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完全3部图K(n-k,n-3,n)色唯一性的证明
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摘要:设P(G,λ)是图G 的色多项式,如果任意与图G 的色多项式相等(P(G,λ)=P(H,λ))的图H 都与

图G 同构(G≌H),则称图G 是色唯一图.这里,通过比较图的三角形子图和无弦四边形的个数,完全解决

了一类完全三部图K(n-k,n-3,n)的色唯一性问题,证明了,若n≥k+2≥5,则完全三部图K(n-k,
n-3,n)是色唯一图.
关键词:完全三部图;色唯一性;三角形子图;无弦四边形子图

0 Introduction
Allgraphsconsidered herearefiniteand

simple.ForagraphG,letV(G),E(G)bethe
vertexset,edgesetofG,respectively.Wedenote

byP(G,λ)thechromaticpolynomialofG.Two
graphsG and H aresaidtobechromatically
equivalent,denotedbyG~HifP(G,λ)=P(H,
λ).AgraphGissaidtobechromaticallyuniqueor
χ-uniqueifG≌HforanygraphHsuchthatH~



G.Thecompletetripartitegraphcanbedenoted
byK(n+a1,n+a2,n+a3)havingpartitesets
Viwith|Vi|=n+aifori=1,2,3.

Ref.[1]gavetheconjecturethattheK(n-k,
n,n)ischromaticallyuniqueifn≥k+2≥4.Refs.
[2-4]showed thatthe K(n-k,n-i,n)is
chromaticallyuniqueifn≥k+2≥4andi=0,1.
Ref.[5]showedthatthe K(n-k,n-v,n)is
chromaticallyuniqueifk≥v+2≥4andn≥v2(k+
v/3)/4,and that the K(n-k,n-2,n)is
chromaticallyuniqueifn≥k+2≥4.Ref.[6]
showedthattheK(n-k,n-v,n)ischromatically
uniqueif4≥v≥2,k≥vandn≥k2/4+v+1.Ref.
[7]showedthatK(n-k,n-v,n)ischromatically
unique,ifk-v≥2,v≥1andn-v≥max{[(k-
v)2/4+k],[(k-v)2/4+3(k-v)/2+2v-11/4],
[(k-v)v+k-2v+1]}.
Hereweshowthatthecompletetripartite

graphK(n-k,n-3,n )ischromaticallyunique
forn≥k+2≥5.
Forapositiveintegeri,apartition{U1,U2,

…,Ui}ofV(G)iscalledai-independentpartition
inGifeachUiisanonemptyindependentsetofG.
Bym(G,i)wedenotethenumberofi-independent
partitioninG.

LetA1,A2,A3 betheedgesubsetsof
K(n+a1,n+a2,n+a3)withA1⊆{xy|∀x∈
V2,∀y∈V3},A2⊆{xy|∀x∈V1,∀y∈V3}and
A3⊆{xy|∀x∈V1,∀y∈V2}.LetA=A1∪A2∪
A3,|A1|=l1,|A2|=l2,|A3|=l3.ByK(n+a1,
n+a2,n+a3)-A wedenotethegraphobtained
bydeletingalledgesinA fromthecomplete
tripartitegraphK(n+a1,n+a2,n+a3).By
Δ(G)wedenotethenumberoftrianglesC3inG.
Byα(G)wedenotethenumberofcyclesC4of
withoutchordsinG.ByT(e,r)wedenotethe
treeT3containingtheedgeseandrinG.ByΔ(e,
r,w)wedenotethetriangleC3containingthe
edgese,randwinG.Let

φ=|{T(e,r)|e∈A1,r∈A2}|+|{T(e,r)|
  e∈A1,r∈A3}|+|{T(e,r)|e∈A2,r∈A3}|,

φ1=|{Δ(e,r,w)|e∉A1,r∈A2,w∈A3}|,

φ2=|{Δ(e,r,w)|e∈A1,r∉A2,w∈A3}|,

φ3=|{Δ(e,r,w)|e∈A1,r∈A2,w∉A3}|,
γ=|{Δ(e,r,w)|e∈A1,r∈A2,w∈A3}|.

Clearlyφ=φ1+φ2+φ3+3γ.

1 Somelemmas
Lemma1.1[8] LetK(n+a1,n+a2,n+a3)

-A~K(n-k,n-v,n),n>k≥v≥0.Then
①a1+a2+a3=-(k+v),
②|A|=a1a2+a1a3+a2a3-vk=(k2+v2-

a21-a22-a23)/2,
③Δ(K (n+a1,n+a2,n+a3)-A)=

Δ(K(n-k,n-v,n)),
④α(K (n+a1,n+a2,n+a3)-A)=

α(K(n+a1,n+a2,n+a3)).
Lemma1.2[2] LetK(n+a1,n+a2,n+a3)

-A~K(n-k,n-v,n),0≤v≤k,a1≤a2≤a3.
Then-v≤a3≤0.

Lemma1.3[9] Leta1+a2+a3=-(k+v),
|A|=a1a2+a1a3+a2a3-vkand

Δ=Δ(K(n+a1,n+a2,n+a3)-A)-
Δ(K(n-k,n-v,n)).

Then
Δ=a1a2a3-a1l1-a2l2-a3l3+φ-γ.

  Lemma1.4[5] LetK(n+a1,n+a2,n+a3)
-A~K(n-k,n-v,n),a1≤a2≤a3,n≥k+
2≥v+2,α=α(K(n+a1,n+a2,n+a3)-A)-
α(K(n-k,n-v,n)).Then

①α≤-(l1l2+l1l3+l2l3)/2+(φ-γ)/4-
(n+a2+a3-a1)φ1/2-(n+a1+a3-a2)φ2/2-
(n+a1+a2-a3)φ3/2+(φ-γ+1)(φ-γ)/2-
(φ1+φ2+φ3)γ-(3γ+1)γ/2,

②α≤-(φ-γ)/4-(n+a2+a3-a1)φ1/2-
(n+a1+a3-a2)φ2/2-(n+a1+a2-a3)φ3/2+
(φ-γ+1)(φ-γ)/2-(φ1+φ2+φ3)γ-(3γ+1)·
γ/2-(n+a3-1)(n+a2-(l1+1))l1/2-
(n+a3-1)(n+a1-(l2+1))l2/2,

③α≤-(φ-γ)/4-(n+a2+a3-a1)φ1/2-
(n+a1+a3-a2)φ2/2-(n+a1+a2-a3)φ3/2+
(φ-γ+1)(φ-γ)/2-(φ1+φ2+φ3)γ-(3γ+1)·
γ/2-(n+a3-1)(n+a2-(l1+1))l1/2,

④α≤-(φ-γ)/4-(n+a2+a3-a1)φ1/2-
(n+a1+a3-a2)φ2/2-(n+a1+a2-a3)φ3/2+
(φ-γ+1)(φ-γ)/2-(φ1+φ2+φ3)γ-(3γ+1)·
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γ/2-(n+a3-1)(n+a1-(l2+1))l2/2.
Lemma1.5[10] LetK(n+a1,n+a2,n+a3)

-A3~K(n+b1,n+b2,n+b3),a3∈{b1,b2,b3}
andmin{n+b1,n+b2,n+b3}≥2.Then

K(n+a1,n+a2,n+a3)-A3≌   
K(n+b1,n+b2,n+b3),|A3|=0.

  Lemma1.6[8] LetG~H.Thenm(G,i)=
m(H,i)fori=1,2,…,|V(G)|.

2 Mainresult
Theorem2.1 Thecompletetripartitegraph

K(n-k,n-3,n)ischromaticallyuniqueifn≥
k+2≥5.

Proof LetK(n+a1,n+a2,n+a3)-A~
K(n-k,n-3,n)anda1≤a2≤a3.ByLemmas
1.1and1.2,wehave

a1+a2+a3=-(k+3),

|A|=a1a2+a1a3+a2a3-3k,

Δ=0,α=0,-3≤a3≤0.
ByLemma1.3,

Δ=a1a2a3-a1l1-a2l2-a3l3+φ-γ=
a3(k+a3)(3+a3)-(a1-a3)l1-

(a2-a3)l2+φ-γ=0.
  Sincel1l2≥φ3+γ,l1l3≥φ2+γandl2l3≥
φ1+γ,wehavethatl1l2+l1l3+l2l3≥φ.

Nowweconsiderthefollowingthreecases.
Case1 -3<a3<0.
Supposel1+l3=0,wehaveφ-γ=0.Hence

a1a2a3-a2l2=0,l2=a1a3=|A|=a1a3-
(k+a2)(3+a2)and(k+a2)(3+a2)=0.
Hencea2=-3ora2=-k.FromLemma1.5,

wehave|A|=0,K(n+a1,n+a2,n+a3)-A≌
K(n-k,n-3,n).Hence{a1,a2,a3}={-k,
-3,0},acontradictinga3<0.Suchl1+l3≠0.
Similarly,wehavethatl1+l2≠0andl2+

l3≠0.Hencel1l2+l1l3+l2l3≠0.Sincea3=-1
ora3=-2,wehave

a3(k+a3)(3+a3)=-2(k+a3),

Δ=-2(k+a3)-(a1-a3)l1-
(a2-a3)l2+φ-γ=0.

  Supposeφ-γ=0,From①ofLemma1.4,
wehaveα<0,contradictingα=0.

Forφ-γ>0,weconsiderthefollowingthree
subcases.

Subcase1.1 l1 ≥2. Weconsiderthe
followingthreesubcases.

Subcase1.1.1 l2≥2.Sincea1+a2-2a3=
a1+a2+a3-3a3=-(k+3)-3a3,wehave

Δ=-2(k+a3)-2(a1+a2-2a3)-
(a1-a3)(l1-2)-

(a2-a3)(l2-2)+φ-γ=0,
6+4a3=(a1-a3)(l1-2)+
(a2-a3)(l2-2)-(φ-γ)≤0.

  Hencea3=-2andφ-γ≤2.Sinceφ-γ≥
2γ,wegetγ≤1.Hence

n+a1+a2-a3-(φ-γ+1)≥
(k+2-(k+3)-2a3)-3=0.

  Since|A|=(k2+32-a12-a22-a32)/2≥4,
wehavea1<a3=-2.
Supposel1≥3.Sinceφ-γ=φ1+φ2+φ3+

2γ≤-6-4a3+(a1-a3)≤1,wehaveγ=0.By
①ofLemma1.4,wehave
α<-(n+a1+a2-a3)(φ1+φ2+φ3)/2+

(φ-γ+1)(φ-γ)/2≤
-(φ+1)φ/2+(φ+1)φ/2=0,

contradictingα=0.
Supposel1=2.Sincen+a3-1≥k+2-3≥

2≥2γ,
n+a2-(l1+1)=           

n+(a1+a2+a3)-(a1+a3)-3≥
n-(k+3)+5-3≥1,

by③ofLemma1.4,wehave
α<-(n+a1+a2-a3)(φ1+φ2+φ3)/2+
(φ-γ+1)(φ-γ)/2-(φ1+φ2+φ3)γ-
(3γ+1)γ/2-(n+a3-1)(n+a2-

(l1+1))l1/2≤-(φ-γ+1)(φ1+φ2+φ3)/2+
(φ-γ+1)(φ-γ)/2-(φ1+φ2+φ3)γ-

(3γ+1)γ/2-γ≤(φ-γ+1)γ-(φ-3γ)γ-
(3γ+1)γ/2-γ=2γ2-(3γ+1)γ/2≤0,

contradictingα=0.
Subcase1.1.2 l2=1.Since

Δ=-(k-3-a3)-(a1-a3)(l1-1)-
(a2-a3)(l2-1)+φ-γ=0,

wehaveφ-γ≤(a1-a3)+(k-3-a3),
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(n+a1-2)-(φ-γ)≥n+a1-2-
(k-3-a3)-(a1-a3)≥3+2a3,
(n+a3-1)-(φ-γ+1)=

n+a3-2-(φ-γ)≥3+2a3.
  Supposea3=-1.Wehave(n+a1-2)-
(φ-γ)>0,(n+a3-1)-(φ-γ+1)>0.From④
ofLemma1.4,wehave
α<-(n+a3-1)(n+a1-(l2+1))l2/2+

(φ-γ+1)(φ-γ)/2≤
-(φ-γ+1)(n+a1-2)/2+
(φ-γ+1)(φ-γ)/2<0,

contradictingα=0.
Supposea3=-2.Wehave

n+a1+a2-a3=n+a1+a2+a3-2a3=
n-(k+3)+4=(n-k)+1≥3,

n+a1-2-(φ-γ)≥-1,
(n+a3-1)-(φ-γ+1)≥-1.

  From④ofLemma1.4,weget
α<-(n+a2+a3-a1)φ1/2-
(n+a1+a3-a2)φ2/2-
(n+a1+a2-a3)φ3/2+

(φ-γ+1)(φ-γ)/2-(3γ+1)γ/2-
(n+a3-1)(n+a1-2)/2≤

-3(φ1+φ2+φ3)/2-(3γ+1)γ/2+
(φ-γ+1)(φ-γ)/2-(φ-γ-1)(φ-γ)/2≤

-3(φ1+φ2+φ3)/2-2γ+(φ-γ)≤0,
contradictingα=0.

Subcase1.1.3 l2=0.Suchφ=φ2andγ=0.
SinceΔ=-2(k+a3)-(a1-a3)l1+(φ-γ)=0,
wehave

(n+a1+a3-a2)-(φ2+1)≥
(n+a1+a3-a2)-2(k+a3)-2(a1-a3)-1=

(n+a3-a1-a2)-2k-1≥
(k+2)+2a3+(k+3)-2k-1=4+2a3≥0.
  From ① ofLemma1.4,wehaveα<0,
contradictingα=0.

Subcase1.2 l1=1.weconsiderthefollowing
threesubcases.

Subcase1.2.1 l2≥2.Since
Δ=-(k-3-a3)-(a1-a3)(l1-1)-

(a2-a3)(l2-1)+φ-γ=0,
wehave

(n+a2-2)-(φ-γ)≥

n+a2-2-(k-3-a3)-(a2-a3)≥
k+2+2a3+1-k=3+2a3,
(n+a3-1)-(φ-γ+1)=

(n+a3-2)-(φ-γ)≥3+2a3.
  Supposea3=-1.Wehave

(n+a2-2)-(φ-γ)>0,
(n+a3-1)-(φ-γ+1)>0.

  By③ofLemma1.4,wehave
α<(φ-γ+1)(φ-γ)/2-
(n+a3-1)(n+a2-2)/2≤0,

contradictingα=0.
Supposea3=-2.Wehave

(n+a2-2)-(φ-γ)>-1,
(n+a3-1)-(φ-γ+1)>-1,

n+a1+a2-a3≥3.
  From③ofLemma1.4,wehave

α<-(n+a2+a3-a1)φ1-
(n+a1+a3-a2)φ2-(n+a1+a2-a3)φ3+
(φ-γ+1)(φ-γ)/2-(3γ+1)γ/2-
(n+a3-1)(n+a2-(l1+1))l1/2≤

-3(φ1+φ2+φ3)/2+(φ-γ+1)(φ-γ)/2-
(3γ+1)γ/2-(φ-γ)(φ-γ-1)/2≤

-3(φ1+φ2+φ3)/2+(φ-γ)-2γ≤0,
contradictingα=0.

Subcase1.2.2 l2=1.SinceΔ=-(k-3-
a3)+φ-γ=0,wehave

[n+a2-(l1+1)]l1+
[n+a1-(l2+1)]l2-(φ-γ)=
2n+a1+a2-4-(φ-γ)≥

2(k+2)-a3-(k+3)-(k-3-a3)-4=0,
(n+a3-1)-(φ-γ)=

(n+a3-1)-(k-3-a3)=
n-k+2+2a3≥4+2a3≥0.

  Sincen+a1+a2-a3=n-(k+3)-2a3≥1,
by②ofLemma1.4,wehave
α<-(n+a1+a2-a3)(φ1+φ2+φ3)/2+
(φ-γ+1)(φ-γ)/2-(3γ+1)γ/2-
(n+a3-1)[n+a2-(l1+1)]l1/2-
(n+a3-1)[n+a1-(l2+1)]l2/2≤

-(φ1+φ2+φ3)/2+(φ-γ+1)(φ-γ)/2-
(3γ+1)γ/2-(φ-γ)(φ-γ)/2≤

-(φ-3γ)/2+(φ-γ)/2-(3γ+1)γ/2=
γ-(3γ+1)γ/2=-(3γ-1)γ/2≤0,

contradictingα=0.
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Subcase1.2.3 l2=0.Suchγ=0,φ=φ2.
Sincem(K(n+a1,n+a2,n+a3)-A,3)=
m(K(n-k,n-3,n),3)=1,wehavethatthe
bipartitesubgraphK (n+a1,n+a2)-A3is
connected.Henceφ2≤n+a1-1,

(n+a1+a3-a2)-(φ2+1)≥
(n+a1+a3-a2)-

(n+a1-1)-1=a3-a2≥0.
By①ofLemma1.4,wehave

α<-(n+a1+a3-a2)φ2/2+
(φ2+1)φ2/2≤0,

contradictingα=0.
Subcase1.3 l1=0.Suchφ-γ=φ1,γ=0.

Weconsiderthefollowingtwosubcases.
Subcase1.3.1 l2≥2.SinceΔ=-2(k+a3)-

(a2-a3)l2+φ-γ=0,wehave
(n+a2+a3-a1)-(φ1+1)≥

(n+a2+a3-a1)-
2(k+a3)-2(a2-a3)-1=
n+a3-a1-a2-2k-1=
n+(k+3)+2a3-2k-1≥

(k+2)+(k+3)+2a3-2k-1=4+2a3≥0.
  By①ofLemma1.4,wehave

α<-(n+a2+a3+a1)φ1/2-(φ1+1)φ1/2≤0,
contradictingα=0.

Subcase1.3.2 l2=1.Sincethatbipartite
subgraphK(n+a1,n+a2)-A3isconnected,we
haveφ1≤n+a2-1.Hence

(n+a2+a3-a1)-(φ1+1)≥
(n+a2+a3-a1)-

(n+a2-1)-1=a3-a1≥0.
By①ofLemma1.4,wehaveα<0,contradicting
α=0.

Case2 a3=-3.
Similarlyl1l2+l1l3+l2l3≠ 0.SinceΔ=

-(a1-a3)l1-(a2-a3)l2+φ-γ=0,wehave
φ-γ=0.By①ofLemma1.4,wehaveα<0,
contradictingα=0.

Case3 a3=0.
ByLemma1.1,wehave|A|=a1a2-3k≥0.

Hencea1a2≠0.Since-a1l1≥0,-a2l2≥0,
-a1l1-a2l2+φ-γ=0,wehavel1=l2=0.By
Lemma1.5,wehave

K(n+a1,n+a2,n+a3)-A≌

K(n-k,n-3,n).
  HencethecompletetripartitegraphK(n-k,
n-3,n)ischromaticallyuniqueforn≥k+2≥5.
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