.
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  ByItointegralformula,wehaveforj=1,…,
n-1

lim
t→0

K2(t)
t =λjVj+1,1(u;b) (32)

  UsingEqs.(20)~(32),weknow

(δ+λj)Vj,1(u;b)+c1
Vj,1(u;b)

u -

σ2
2

2Vj,1(u;b)
u2 -λjVj+1,1(u;b)=0.

I.e.,forj=1,…,n-1
Vj+1,1(u;b)=          

δ+c1

u-

σ2
2

2

u2+λj

λj
Vj,1(u;b) (33)

Hence
Vk,1(u;b)=             

∏
k-1

j=1

δ+c1

u-

σ2
2

2

u2+λj

λj  V1(u;b),

k=2,…,n













(34)
  Whenj=n,bythesameapproachwehave

(δ+λn)+c1

u-

σ2
2

2

u2
λn

Vn,1(u;b)-

∫
b-u

0
V1(u+y;b)p(y)dy-

∫
∞

b-u
V2(u+y;b)p(y)dy=0.

Hence

∏
n

j=1

(δ+λj)+c1

u-

σ2
2

2

u2
λj

V1(u;b)-

∫
b-u

0
V1(u+y;b)p(y)dy-

∫
∞

b-u
V2(u+y;b)p(y)dy=0.

  WecanderivefromEq.(28)forV1(u;b)on
0<u≤b.

Nowweturntothecaseu>b.Forj=1,…,
n-1,consideringWj,let,t>0besatisfied
suchthatb+<u.Defineτj=T

t∧WjandT
t=

inf{s>0:hs∉(,b)}∧t.ClearlyP(τj<∞)=
1,Uj,b(s)>b,∀s∈(0,τj),.

Forj=1,…,n-1,

Vj,2(u;b)=E I(Wj>t)αT
t+e-δTtVj,2(Uj,b(T

t);b)  |Uj,b(0)=u  +
E I(Wj≤t)αT

Wj +e-δTWjVj+1,2(Uj+1,b(T
Wj
);b)  |Uj,b(0)=u  :=L1(t)+L2(t) (35)

  Forlim
t→0

P(T
t=t)=1,lim

t→0
P(T

t <t)=0,

a.s.,usingtheItoformulawehavecometo

lim
t→0

L1(t)-Vj,2(u;b)
t =

σ2
2

2Vj,2(u;b)
u2 -

c2
Vj,2(u;b)

u -(λj+δ)Vj,2(u;b)+α,

and

lim
t→0

L2(t)
t =λjVj+1,2(u;b) (36)

i.e,forj=1,2,…,n-1,

Vj+1,2(u;b)-
α
δ =           

δ+c2

u-

σ2
2

2

u2+λj

λj  Vj,2(u;b)-
α
δ  
(37)

Hence

Vk,2(u;b)-
α
δ =             

∏
k-1

j=1

δ+c2

u-

σ2
2

2

u2+λj

λj  V2(u;b)-
α
δ  ,

k=2,…,n-1















(38)
  Forj=n,wehave

(δ+λn)+c2

u-

σ2
2

2

u2
λn

(Vn,2(u;b)-
α
δ
)=

∫
∞

0
[V2(u+y;b)-

α
δ
]dP(y).

Therefore

∏
n

j=1
λj+δ+c2


u-

1
2σ

22

u2  


 


 ·

V2(u;b)-
c2-c1

δ



 


 =
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∏
n

j=1
λj  ∫

∞

0
V2(u+y;b)-

c2-c1
δ




 


 dP(y)

(39)
forallu>b.

Next,weshow theboundaryconditions.
ClearlyV1(0;b)=0andforally,wehave

lim
u→∞

V2(u;b)=lim
u→∞

V2(u+y;b).

  PluggingtheequationintoEq.(29),wearrive

atV2(∞;b)=
c2-c1

δ .

Now weborrowtheideafrom Ref.[11],
defineanewprocess

dU,b(t)=

-(c1+c)dt+dS(t)+dN(t),
  0<U,b(t)≤b;

-(c2+c)dt+dS(t)+dN(t),
  U,b(t)>b;












whereN(t)isaPoissonprocesswithparameter

λ,λ=
σ2

2andc=
σ2
 .Itiseasytoprovethatthe

process{N(t)-ct,t≥0}convergesweaklyto
{σB(t),t≥0},therefore,thesurplus{U,b(t),
t≥0}convergesweaklyto {U(t),t ≥ 0}.
AccordingtoRef.[7,Theorem6.1],wecan
obtaintheboundaryconditions.
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