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PA序列样本分位数估计的Berry-Esséen型界

胡学平,张 彤,郭志东,张 恒

(安庆师范大学数学与计算科学学院,安徽安庆246133)

摘要:主要利用PA随机序列的有关不等式,在合适条件下探讨了PA样本分位数估计的Berry-Esséen型

界,获得了其一致渐近正态性的收敛速度且在三阶矩有限时,其收敛速度近似为O(n-1/6).
关键词:Berry-Esséen界;样本分位数;PA随机序列

0 Introduction
Let{Xn}n≥1beasequenceofrandomvariables

definedonafixedprobabilityspace(Ω,F,P)with
acommonmarginaldistributionfunctionF(x)=
P(X1≤ x). F is a distribution function
(continuousfromtheright,asusual).Forp∈(0,
1),let

ξp =inf{x:F(x)≥p},
denotethepthquantileofF,andbealternately
denotedbyF-1(p).F-1(u),0<u<1,iscalled
theinversefunctionofF.Anestimatorofthe
populationquantileF-1(p)isgivenbythesample
pthquantile

F-1
n (p)=inf{x:Fn(x)≥p},



whereFn(x)=
1
n∑

n

i=1
I(Xi≤x),x∈RR,denotes

theempiricaldistributionfunctionbasedonthe
sampleX1,X2,…,Xn,n≥1,I(A)denotesthe
indicatorfunctionofasetAandRRistherealline.

Theconceptofpositivelyassociatedsequence
wasproposedbyJoag-DevandProschan[1].A
finiteofrandomvariables{Xi}1≤i≤nissaidtobe
positivelyassociated,ifforanydisjointsubsetsA,
B⊂ {1,2,…,n}

Cov(f(Xi,i∈A),g(Xi,i∈B))≥0,
where f and g are real coordinate-wise
nondecreasingfunctionssuchthatthiscovariance
exists.Asequence{Xn}n≥1ofrandomvariablesis
saidtobePAifforeveryn≥2,X1,X2,…,Xn

arePA.
Forafixedp∈(0,1),denoteξp=F-1(p),

ξp,n =F-1
n (p)andΦ (u)isthedistributing

functionofN(0,1).TheBerry-Esséenboundof
thesamplequantilesfori.i.d.randomvariablesis
giveninRef.[2]asfollows:

Theorem0.1 Letp∈(0,1)and{Xn}n≥1bea
sequenceofi.i.d.randomvariables.Supposethat
Fpossessesapositivecontinuedensityfanda
boundedsecondderivativeF″inaneighborhoodof
ξp.Then

sup
-∞<x<∞

P n1/2(ξp,n-ξp)
[p(1-p)]1/2/f(ξp)

≤x  -Φ(x)=

O(n-1/2),n→∞.
  Berry-Esséentheorem,whichisknownasthe
rateofconvergenceinthecentrallimittheorem,
canbeavailableinmanymonographssuchasRefs.
[3-4].Underthei.i.d.randomvariables,the
optimalrateisO(n-1/2),andforthecaseof
martingales,therateisO (n-1/4lgn)[5,Chapter3].
Recently,Ref.[6]obtainedtheBerry-Esséen
bound ofthe sample quantiles forα-mixing
sequence.Theirresulthasanoptimalrateof
O(n-1/2)underthestrongconditionofmixing
coefficientssatisfyingα(n)=O(n-α0),α0>12.
Yangetal.[7-9]investigatedtheBerry-Esséenboundof
thesamplequantilesforNArandomsequenceandϕ-
mixingsequence,respectively,andobtainedthesame

convergencerate:O(n-1/6lgnlglgn).Inotherpapers
aboutBerry-Esséenbound,Ref.[10]studiedthe
Berry-Esséenboundforthesmoothestimatorofa
functionunderassociationsamples.Refs.[11-12]
obtainedtheBerry-Esséenboundinkerneldensity
estimatorforassociatedsamples.Refs.[13-15]
investigateduniformlyasymptoticnormalityofthe
regressionweightedestimatorforNA,PAandstrong
mixingsamples,respectively.Ref.[16]obtainedthe
Berry-Esséenboundinkerneldensityestimationforα-
mixingcensoredsamples.Underassociatedsamples,
Ref.[17]studiedtheconsistencyanduniformly
asymptoticnormalityofwaveletestimatorinthe
regressionmodel.

ThereareveryfewliteratureworksonBerry-
EsséenboundofsamplequantilesforasequenceofPA
randomvariables.InspiredbyRefs.[2,6-10,16],we
investigatetheBerry-Esséenboundofthesample
quantilesforPArandomvariablesundersomemild
conditionsandobtaintwopreliminarylemmasanda
theorem.Theproofofthetheoremisprovidedin
Section1.Theproofsoftwopreliminarylemmasare
giveninSection2.Theappendixcontainssomeknown
results(LemmasA.1~A.5).

Throughoutthepaper,C,C0,C1,…denote
somepositiveconstantsnotdependingonn,which
maybedifferentinvariousplaces.x denotesthe
largestintegernotexceedingxandsecond-order

stationarymeansthat(X1,X1+k)=
d (Xi,Xi+k),

i≥1,k≥1.

1 Assumptionsandmainresults
Inordertoformulateourmainresults,we

nowlistsomeassumptionsasfollows:
Assumption1.1 Let{Xn}n≥1beasecond-

orderstationaryPAsequencewithzeromeansand
commonmarginaldistributionfunctionF,andF
possessesapositivecontinuedensityf anda
boundedsecondderivativeF″inaneighborhoodof
ξp,forp∈(0,1).

Assumption1.2 Thereexistsomer>2and
δ>0suchthat
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sup
j≥1

E|Xj|r+δ<∞,

u(n):=∑
∞

j=n
Cov(X1,Xj+1)=O(n-(r-2)(r+δ)/(2δ))









(1)
  Assumption1.3 Thereexistsanε0>0such
thatforx∈[ξp-ε0,ξp+ε0]

∑
∞

j=n
jCov[I(X1≤x),I(Xj+1≤x)]=

On-
(r-2)(r+δ)

2δ +1  (2)

where0<δ<r
(r-2)
4-r

,if2<r<4;δ>0,ifr≥4,

respectively.
Assumption1.4 Thereexitpositiveintegers

p:=pn andq:=qn suchthatforsufficiently
largen

p+q≤n,qp-1≤C<∞ (3)
andletk:=kn=n/(p+q),asn→∞

γ1n=qp-1→0,γ2n=pn-1→0,kp/n→1
(4)

  Assumption1.5 Thereexistsomer>2and
δ>0suchthat

∑
∞

j=n
jCov(X1,Xj+1)=On-

(r-2)(r+δ)
2δ +1  (5)

where0<δ<r
(r-2)
4-r

,if2<r<4;δ>0,ifr≥4,

respectively.
Remark1.1 Assumptions1.1,1.2and1.4

are used commonly in the literatures. For
example,Refs.[12,14,16-17]usedAssumption
1.4.Assumptions1.1and1.2wereusedby
Refs.[14,17]andAssumption1.1wasassumedin
Refs.[7-9].Assumption1.4iseasilysatisfied,for

example,whenp=n2/3 ,q=n1/3 ,k= n
p+q=

n1/3 .Itisseenthatpk/n→1impliesqk/n→0,
asn→∞.

Ourmainresultsareasfollows.
Theorem1.1 AssumethatAssumptions1.1,

1.3and1.4aresatisfied,andlet
Var[I(X1≤ξp)]+            

2∑
∞

j=2
Cov[I(X1≤ξp),I(Xj≤ξp)]:=

σ2(ξp)>0.

  Supposethatpn≤
nlglgn
βlgn

,whereβ=
144α2

σ2(ξp)
,

forsomeα≥1,and

C(pn)=
lgn

nα/2pnlglgn
·           

exp{(βnlgn/(pnlglgn))1/2}v(pn)≤C0<∞,
where

v(n)=∑
∞

j=n
Cov[I(X1≤x),I(Xj+1≤x)],

then

sup
-∞<x<∞

P n1/2(ξp,n-ξp)
σ(ξp)/f(ξp)

≤x  -Φ(x)=O(an)

(6)
wherean=γ1/31n +γ1/32n +γ(r-2)/2

2n +u1/3(q)→ 0,
n→∞.

Remark1.2 TheaboveconditionC(pn)<∞

issimilarto(2.3)inRef.[18].Whenpn=
nlglgn
βlgn

,

v(n)=n-ρ,forsomeρ>0,wecanobtainC(pn)
≤C0<∞,whileforsomeρ(n),ifv(n)=
O(e-ρ(n)),itfollowsthatC(pn)≤C0<∞.

Corollary1.1 Supposealltheassumptionsof
Theorem1.1aresatisfied,andr=3,then

sup
-∞<x<∞

P n1/2(ξp,n-ξp)
σ(ξp)/f(ξp)

≤x  -Φ(x)=

O(n-(3+δ)/(18+2δ)).
  Remark1.3 Therateofconvergenceisnear
O(n-1/6)asδ→0byCorollary1.1.First,wegive
somepreliminaries,whichwillbeusedtoprove
Theorem1.1.

Lemma1.1 Let{Xn}n≥1beastationary
randomvariablesequencewithzeromeanand|Xn|≤
d<∞forn=1,2,….SupposethatAssumption
1.2issatisfied.If

liminf
n→∞

n-1Var(∑
n

i=1
Xi)=σ21>0 (7)

then

sup
-∞<x<∞

P
∑
n

i=1
Xi

Var(∑
n

i=1
Xi)

≤x  -Φ(x)=O(an)

(8)
  Corollary1.2 Supposealltheassumptionsof
Lemma1.1arefulfilled,andr=3,u(n)=
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O(n-(3+δ)/(2δ)),then

sup
-∞<x<∞

P
∑
n

i=1
Xi

Var(∑
n

i=1
Xi)

≤x  -Φ(x)=

O(n-(3+δ)/(18+2δ)).
  Remark1.4 Therateofconvergenceisnear
O(n-1/6)asδ→0byCorollary1.2.

Lemma1.2 Let{Xn}n≥1beasecond-order
stationaryPAsequencewithcommon marginal
distributionfunctionFandEXn=0,|Xn|≤d<
∞,n≥1.Assumption1.5issatisfiedandlet

Var(X1)+2∑
∞

j=2
Cov(X1,Xj):=σ20>0,

then

sup
-∞<x<∞

P
∑
n

i=1
Xi

nσ0
≤x  -Φ(x)=O(an)(9)

SimilartoRemark1.3,itfollowsthattherateof
convergenceisnearO(n-1/6)asδ→0,ifr=3in
Eq.(9).

ProofofTheorem1.1 Bytakingthesame
notationasthatintheproofofRef.[9,Theorem
1.1],denoteA=σ(ξp)/f(ξp)and

Gn(t)=Pn1/2(ξp,n-ξp)/A≤t  .
SimilartotheproofofRef.[9,Eq.(3.3)].Let
Ln=(pnlgnlglgn)1/2,wehave

sup
|t|>Ln

|Gn(t)-Φ(t)|≤

P(|ξp,n-ξp|≥ALnn-1/2)+1-Φ(Ln)
(10)

Letεn=
A
2Lnn-1/2,itfollowsthat

P(|ξp,n-ξp|≥ALnn-1/2)≤
P(|ξp,n-ξp|≥εn) (11)

byLemmaA.5(iii),wehave
P(ξp,n >ξp +εn)=          

P ∑
n

i=1
I(Xi>ξp +εn)>n(1-p)  =

P ∑
n

i=1
(Vi-EVi)>nδn1  ,

whereVi=I(Xi>ξp+εn)andδn1=F(ξp+εn)-
p.Likewise,

P(ξp,n <ξp -εn)=P(p≤Fn(ξp -εn))=

P ∑
n

i=1
(Wi-EWi)>nδn2  ,

whereWi =I(Xi >ξp -εn)andδn2 =p -
F(ξp-εn).Itiseasytoseethat{Vi-EVi,1≤
i≤n}and{Wi-EWi,1≤i≤n}arestillPA
sequences,and|Vi-EVi|≤1,|Wi-EWi|≤1.
AccordingtoAssumption1.3,wehave

v(n)≤n-1∑
∞

j=n
jCov[I(X1≤x),I(Xj+1≤x)]=

On-
(r-2)(r+δ)

2δ  .
Combining Ref.[18, Remark 2.1] with
Assumption1.4,Assumptions(A1)~(A3)in
Ref.[18]weresatisfiedforn largeenough.
AccordingtoLemmaA.l,forsomeθ>0,θpn≤
1,weobtain

P ∑
n

i=1
(Vi-EVi)>nδn1  ≤    

2θ2nv(pn)enθ+eC1nθ
2

  e-
nθδn1
2 ,

and

P ∑
n

i=1
(Wi-EWi)>nδn2  ≤    

2θ2nv(pn)enθ+eC1nθ
2

  e-
nθδn2
2 .

  SinceF(x)iscontinuousatξpwithf(ξp)>0,
bytheassumptiononf(x)andTaylor’sexpansion

δn1=F(ξp +εn)-p=f(ξp)εn+o(εn);
δn2=p-F(ξp -εn)=f(ξp)εn+o(εn).

Therefore,weobtainthatfornlargeenough
f(ξp)εn

2 =
σ(ξp)Ln

4n1/2 ≤F(ξp +εn)-p=δn1,

f(ξp)εn

2 =
σ(ξp)Ln

4n1/2 ≤p-F(ξp -εn)=δn2.

Takingθ= βlgn
npnlglgn  1

/2
,itisclearthatfrom

θpn≤1

e-nθδn1/2≤e-nθf(ξp)εn/4=e-
3α
2lgn (12)

Notethatpn→∞,wehavefornlargeenough

eC1nθ
2
=exp{C1βlgn/(pnlglgn)}≤e

α
2lgn (13)

bytheassumptionC(pn)<∞inTheorem1.1
θ2nv(pn)enθ=               

βlgn
pnlglgnexp

βnlgn
pnlglgn  1

/2

  v(pn)≤e
α
2lgn(14)

From(11)~(14)weobtain
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P(|ξp,n-ξp|>εn)≤Cexp{-αlgn}≤O(n-1).

Since1-Φ(Ln)≤
(2π)-1/2

Ln
exp{-L2

n/2}=o(n-1),

wehavesup
|t|>Ln

|Gn(t)-Φ(t)|≤O(n-1).

Accordingtotheproofofconvergencerateof
|σ2(n,t)-σ2(ξp)|inRef.[9].Taking

pn=(n/(lgnlglgn))1/3,

weobtainthatfor|t|≤Ln,

|σ2(n,t)-σ2(ξp)|=On-1/3(pnlgnlglgn)1/2  +

On-
(r-2)(r+δ)
12δ  .

Bytakingr=3,δ=3,weobtain|σ2(n,t)-σ2(ξp)|
=O(n-1/6).Ontheotherhand,seeingtheproof
ofRef.[9,Eq.(3.9)],byLemma1.2itfollows
that,

sup
|t|≤Ln

|Gn(t)-Φ(t)|≤sup
|t|≤Ln

P
∑
n

i=1
Zi

nσ(n,t)
<-cnt















 -Φ(-cnt)+sup

|t|≤Ln
|Φ(t)-Φ(cnt)|≤    

Cγ1/31n +γ1/32n +γ(r-2)/2
2n +u1/3(q)  +sup

|t|≤Ln
|Φ(t)-Φ(cnt)|≤Cγ1/31n +γ1/32n +γ(r-2)/2

2n +u1/3(q)  .

  Therefore,Eq.(6)followsthesamestepsas
thoseintheproofofRef.[9,Theorem1.1].

ProofofCorollary1.1 Weobtainitbytaking
p=n3(δ+1)/(6+4δ),q=nδ/(3+2δ).

2 Proofofpreliminarylemmas
ProofofLemma1.1 WeemployBernstein’s

big-blockandsmall-blockprocedureandpartition
theset{1,2,…,n}into2kn+1subsetswitha
largeblockofsizep=pnandsmallblocksofsize

q=qn,andletk=kn:=
n

pn+qn
.DefineZn,i =

Xi/ Var(∑
n

i=1
Xi),thenSnmaybesplitas

Sn:=
∑
n

i=1
Xi

Var(∑
n

i=1
Xi)

=∑
n

i=1
Zn,i=Sn1+Sn2+Sn3,

whereSn1=∑
k

j=1
ηj,Sn2=∑

k

j=1
ξj,Sn3=ζk,andηj=

∑
kj+p-1

i=kj

Zn,i,ξj=∑
lj+q-1

i=lj

Zn,i,ζk= ∑
n

i=k(p+q)+1
Zn,i,kj=

(j-1)(p+q)+1,lj=(j-1)(p+q)+p+1,j=
1,2,…,k.

AccordingtoLemmaA.2witha=γ1/31n+γ1/32n,
wehave
sup

-∞<t<∞
|P(Sn ≤t)-Φ(t)|=        

sup
-∞<t<∞

|P(Sn1+Sn2+Sn3≤t)-Φ(t)|≤

sup
-∞<t<∞

|P(Sn1≤t)-Φ(t)|+
a
2π

+

P(|Sn2|≥γ1/31n)+P(|Sn3|≥γ1/32n) (15)

  Step1 WeestimateE(Sn2)2andE(Sn3)2,

whichwillbeusedtoestimateP(|Sn2|≥γ1/31n)and
P(|Sn3|≥γ1/32n)in(15).Bytheconditions|Xi|≤

dand(7),itiseasytofindthat|Zn,i|≤
C
n
.

CombiningthedefinitionofPAwiththedefinition
ξj,j=1,2,…,k,wecaneasilyprovethat
{ξi}1≤i≤kisPA.Accordingtothestationaryand
EXn=0,n≥1,wehave

E(Sn2)2=∑
k

j=1
Eξj

2+2 ∑
1≤i<j≤k

Cov(ξi,ξj)=

∑
k

j=1
∑

lj+q-1

i=lj

E(Zn,i)2+

2∑
k

j=1
∑

lj≤i1<i2≤lj+q-1
Cov(Zn,i1

,Zn,i2
)+

2 ∑
1≤i<j≤k

∑
li+q-1

i'1=li
∑

lj+q-1

i'2=lj

Cov(Zn,i'1
,Zn,i'2

)≤

Cn-1kq+∑
k

j=1
∑
q-1

i=1
(q-i)Cov(Zn,1,Zn,i+1)+

∑
k-1

i=1
∑

li+q-1

i'1=li
∑
k

j=i+1
∑

lj+q-1

i'2=lj

Cov(Zn,i'1
,Zn,i'2

)≤

C[kq+kqu(1)+kqu(p)]/n≤
Ckq/n=Cqp-1=Cγ1n (16)

E(Sn3)2= ∑
n

i=k(p+q)+1
E(Zn,i)2+

2 ∑
k(p+q)+1≤i1<i2≤n

Cov(Zn,i1
,Zn,i2

)≤

C{n-1[n-k(p+q)]+
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p ∑
n-k(p+q)-1

i=1
Cov(Zn,1,Zn,i+1)}≤

C{n-1[n-k(p+q)]+pn-1u(1)}=
C(p+q)/n=Cγ2n (17)

  Hence,byMarkov’sinequality,(16)and
(17),wehave

P(|Sn2|>γ1/31n)≤Cγ-2/3
1n E(Sn2)2≤Cγ1/31n

(18)
P(|Sn3|>γ1/32n)≤Cγ-2/3

2n E(Sn3)2≤Cγ1/32n
(19)

  Step2 Weestimate sup
-∞<t<∞

|P(Sn1≤t)-

Φ(t)|.Define

s2n:=∑
k

j=1
Var(ηj),Γn:= ∑

1≤i<j≤k
Cov(ηi,ηj).

Clearlys2n=E(Sn1)2-2Γn,andsinceES2n=1,by
(16)and(17)wegetthat
|E(Sn1)2-1|=             

|E(Sn2+Sn3)2-2E[Sn(Sn2+Sn3)]|≤
E(Sn2)2+E(Sn3)2+

2E[(Sn2)2]1/2E[(Sn3)2]1/2+
2E[(Sn)2]1/2E[(Sn2)2]1/2+
2E[(Sn)2]1/2E[(Sn3)2]1/2≤

C(γ1/21n +γ1/22n) (20)
Ontheotherhand,similarlytotheprocessof
(16),

Γn= ∑
1≤i<j≤k

∑
ki+p-1

s=ki
∑

kj+p-1

t=kj

Cov(Zn,s,Zn,t)=

∑
k-1

i=1
∑

ki+p-1

s=ki
∑
k

j=i+1
∑

kj+p-1

t=kj

Cov(Zn,s,Zn,t)≤

C[kpu(q)]/n≤Cu(q) (21)
From(20)and(21),itfollowsthat

|s2n-1|≤C[γ1/21n +γ1/22n +u(q)] (22)
  Weassumethatη'jaretheindependentrandom
variablesandη'jhavethesamedistributionasηj,

j=1,2,…,k.LetHn:=∑
k

j=1
η'j.Itiseasily

seenthat
sup

-∞<t<∞
|P(Sn1≤t)-Φ(t)|≤    

sup
-∞<t<∞

|P(Sn1≤t)-P(Hn ≤t)|+
sup

-∞<t<∞
|P(Hn ≤t)-Φ(t/sn)|+

sup
-∞<t<∞

|Φ(t/sn)-Φ(t)|:=D1+D2+D3.

  Letϕ(t)andψ(t)bethecharacteristic

function ofSn1 and Hn,respectively.Thus
applyingEsséeninequality(seeRef.[3,Theorem
5.3]),foranyT>0,

D1≤∫
T

-T

ϕ(t)-φ(t)
t dt+

T sup
-∞<t<∞∫

|u|≤C/T
|P(Hn≤u+t)-P(Hn≤t)|du:=

D1n+D2n.
  ByLemmaA.3,wehavethat

|ϕ(t)-φ(t)|=          

Eexpit∑
k

j=1
ηj  -∏

k

j=1
Eexp(itηj)≤

4t2 ∑
1≤i<j≤k

∑
ki+p-1

s=ki
∑

kj+p-1

t=kj

Cov(Zn,s,Zn,t)≤Ct2u(q).

Therefore

D1n=∫
T

-T

ϕ(t)-φ(t)
t dt≤Cu(q)T2 (23)

ItfollowsfromBerry-Esséeninequality[3,Theorem5.7]

andLemmaA.4,that
sup

-∞<t<∞
|P(Hn/sn ≤t)-Φ(t)|≤   

C
sr

n
∑
k

j=1
E|η'j|r=

C
sr

n
∑
k

j=1
E|ηj|r≤

Ck[(p/n)]r/2

sr
n

≤C
γ(r-2)/2
2n

sr
n

(24)

  Notethatsn→1,asn→∞by(22).From
(24),wegetthat
sup

-∞<t<∞
|P(Hn/sn ≤t)-Φ(t)|≤Cγ(r-2)/2

2n

(25)
whichimpliesthat

sup
-∞<t<∞

|P(Hn ≤t+u)-P(Hn ≤t)|≤

sup
-∞<t<∞

P Hn

sn
≤
t+u
sn  -Φt+u

sn  +

sup
-∞<t<∞

P Hn

sn
≤

t
sn  -Φ t

sn  +

sup
-∞<t<∞

Φt+u
sn  -Φ t

sn  ≤

2 sup
-∞<t<∞

P Hn

sn
≤t  -Φ(t)+

sup
-∞<t<∞

Φt+u
sn  -Φ t

sn  ≤

Cγ(r-2)/2
2n +|

u
sn

|  (26)

By(26),weobtain
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D2n=T sup
-∞<t<∞∫

|u|≤C/T
|P(Hn ≤t+u)-

P(Hn ≤t)|du≤C(γ(r-2)/2
2n +1/T) (27)

Combining (23) with (27),and choosing
T=u-1/3(q),itiseasilyseethat

D1≤C(u1/3(q))+γ(r-2)/2
2n ) (28)

andby(25),

D2= sup
-∞<t<∞

P Hn

sn
≤

t
sn  -Φ(tsn

)≤Cγ(r-2)/2
2n

(29)
  Ontheotherhand,from (22)andRef.[3,
Lemma5.2],itfollowsthat

D3≤(2πe)-1/2(sn-1)I(sn ≥1)+   
(2πe)-1/2(s-1

n -1)I(0<sn <1)≤
C|s2n-1|≤C[γ1/21n +γ1/22n +u(q)] (30)

  Consequently,combining (28),(29)with
(30),wecanget

sup
-∞<t<∞

|P(Sn1≤t)-Φ(t)|≤    

C[γ1/21n +γ1/22n +γ(r-2)/2
2n +u1/3(q)] (31)

  Finally,by(15),(18),(19)and(31),(8)is
verified.

ProofofCorollary1.2 Weobtainitbytaking
p=n3(δ+1)/(6+4δ),q=nδ/(3+2δ).

ProofofLemma1.2 Defineσ2n:=Var(∑
n

i=1
Xi)

andγ(k)=Cov(Xi,Xi+k)fori=1,2,…,
accordingto(5),itischeckedthat

∑
∞

j=n
Cov(X1,Xj+1)≤         

n-1∑
∞

j=n
jCov(X1,Xj+1)=On-

(r-2)(r+δ)
2δ  (32)

thereforeAssumption1.2holdstrue.Forthe
second-orderstationary process {Xn}n≥1 with
commonmarginaldistributionfunction,byEq.(5)
itfollowsthat

|σ2n-nσ20|=

nγ(0)+2n∑
n-1

j=1
1-j

n  γ(j)-nγ(0)-2n∑
∞

j=1
γ(j)=

2n∑
n-1

j=1

j
nγ(j)+2n∑

∞

j=n
γ(j)≤

2∑
∞

j=1
jγ(j)+2∑

∞

j=n
jγ(j)≤4∑

∞

j=1
jγ(j)=O(1)

(33)

Ontheotherhand,

sup
-∞<t<∞

P
∑
n

i=1
Xi

nσ0
≤t  -Φ(t)≤      

sup
-∞<t<∞

P ∑
n

i=1
Xi

σn
≤

nσ0
σn

t  -Φ nσ0
σn

t  +

sup
-∞<t<∞

Φ nσ0
σn

t  -Φ(t):=I1+I2 (34)

  By(33),itiseasytoseethatlim
n→∞

σ2n
nσ20=1.

Thus,applyingLemma1.1,onehas
I1≤Cγ1/31n +γ1/32n +γ(r-2)/2

2n +u1/3(q)  (35)
andaccordingto(33)again,similarlytotheproof
of(30),weobtainthat

I2≤C σ2n
nσ20-

1=
C

nσ20|
σ2n-nσ20|=O(n-1)

(36)
Combining(34),(35)with(36),(9)holdstrue.

Appendix
LemmaA.1[18] Let{Xn}n≥1bePArandom

variableswithzeromeansandmax
1≤i≤n
|Xn|≤cn<∞,

a.s.forn=1,2,….Denote

u(n)=sup
i≥1 ∑j:|i-j|≥n

Cov(Xi,Xj),

andsatisfies∑
∞

i=1
u1/2(2i)<∞.Assumethatθpncn

≤1forsomeθ>0.Thenthereexitsapositive
constantC1,whichdoesnotdependonn,such
thatforeveryε>0

P ∑
n

i=1
Xi >nε  ≤        

4θ2nu(pn)enθcn +eC1nθ
2c2n  e-nθε/2.

  LemmaA.2 LetX andY berandom
variables,thenforanya>0,
sup

t
|P(X+Y≤t)-Φ(t)|≤         

sup
t

|P(X ≤t)-Φ(t)|+
a
2π

+P(|Y|>a).

  LemmaA.3[14] Let {Xn}n≥1 beaPA
sequence,andlet{an,n≥1}bearealconstant
sequence,1=m0<m1<…<mk=n.Denoteby
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ηl:= ∑
ml

j=ml-1+1
ajXjfor1≤l≤k.Then

Eexpit∑
k

l=1
ηl  -∏

k

l=1
Eexp(itηl)≤

4t2 ∑
1≤s<t≤n

|asat|Cov(Xs,Xt).

  LemmaA.4[14] Let{Xj}j≥1beastationary
PAsequencewithEXj=0forj=1,2,…,and
thereexistsomer>2andδ>0suchthat

sup
j≥1

E|Xj|r+δ<∞,

u(n)=∑
∞

j=n
Cov(X1,Xj+1)=O(n-(r-2)(r+δ)/2δ).

Let{aj}j≥1bearealconstantsequence,a:=
sup

j
|aj|<∞.ThenthereisaconstantC not

dependingonnsuchthat

E ∑
n

j=1
ajXj

r
≤Carnr/2.

Especially,if{Xn}n≥1isastationaryPAsequence
withEXn=0,|Xn|≤d<∞,forn=1,2,…,and
assumeu(n)=O(n-(r-2)/2)forsomer>2,then

E ∑
n

j=1
Xj

r
≤Cnr/2.

LemmaA.5[2] LetF (x)bearight-
continuous distribution function. The inverse
functionF-1(t),0<t<1,isnondecreasingand
left-continuous,andsatisfies

(ⅰ)F-1(F(x))≤x,-∞<x<∞;
(ⅱ)F(F-1(t))≥t,0<t<1;
(ⅲ)F(x)≥tifandonlyifx≥F-1(t).
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