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非光滑悲观半向量双层规划的变分分析

刘兵兵1,2,陈素根1

(1.安庆师范大学数学与计算科学学院,安徽安庆246133;2.中国科学技术大学管理学院,安徽合肥230026)

摘要:利用最近由Mordukhovich发展的变分分析理论,研究了悲观半向量双层规划问题,得到了在非光滑

情形下的悲观半向量双层规划问题的必要最优性条件.为了得到该最优性条件,首先借助于标量化方法将悲

观半向量双层规划问题转化为一个标量的双层优化问题.进而利用单层和两层值函数构造和Mordukhkvich
广义微分计算规则,研究得到了所得的标量双层优化问题的一阶必要最优性条件,进而根据原悲观半向量双

层规划问题与所得的标量双层优化问题的等价命题得到了原问题在非光滑情形下的一阶必要最优性条件.
关键词:悲观半向量双层规划问题;必要最优性条件;李普希兹连续;最优值函数构造;灵敏度分析



0 Introduction
Inthisstudy,weconsiderthefollowinga

classofbilevelprogrammingprobleminwhichthe
upper-levelobjectivefunctionisscalarandthe
lower-levelobjectivefunctionisvectorial[1],i.e.,
thesemivectorialbilevelprogrammingproblem
(SBPP):

“min
x
”F(x,z)

s.t.G(x)≤0,z∈Ψwef(x) (1)

wherefunctionF:Rn×Rm →Ristheupper-level
objectivefunctionandG:Rn → Rq denotesthe
upper-levelconstraintfunction.Lettheset{x|
G(x)≤0}benonemptyandclosed.Theset-
valuedmappingΨwefdenotestheweaklyefficient
optimalsolutionmappingofthefollowinglower-
levelmultiobjectiveoptimizationproblem:

Rν
+-min

z
f(x,z)

s.t.g(x,z)≤0 (2)
wherethefunctionf:Rn ×Rm →Rνisthelower-
levelmultiobjectivefunctionandg:Rn×Rm →Rp

isthelower-levelconstraintfunction.Theterm
“Rν

+-min”in (2)isusedtosymbolizethat
vectorvaluesinthelower-levelproblemareinthe
senseofweakParetominimawithrespecttoan
orderinducedbythepositiveorthantofRν.In
ordertoensurethattheresultsinthisarticleare
correct,wemaketwohypothesesasfollows.

Assumption0.1 Theset{x∈Rn|G(x)≤
0}isnonemptyandcompact.

Assumption0.2 ForanyxverifyingG(x)≤
0,theset{z∈Rm|g(x,z)≤0}isnonemptyand
compact.

Asweknow,theweaklyefficientsolutionset
Ψwef(x)ofthelower-levelproblem (2)ingeneral
hasmorethanonesolution.Thus,thenotionof
anoptimalsolutionforthebilevelprogramming
problem maybeambiguous,whichiswhythe
word“min”iswritteninquotesin(1).Inorderto
overcomethisambiguity,wecanconsiderthe
optimistic formulation and the pessimistic
formulationfortheproblem(1).Thedefinitionof

theoptimisticandpessimisticsemivectorialbilevel
programmingproblemscanbefoundinRef.[2].
Forstudiesontheoptimisticsemivectorialbilevel
programmingproblem (OSBPP)thereaderis
referredtoRefs.[1,3-10].Theresearchreviewon
theseliteraturescanbefoundinRef.[2]andis
thusomitted.

Incontrastto OSBPP,thestudyonthe
pessimistic semivectorial bilevel programming
problem(PSBPP)canbefoundinRefs.[2,11-12].
Firstly,wegivethereformulationofPSBPPas

min
x
max
z

F(x,z)

s.t.G(x)≤0,z∈Ψwef(x) (3)
In Ref.[11],Bonneland Morgan developed
optimalityconditionsforaclassofbileveloptimal
control problem in the optimistic case and
pessimisticcase,respectively.Nie[12]definedthe
conservativeoptimaldecisionforthePSBPPby
using the weighting method. However,the
detailed optimality conditions have not been
established.Hence,inRef.[2],usingtheoptimal
value function formulation and generalized
differentiationcalculusofMordukhovich,Liuet
al.developedthedetailedfirst-ordernecessary
optimality conditions for PSBPP under the
assumptionofthe upper-levelandlower-level
objectivefunctionsandconstraintfunctionsare
continuously differentiable and thelower-level
problemisstrictlyconvex.Asanapplication,the
necessaryoptimalityconditionsforthePSBPPwith
linearlower-level multiobjectivefunction with
respect to the lower-level variables were
established.Ontheotherhand,penaltyfunction
method[13],K-thbestalgorithm[14]andmaximum
entropy approach[15] are currently adopted as
solvingapproachestothepessimisticproblemof
generalbilevelprogramming.
Itisjustthesmoothsettingunderwhichthe

necessaryoptimalityconditionsweredevelopedin
Ref.[2].Inthispaper,weintendtoextendthose
resultsinRef.[2]tothenonsmoothsettingcase.
Forthis purpose,by using the generalized
differentiation calculus of Mordukhovich, we
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developasensitivityanalysisofthelower-level
negativevaluefunctionandthelower-leveloptimal
solutionsetmapping,respectively.Furthermore,
wealso develop asensitivityanalysisofthe
maximization bilevel optimal value functions
φp(x,y)andφpp(x)inthenonsmoothsetting.
Based on the above results,the first-order
necessary optimality conditionsareestablished
undertheassumptionofthebasicCQ(seeSection
2)holds.Theresultsproposedinthispaper
extendtheresultsinRef.[2].Thus,allresultsin
Ref.[2]arethespecialcaseoftheresultsobtained
inthispaper.

Therestofthepaperisorganizedasfollows.
InSection1,werecallthedefinitionsofweakly
efficientsolutionsandParetominima,therelevant
notionsandpropertiesfrom variationalanalysis
willalsobeintroduced.InSection2,wetransform
thePSBPPintoasingle-levelgeneralizedminimax
optimizationproblemwithconstraintsbymeansof
the optimal valuefunction reformulation.In
Section3,inthenonsmoothsetting,wefirst
developthesensitivityanalysisestimationofthe
lower-levelnegativevaluefunctionandthelower-
leveloptimalsolutionsetmapping,respectively.
Basedontheseresults,wealso developthe
sensitivityanalysisestimationforthemaximization
bilevelvaluefunction.Asthe mostimportant
results, the first-order necessary optimality
conditionsforthePSBPPareestablishedwhenall
the functions involved are locally Lipschitz
continuous.Wefinishwithsomeconclusionsin
Section4.

1 Preliminaries
Inthissection,wemainlyrecallsomebasic

definitionsofweaklyefficientsolutionsandPareto
minima.Somerelevantnotionsandproperties
fromvariationalanalysisarealsointroduced.
1.1 WeaklyefficientsolutionandParetominima

Definition1.1 LetsetC ⊂Rnbeaclosed
convexconewithnonemptyinterior,ifC∩-C=
{0},wecallCpointedconvexcone.Wedenotea

partialorderbyCinRninducedbyC.
Definition1.2 LetsetA⊆Rnbenonempty.

Apointz* ∈AissaidtobePareto(resp.weak
Pareto)minimaofAwithrespecttoCif

A⊂z*+[(Rn\(-C))∪{0}]
(resp.A⊂z*+(Rn\-intC))

where‘int’denotesthetopologicalinteriorofthe
setinquestion.

Letusconsiderthefollowingmultiobjective
optimizationproblemwithrespecttoC :

C-minf(x)
s.t.x∈X (4)

wherefrepresentsavector-valuedfunctionandX
thenonemptyfeasibleset.ForanonemptysetA
⊂X ,theimageofAbyfisdefinedbyf(A):=
{f(x)|x∈A}.

Definition1.3 Apointx* ∈Xissaidtobe
an efficient (resp.weakly efficient)optimal
solutionofproblem (4)iff(x*)isaPareto
(resp.weakPareto)minimaoff(X).

Definition1.4 Apointx*∈Xissaidtobea
localefficient (resp. weakly localefficient)
optimalsolutionofproblem (4)ifthereexistsa
neighborhoodUofx*suchthatf(x*)isaPareto
(resp.weakPareto)minimaoff(X ∩U).

Definition1.5 Avector-valuedfunctionf:
Rn →Rmissaidtoconvexwithrespecttoapartial
Cinducedbyapointed,closedandconvexcone
C,ifwehave
f(λx1+(1-λ)x2)Cλf(x1)+(1-λ)f(x2),

∀λ∈(0,1),∀x1,x2∈Rn.
1.2 Toolsfromvariationalanalysis

Definition1.6 Givenapointx,limsup
x→x

Γ(x)

issaidtobetheKuratowski-Painlevéouter/upperlimit
ofaset-valuedmappingΓ:Rn⇒Rmatx,if

limsup
x→x

Γ(x)={v∈Rm|∃xk→x,

vk→vwithvk∈Γ(xk)ask→∞}.
  Definition1.7 Foranextendedreal-valued
functionΨ:Rn →R,

︿
Ψ(x)issaidtobethe

FréchetsubdifferentialofΨ atapointxofits
domain,if

︿
Ψ(x)=                  
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{v∈Rn|liminf
x→x

Ψ(x)-Ψ(x)-<v,x-x>
‖x-x‖ ≥0}.

  Definition1.8 Givenapointx,Ψ(x)is
saidtobethebasic/Mordukhovichsubdifferential
ofΨatx,if

Ψ(x)=limsup
x→x


︿
Ψ(x) (5)

  IfΨisconvex,Ψ(x)isreducedtothe
subdifferentialinthesenseofconvexanalysis:

Ψ(x)={v∈Rn|Ψ(x)-Ψ(x)≥
  <v,x-x>,∀x∈Rn},

whereΨ(x)isnonemptyandcompactwhenΨis
locallyLipschitzcontinuous,itsconvexhullisthe
ClarkesubdifferentialΨ(x),i.e.

Ψ(x)=coΨ(x) (6)
where“co”denotestheconvexhullofthesetin
question.Viathislinkbetweenthebasicand
Clarkesubdifferential,we havethefollowing
convexhullproperty:

co(-Ψ)(x)=-coΨ(x) (7)
whereΨisLipschitzcontinuousnearx.

Definition1.9 xΨ(x,y)issaidtobethe
partialbasic(resp.Clarke)subdifferentialofΨ
withrespecttox,ifwehave

xΨ(x,y)=Ψ(·,y)(x)

(resp.xΨ(x,y)=Ψ(·,y)(x)).
Thepartialbasic(resp.Clarke)subdifferential
withrespecttoy can bedefinedanalogously
asfollows

yΨ(x,y)=Ψ(y,·)(y)

(resp.yΨ(x,y)=Ψ(y,·)(y)).
  Definition1.10 Givenapointx ∈ Ω,
NΩ(x)issaidto bethebasic/Mordukhovich
normalconetoasetΩ⊂Rnatx,if

NΩ(x)=limsup
x→x(x∈Ω)

N
︿
Ω(x) (8)

whereN
︿
Ω(x)representstheprenormal/Fréchet

normalconetoasetΩatxdefinedby

N
︿
Ω(x)={v∈Rn|limsup

x→x(x∈Ω)

<v,x-x>
‖x-x‖ ≤0

}.

ThesetΩwillbesaidtoberegularatx ∈Ωif
NΩ(x)=N

︿
Ω(x)holds.

ForthelowersemicontinuousfunctionΨwith
theepigraphepiΨ ,wecanequivalentlydefinethe

basic/Mordukhovichsubdifferential(5)usingthe
normalcone(8)by
Ψ(x)={v∈Rn|(v,-1)∈NepiΨ(x,Ψ(x)).
  ThesingularsubdifferentialofΨatpointx
(∈domΨ)isdenotedby
∞Ψ(x)={v∈Rn|(v,0)∈NepiΨ(x,Ψ(x))}.
IfΨ islowersemicontinuous nearx,then
∞Ψ(x)={0}ifandonlyifΨislocallyLipschitz
continuousnearx.Givenaset-valuedmappingΞ:
Rn →2Rm

withitsgraph
gphΞ:={(x,y)∈Rn×Rm|y∈Ξ(x)},

recallthenotionofcoderivativeforΞat(x,y)∈
gphΞisdefinedby

D*Ξ(x,y)(v):={u∈Rn|
(u,-v)∈NgphΞ(x,y)}forv∈Rm (9)

viathenormalcone(8)tothegraphofΞ.IfΞis
single-valuedandlocallyLipschitzcontinuousnear
x,itscoderivativecanbedenotedanalyticallyas
D*Ξ(x)(v)=<v,Ξ>(x)forv∈Rm ,viathe
basic subdifferential (5)of the Lagrangian
scalarization<v,Ξ>(x):=<v,Ξ(x)>,wherethe
component y(= Ξ(x))is omitted in the
coderivativenotationforsingle-valuedmappings.
This implies that the coderivative can be
representedasD*Ξ(x)(v)= {∇Ξ(x)Tv}for
v∈Rm ,whereΞisstrictlydifferentiableatpoint
x,and∇Ξ(x)denotesitsJacobianmatrixatx.

Definition1.11 Aset-valuedmappingΞis
saidtobeinnersemicompactatxwithΞ(x)≠Ø ,
ifforeverysequencexk →xwithΞ(xk)≠Ø ,
thereexistsasequenceofyk ∈ Ξ(xk)which
containsaconvergentsubsequenceask→∞.

Definition1.12 Aset-valuedmappingΞis
saidtobeinnersemicontinuousat(x,y)∈gphΞ,
ifforeverysequencexk→xthereexistsasequence
ofyk∈Ξ(xk)thatconvergestoyask→∞.

FromDefinitions1.11and1.12,itisclear
thatΞisinnersemicontinuousat(x,y),ifΞis
innersemicompactatx withΞ(x)= {y}.
Generally speaking,the inner semicontinuity
which is much stronger than the inner
semicompactnessandisanecessaryconditionfor
theLipschitz-like/Aubinproperty,which means
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thatthereexisttwoneighborhoodsUofxandVof
y,andaconstantκ>0suchthat∀x,u∈Uand
y∈Ξ(u)∩V,

d(y,Ξ(x))≤κ‖u-x‖ (10)
wheredmeansthedistancefromapointtoasetin
Rm .WhenV =Rm in (10),thispropertyis
reducedtotheclassicallocalLipschitzcontinuityof
Ξ nearx.A completecharacterizationofthe
Lipschitz-like/Aubinproperty(10),andhencea
sufficientconditionfortheinnersemicontinuityof
Ξat(x,y),isgivenforclosedgraphmappingsby
thefollowingcoderivative/Mordukhovichcriterion
(seeRefs.[16,Theorem5.7]and[17,Theorem
9.40]):

D*Ξ(x,y)(0)={0} (11)
  Inaddition,theinfimumofallκ>0forwhich
(10)holdsisequaltothecoderivativenorm
‖D*Ξ(x,y)‖ as a positively homogeneous
mappingD*Ξ(x,y).Setx =xin (10),the
resultingweakerpropertyisknownascalmnessof
Ξat(x,y)[18],whichisusedtoderivethe
sensitivity analysis ofthelower-leveloptimal
solutionmappingoftheprobleminthesequel.

2 Optimalvaluefunctionreformulation
forPSBPP
Inthissection,weshallbrieflypresentthe

one-levelformulationofthePSBPP (3),the
detailedreformulationprocesscanbefoundinRef.
[2]. For this purpose, we first use the
scalarizationtechniquetotransformtheproblem
(2)intoanusualone-levelscalaroptimization
problem,whichconsistsofsolvingthefollowing
parametricproblem:

min
z

f(x,y,z)=<y,f(x,z)>

s.t.g(x,z)≤0 (12)
wheretheparameteryisanonnegativepointofthe
unitsphere,i.e.,

y∈Y={y∈Rν|y≥0,‖y‖=1}(13)
  Foragivenupper-levelvariablex,theweakly
efficientsolutionsetΨwef(x)ofthelower-level
problem(2)isnotingeneralasingleton,henceit
isdifficulttochoosethebestpointz(x)on

Ψwef(x).Furthermore,weconsiderthesetY(13)
as a new constraintsetforthe upper-level
problem[9].Forall(x,y)∈X ×Y (whereX:=
{x∈Rn|G(x)≤0}),wedenotebyΨ(x,y)
thesolutionsetoftheproblem (12).Whenthe
weaklyefficientsolutionsareconsideredforthe
lower-levelproblem (2),therelationship (see
e.g.Ref.[19])relatesthesolutionsetofthis
problemandthatof(12)asfollows.

Lemma2.1 Assumethefunctionsg(x,·)
andf(x,·)areRp

+-convexandRν
+-convexforall

x ∈ X , respectively. Then Ψwef(x) =
Ψ(x,Y):=∪{Ψ(x,y)|y∈Y}.

Hence,thePSBPP(3)canbereplacedbythe
followingclassicalpessimisticbilevelprogramming
problem:

min
x
max
y
max

z
F(x,z)

s.t.(x,y)∈X×Y,z∈Ψ(x,y) (14)
wherethesetY(13)onthenewparameterofthe
lower-levelproblemactslikeadditionalupper-level
constraints. The problem (14) can be
reformulatedasthefollowinggeneralizedminimax
problem:

min
x
max
y
{φp(x,y)|y∈Y,x∈X},

bydefiningthefollowing maximization bilevel
optimalvaluefunction(seee.g.Ref.[20])

φp(x,y)=max
z
{F(x,z)|z∈Ψ(x,y)}.

  Furthermore,theproblem(14)canbefurther
expressedassingle-leveloptimizationproblem:

min
x
{φpp(x)|x∈X} (15)

ifwedefinealsothemaximizationanotherbilevel
optimalvaluefunctionby

φpp(x)=max
y
{φp(x,y)|y∈Y}.

  Inthefollowing,wegivethetheoremofthe
existenceofthesolutiontotheproblem(14).

Lemma2.2 Iftheset{(x,y,z)|(x,y)∈
X×Y,g(x,z)≤0}isnonemptyandcompact,
andforeachx∈X ,theMangasarian-Fromowitz
constraintqualification(MFCQ)holds.Suppose
thatthelower-levelsolutionsetmappingΨ(x,y)
islowersemicontinuousatallpoints(x,y)∈X×
Y.Then,theproblem (14)hasanoptimal

553第5期 Variationalanalysisforpessimisticsemivectorialbilevelprogrammingwithnonsmoothdata



solution.
ThelinkbetweenthePSBPP (3)and(14)

willbegiveninthenextresult(alsoseeRef.[2,
Proposition3.1]).

Lemma2.3 Considertheproblems(3)and
(2),wherethelower-levelconstraintfunction
g(x,·)isRp

+-convexandf(x,·)isRν
+-convex

forallx ∈ X .Assumethat Ψ islower
semicontinuousonX ×Y,thenthefollowing
assertionshold.

(i)Let(x,z)bealocal (resp.global)
optimalsolutionoftheproblem(3).Then,forall

y∈Ywithz∈Ψ(x,y),thepoint(x,y,z)isa
local (resp.global)optimalsolution ofthe
problem(14).

(ii)Let(x,y,z)bealocal(resp.global)
optimalsolutionoftheproblem(14).Assumethe
set-valuedmappingΨisclosed-valued.Then(x,
z)isalocal(resp.global)optimalsolutionofthe
problem(3).

Now wegivetheoptimalvaluefunction
reformulation for the pessimistic bilevel
programmingproblem(14)asfollows.

minφpp(x)
s.t.x∈X,

φpp(x)=max
y
{φp(x,y)|y∈Y},

φp(x,y)=max
z
{F(x,z)|z∈Ψ(x,y)},

Ψ(x,y)={z∈Rm|f(x,y,z)-φ(x,y)≤0,g(x,z)≤0},

φ(x,y)=minz
{f(x,y,z)|g(x,z)≤0}













(16)

  Basedonthisresult,wewillattempttoderive
thenecessaryoptimalityconditionsofPSBPP(3)
viaderivingthoseoftheauxiliaryproblem (14).
Obviously,ifwesetthe minimizationoptimal
valuefunctionasφo

p(x,y)=min
z
{-F(x,z)|z∈

Ψ(x,y)},then,forall(x,y)∈X×Y,wehave
φp(x,y)=-φo

p(x,y) (17)
Theminimizationofanotheroptimalvaluefunction
canbesetasφo

pp(x)=min
y
{-φp(x,y)|y∈Y},

then,forallx∈X ,wealsohave
φpp(x)=-φo

pp(x) (18)

  By(17)and(18),weanalyzeφp(x,y)and

φpp(x)via analyzing φo
p(x,y)and φo

pp(x),
respectively.Forthesepurposes,weconsiderthe
followingageneral‘abstract’frameworkofthe
marginalfunction:

μ(x)=min
y
{Ψ(x,y)|y∈Ξ(x)} (19)

whereΨ:Rn×Rm →RandΞ:Rn →2Rm
.Denote

theargminimum mappingin (19)byΞo(x)=
argmin{Ψ(x,y)|y ∈Ξ(x)}={y ∈Ξ(x)|
Ψ(x,y)≤μ(x)}.Wesummarizeinthenext

theoremsomeknownresultsonthegeneralvalue
functionsneededinthepaper (seeRefs.[16,
Theorem1.108]and[21,Theorem5.2]).

Lemma2.4 Letthevaluefunctionμgivenin
(19)befiniteatxwithΞo ≠Ø .Thefollowing
assertionshold:

(i)LetΞobeinnersemicompactatx,assume
thatΞisaclosed-graphatx,andthatΨislower
semicontinuousongphGwhenx=x.Thenμis
lowersemicontinuousatxandtheupperboundfor
itsbasicsubdifferentialisgivenasfollows:

μ(x)⊂{x*|(x*,0)∈        
∪

y∈Ξo(x)
(φ(x,y)+δ((x,y);gphΞ))}.

IfinadditionΞisLipschitz-likearound(x,y)for
allvectorsy ∈Ξo(x),thenwealsohavethe
Lipschitzcontinuityofμaroundx.

(ii)LetΞobeinnersemicontinuousat(x,y).
Thenμislowersemicontinuousatxandtheupper
boundforitsbasicsubdifferentialisgivenas
follows:

μ(x)⊂{x*|(x*,0)∈    
(φ(x,y)+δ((x,y);gphΞ))}.
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IfinadditionΞisLipschitz-likearound(x,y),
thenμisLipschitzcontinuousaroundx.

ByEqs.(17),(18)and(7),weeasilyhave
φp(x,y)⊂-coφo

p(x,y) (20)
φpp(x)⊂-coφo

pp(x) (21)
  ByLemma2.4,wecanestimatetheupper
boundofthesubdifferentialofthebileveloptimal
valuefunctionφp(x,y) (resp.φpp(x))via
estimating the subdifferential of{φo

p}(x,y)
(resp.{φo

pp}(x)).Inthenextsection,basedon
specificstructuresoftheset-valuedmappingΞ,
ouraimistogivedetailedupperboundsfor
D*Ξ(x,y)in terms of the problem data.
VerifiablerulesforΞtobeLipschitz-likewillalso
beprovided.Further,wepresentthesensitivity
analysisforthemaximizationbileveloptimalvalue
functionφp(x,y)andφpp(x).Basedonthese
results,we develop the necessary optimality
conditionsfortheproblem (14)andthusfor
PSBPP(3).

3 Necessaryoptimalityconditionsfor
PSBPP
Inthissection,weshallestablishthefirst-

ordernecessaryoptimalityconditionsforPSBPP.
Forthisgoal,weneedtodevelopthenecessary
optimalityconditionsfortheoptimalvaluefunction
reformulation(16)oftheproblem (14).Inthe
next,wefirstrecallthatthesolutionsetmapping
ofthelower-levelproblem(12)as
Ψ(x,y)={z∈Rm|f(x,y,z)-φ(x,y)≤0,

g(x,z)≤0} (22)
withφdenotingtheoptimalvaluefunctionassociated
withthelower-levelproblem(12),i.e.,

φ(x,y)=minz
{f(x,y,z)|g(x,z)≤0}

(23)
Here,weemploythelower-levelvaluefunction
approach[21]tothesensitivityanalysisofthebilevel
valuefunctionφo

p(x,y).Sowehavethelower-
leveloptimalvaluefunction reformulation of
φo

p(x,y)asφo
p(x,y)=min

z
{-F(x,z)|g(x,z)

≤0,f(x,y,z)-φ(x,y)≤0}.Sincethebasic
subdifferentialφ does not satisfy the plus
symmetry,anappropriateestimateof(-φ)is

neededtoproceedwiththisapproach.Bythewell-
knownconvexhullproperty(7),theestimateof
(-φ)canbedone.

Inordertodevelopthesensitivityanalysisofthe
negativevaluefunctioninthelower-levelproblem
(12),wefirstrecallthenonsmoothcounterpartsofthe
lower-andupper-levelregularityconditions,whichare
defined,respectively,as

∑
p

i=1
βix*

i =0;

βi≥0,βigi(x,z)=0,i=1,…,p;
(x*

i ,z*
i )∈gi(x,y),i=1,…,p










 ⇒

βi=0,i=1,…,p (24)

0∈∑
q

j=1
αjGj(x)=0;

αj≥0,αjGj(x)=0,j=1,…,q ⇒
αj=0,j=1,…,q (25)

  AparticularityofthenewconstraintsetY
(13),thattherelatedLagrangemultiplierscanbe
completely eliminated from the optimality
conditions,isgiveninthenextlemma.

Lemma3.1[6,Lemma4.2] Thesetofvectors(x,
y,z)∈Rn×Rν×Rm ,γ,zs∈Rνandμ,λ,ηs∈R
withs=1,…,n+ν+1,satisfiesthesystem

λf(x,z)-λ∑
n+ν+1

s=1
ηsf(x,zs)-γ+μy=0,

γ≥0,γTy=0,‖y‖=1, 
ifandonlyifthefollowinginequalityholds:

λ ∑
ν

k=1
yk(fk(x,z)-∑

n+ν+1

s=1
ηsfk(x,zs))  y-

f(x,z)-∑
n+ν+1

s=1
ηsf(x,zs)   ≤0 (26)

3.1 Sensitivityanalysisoflower-levelnegative
valuefunction(-φ)

Inthissubsection,weintendtodevelopthe
sensitivityanalysisofthenegativevaluefunctionin
thelower-levelproblem(12).

Theorem3.1 Thefollowingassertionshold
forthenegationofthevaluefunctionφin(23).

(i)IffandgareLipschitzcontinuousnearthe
point(x,z)andthesolutionmapΨ(x,y)in(22)is
innersemicompactat(x,y)forall(x,y,z)∈gphΨ
satisfying(24),thenφisLipschitzcontinuousaround
(x,y),andthefollowinginclusionholds:
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(-φ)(x,y)⊂
-∑

n+ν+1

s=1
ηs(∑

ν

k=1
ykx*

ks+∑
p

i=1
βs

iw*
is)

-∑
n+ν+1

s=1
ηsf(x,zs)



























∑
n+ν+1

s=1
ηs=1,zs∈Ψ(x,y),ηs≥0,s=1,…,n+ν+1,

(x*
ks,z*

ks)∈fk(x,zs),k=1,…,ν;s=1,…,n+ν+1,
(w*

is,v*
is)∈gi(x,zs),i=1,…,p;s=1,…,n+ν+1,

∑
ν

k=1
ykz*

ks+∑
p

i=1
βs

iv*
is =0,s=1,…,n+ν+1,

βs
i≥0,βs

igi(x,zs)=0,i=1,…,p;s=1,…,n+ν+1.
















  (ii)IffandgareLipschitzcontinuousnear
thepoint(x,z)andassumethat(x,y,z)∈gphΨ
withx∈domφsatisfying(24)andthateitherΨis

innersemicontinuousatthispointorfandgare
convex.ThenφisLipschitzcontinuousaround(x,
y),andthefollowinginclusionholds:

(-φ)(x,y)⊂
-∑

ν

k=1
ykx

︿*
k -∑

p

i=1
βiw

︿*
i

-f(x,z)
















∑
ν

k=1
ykz

︿*
k +∑

p

i=1
βiv

︿*
i =0,

(x
︿*
k,z

︿*
k)∈fk(x,z),k=1,…,ν,

(w
︿*
i ,v

︿*
i )∈gi(x,z),i=1,…,p,

βi≥0,βigi(x,z)=0,i=1,…,p.
























  Proof ThelocalLipschitzcontinuityofφis
justifiedfromRef.[18,Theorem5.2]underthe
fulfillmentof(24)inboththeinnersemicontinuity
andinnersemicompactnesscases.

Toprovethesubdifferentialinclusionof(i),
firstly notethatsinceforall1,…,ν,fk is
Lipschitzcontinuousnear(x,z),z∈Ψ(x,y),
byRef.[6,Eq.(4.39)],whiletakingintoaccount
thatyk ≥ 0 fork = 1,…,ν,the basic
subdifferentialoff(x,y,z)canbeexpressedas

thefollowinginclusionrelation:
f(x,y,z)⊂f°(x,z)+     

{∑
ν

k=1
yk(x*

k,0,z*
k)|(x*

k,z*
k)∈

fk(x,z),k=1,…,ν} (27)

wheref°(x,z)=(0,…,0
︵n-times ,f(x,z),0,…,0

︵m-times ).
Inaddition,werecalltheestimateofφ(x,y)

from Ref.[9,Theorem 7 (ii)]underthe
assumptionsof(i)asfollows:

φ(x,y)⊂ ∪
z∈Ψ(x,y) (x*,y*)

(x*,y*,0)∈f(x,y,z)+∑
p

i=1
βix,y,zgi(x,z),

βi≥0,βigi(x,z)=0,i=1,…,p  (28)

  Combininginclusions(27)and(28),wehave

φ(x,y)⊂ ∪
z∈Ψ(x,y)

∑
ν

k=1
ykx*

k +∑
p

i=1
βiw*

i

f(x,z)

















∑
ν

k=1
ykz*

k +∑
p

i=1
βiv*

i =0,

βi≥0,βigi(x,z)=0,
(x*

k,z*
k)∈fk(x,z),

(w*
i ,v*

i )∈gi(x,z),
k=1,…,ν;i=1,…,p



























(29)
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Theclaimedestimateof(-φ)followsfromhere
bycombining(7)andCarathéodory’sTheorem.
IfΨisinnersemicontinuousat(x,y,z),we

havetheClarkesubdifferentialofφbyRef.[22,
Theorem5.4]that

φ(x,y)⊂∪
∑
l

k=1
ykx

︿*
k +∑

p

i=1
βiw

︿*
i

f(x,z)

















∑
l

k=1
ykz

︿*
k +∑

p

i=1
βiv

︿*
i =0,

(x
︿*
k,z

︿*
k)∈fk(x,z),

(w
︿*
i ,v

︿*
i )∈gi(x,z),

βi≥0,βigi(x,z)=0,
k=1,…,l;i=1,…,p.





























Thisimpliesthesubdifferentialinclusionof(ii)by
(6)and(7).Thiscompletestheproof.
3.2 Sensitivityanalysisofthelower-leveloptimal

solutionsetmappingΨ
Inthissubsection,weshallpresentanupper

estimateforthecoderivativeofthesolutionset
mappingΨ givenin (22)and establishits
Lipschitz-likeproperty.Forthispurpose,wefirst
presentthecalmnessproperty.By Eq.(9),
calculatingthe coderivative of Ψ , we must
computethelimitingnormalconetothegraph
ofΨ :
gphΨ= {(x,y,z)∈K|f(x,y,z)-φ(x,y)≤0}

withK= {(x,y,z)|g(x,z)≤0} (30)
intermsoftheinitialdata.Toproceedthiswayby
usingtheconventionalresultsofthegeneralized
differentialcalculusrequiresthefulfillmentofthe
followingbasicqualificationcondition,

(f-g)(x,y,z)∩(-Nk(x,y,z))=Ø
(31)

  However,itisshowninRef.[23,Theorem
3.1]thatcondition (31)failsin common
situations;in particular, when φ is locally

Lipschitzaroundthepointinquestion.Theweaker
assumption whichcan helpcircumventingthis
difficultyisgivenasfollows:
Φ(ν)={(x,y,z)∈K|f(x,y,z)-φ(x,y)≤ν}

iscalmat(0,x,y,z) (32)
Thecondition(32)isautomaticallysatisfiediff
andgarelinear.Furthermore,(32)holdsat(x,
y,z)forthelocallyLipschitzianfunctionφifwe
passtotheboundaryofthenormalconein(31),
that is, if the following qualification
conditionholds
(f-g)(x,y,z)∩(-bdNk(x,y,z))=Ø

(33)
withKbeingsemismooth,inparticular,convex.
Thecondition(33)seemstobeespeciallyeffective
for the so-called simple convex bilevel
programmingproblems.For moredetails,the
readerscanberefertoRefs.[23-24].Itisdeserved
thatforthelattercase,thecondition(33)canbe
furtherweakenedbypassingtotheboundaryofthe
subdifferential of f. For estimating the
coderivativeofΨ ,we presentan additional
qualificationcondition:

[(λ,βi)∈Λz(x,y,z,0),x* ∈(-φ)(x,y)]⇒

λx*= -(λ∑
l

k=1
ykx*

k +∑
p

i=1
βiw*

i )
(x*

k,z*
k)∈fk(x,z),

(w*
i ,v*

i )∈gi(x,z),
k=1,…,ν;i=1,…,p















 (34)

whereΛz(x,y,z,z*)isaparticularmultipliersset,thatis,
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Λz(x,y,z,z*)= (λ,βi)

λ≥0,βi≥0,βigi(x,z)=0,

z*+λ∑
ν

k=1
ykz*

k +∑
p

i=1
βiv*

i =0,

k=1,2,…,ν;i=1,2,…,p























(35)

  Asitwillbeveryclearintheproofof
Theorem3.2,theyaresufficientconditionsforthe
coderivativecriterion (11)toholdfortheset-
valuedmappingsK(x)={z|g(x,z)≤0}and
Ψ(x,y)in(22),respectively,providedthatthe
calmnesscondition(32)issatisfied.Undersome
mild conditions, the lower-level regularity
condition(24)canensurethatthecondition(35)

holdsatpoint(x,y,z).Moredetailsonthese
typesofconditionsand moregenerallyonthe
developmentofcoderivativescanbefoundinRefs.
[16,18].Inthefollowing,wegivealower-level
Lagrange multipliers set which will play an

importantroleinthesequel.
Λ(x,y,z)=             

 γi≥0
γigi(x,z)=0,i=1,2,…,p,

∑
ν

k=1
ykz*

k +∑
p

i=1
γiv*

i =0  .

  Inthefollowing,weshallpresentthe
coderivativeestimateandLipschitz-likepropertyof
lower-levelsolutionsetmappingΨ .

Theorem3.2 (i)Forall(x,y,z)∈gphΨ ,
lettheconditions(24)and(32)holdatthispoint,

andletΨ (22)beinnersemicompactat(x,y).
Then,forallz ∈Rm ,(33)andthefollowing
inclusionhold:

D*Ψ(x,y,z)(z)⊂ ∪
zs∈Ψ(x,y)

∪
(λ,βi)∈Λz(x,y,z,z)

∪
βsi∈Λ(x,y,z)

λ(∑
ν

k=1
ykx*

k -∑
n+ν+1

s=1
ηs(∑

ν

k=1
ykx*

ks+∑
p

i=1
βs

iw*
is))+∑

p

i=1
βiw*

i ,

λf(x,z)-λ∑
n+ν+1

s=1
ηsf(x,zs),

∑
n+ν+1

s=1
ηs=1,ηs≥0,s=1,…,n+ν+1



























with∑
n+ν+1

s=1
ηs=1andηs≥0fors=1,…,n+ν+1.If

inadditionthecondition(34)holdsat(x,y,zs),

thenΨisLipschitz-likearoundthispoint.

(ii)LetthesolutionmapΨ (22)beinner
semicontinuousat(x,y,z)∈gphΨ ,andletthe
qualificationconditions(24)and(32)holdatthis
point.Then,forallz* ∈Rmwehave

D*Ψ(x,y,z)(z*)⊂ ∪
(λ,βi)∈Λz(x,y,z,z

*)
∪

γi∈Λ(x,y,z)
λ∑

ν

k=1
ykx*

k -λ(∑
ν

k=1
ykx

︿*
k +∑

p

i=1
γiw

︿*
i )+∑

p

i=1
βiw*

i  
(36)

Ifinadditionthecondition(34)holdsat(x,y,
z),thenΨisLipschitz-likearoundthispoint.

Proof Wefirstshowtheprooffor(i).It
followsfromTheorem3.1(i)thatthelower-level
functionφisLipschitzcontinuousaround(x,y)
underassumptioncondition (24)andtheinner
semicompactnessassumptions.If we add the

calmnessproperty(32),thenwehave
NgphΨ(x,y,z)⊂ ∪

zs∈Ψ(x,y)
∪
λ≥0
{λ(f(x,y,z)+

(-φ)(x,y)×{0})+Nk(x,y,z)},
byRef.[25,Theorem4.1]takingintoaccount
thattheconstraintf(x,y,z)-φ(x,y)≤0is
workingatpoint(x,y,z).By(30),wehave
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Nk(x,y,z)= ∑
p

i=1
βiv*

i |βi≥0,

βigi(x,z)=0,i=1,…,p (37)

whichholdsunderthevalidityofthecondition
(24)atpoint(x,y,zs)fors=1,…,n+ν+1.
Combiningthedefinitionofthecoderivative(9),

wederivethecoderivativeestimate(35).Further,

byEq.(35)andthecoderivativecriterion(11)for
the Lipschitz-like property, the coderivative
criterionholdsprovidedthat

x* ∈λ(∑
ν

k=1
ykx*

k +(-φ)(x,y))+∑
p

i=1
βiw*

i ,

(λ,βi)∈Λz(x,y,z,0)  ⇒
x*=0 (38)

  Nextwebegintoprove(ii).Accordingto
Theorem3.1(ii),thelower-levelfunctionφis
Lipschitzcontinuousaround (x,y)underthe
condition (24)andtheinnersemicontinuous
assumptions.Ifweaddthecalmnessproperty
(32),thenwehave

NgphΨ(x,y,z)⊂∪
λ≥0
{λ(f(x,y,z)+

(-φ)(x,y)×{0})+Nk(x,y,z)},
byRef.[25,Theorem4.1]takingintoaccount
thattheconstraintf(x,y,z)-φ(x,y)≤0is
workingatpoint(x,y,z).By(30),theequality
(37)holds.Combiningthedefinition ofthe

coderivative (9),we derivethe coderivative
estimate (36).Further,by (36)and the
coderivativecriterion (11)fortheLipschitz-like
property,thecoderivativecriterionholdsprovided
thatEq.(38)holds.Thiscompletestheproof.

Remark3.1 Ifthefunctionsfandgare
convexwithrespecttoz,theinnersemicontinuity
ofΨcanbedroppedinTheorem3.2(ii).
3.3 Sensitivityanalysisofmaximizationbilevel

optimalvaluefunctionsφpandφpp

Forthesakeofsimplicity,wefirstdefinethe
upper-level optimal solution set mapping as
follows:

Ψo(x,y)={z∈Ψ(x,y)|      
-F(x,z)-φo

p(x,y)≤0} (39)
Intherestofthispaper,wealwaysassumethat
thesetΨo(x,y)isnonempty.Thefollowing
resultsillustratethelocalsensitivityanalysisofthe
bilevelvaluefunctionφp .

Theorem 3.3 Consideringφp definedin
Section2and(39),thefollowingassertionshold:

(i)AssumethatΨoisinnersemicompactat
(x,y),thecondition(24)holdsat(x,y,z)∈
gphΨ ,whilethecondition(32)holdsat(x,y,z)
forallz∈Ψo(x,y).Thenthefollowinginclusion
holds:

φp(x,y)⊂ ∪
zt∈Ψ(x,y)

∪
zs∈Ψ(x,y)

∪
(λt,β

t
i)∈Λz(x,y,z,zt)

∪
βsi∈Λ(x,y,z)

(x*
t ,y*

t )

x*
t ∈∑

n+ν+1

t=1
ρt{x*

Ft-λt(∑
ν

k=1
ykx*

kt -∑
n+ν+1

s=1
ηs(∑

ν

k=1
ykx*

ks+∑
p

i=1
βs

iw*
is))+∑

p

i=1
βt

iw*
it};

y*
t ∈λtf(x,zt)-λt∑

n+ν+1

s=1
ηsf(x,zs);

(x*
Ft,0)∈F(x,z),fort=1,…,n+ν+1;

∑
n+ν+1

t=1
ρt=1,ρt≥0,fort=1,…,n+ν+1;

∑
n+ν+1

s=1
ηs=1,ηs≥0,fors=1,…,n+ν+1
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Ifinaddition(34)issatisfiedat(x,y,z)forallz
∈ Ψo(x,y),thenφp is Lipschitzcontinuous
around(x,y).

(ii)AssumethatΨoisinnersemicontinuous

at(x,y,z),theconditions(24)and(32)holdat
thispoint.Furthermore,assumethattheset
coNgphΨ(x,y,z)isclosed.Thenthefollowing
inclusionholds:

φp(x,y)⊂ ∪
(λt,β

t
i)∈Λz(x,y,z,z

*)
∪

γti∈Λ(x,y,z)

x*
F -∑

n+ν+1

t=1
ρt{λt∑

ν

k=1
ykx*

kt -λt(∑
ν

k=1
ykx

︿*
kt +∑

p

i=1
γt

iw
︿*
it)+∑

p

i=1
βt

iw*
it}|

(x*
F,0)∈F(x,z),∑

n+ν+1

t=1
ρt=1,ρt≥0,

fort=1,…,n+ν+1

























(40)

Ifinaddition(34)issatisfiedatpoint(x,y,z),
thenφpisLipschitzcontinuousaround(x,y).

Proof Wefirstprovidetheproofof(i).To

justify(i),byLemma2.4(i)andsubdifferential
chainrulesandrelatedcalculusin Ref.[16],
wehave

φo
p(x,y)⊂ ∪

zt∈Ψo(x,y)

x(-F(x,zt))
y(-F(x,zt))  +D*Ψ(x,y,zt)(z(-F(x,zt)))  

undertheinnersemicompactnessassumptionon
Ψo.SinceΨo(x,y)⊂Ψ(x,y)forall(x,y)∈X
×Y,thelower-leveloptimalsolutionmapΨin
(22)isalsoinnersemicompactat(x,y,zt)∈
{gphΨo}.Hence,bythesubdifferentialofthe
lower-levelnegationvaluefunction-φinTheorem
3.1(i)andthecoderivativeofΨinTheorem3.2
(i),combiningwith (20)andCarathéodory’s
Theorem,wecanderivetheupperestimateof
φp(x,y).

ToprovethelocalLipschitzcontinuityof
φp(x,y)in (i)underthecondition (34),the
latterconditionimpliestheLipschitz-likeproperty

ofΨaround(x,y,zt).Thusthedesiredresultis
obtainedfromLemma2.4(i).

Forjustifying (ii),sincethefunctionFis
LipschitzcontinuousandΨoisinnersemicontinuousat
(x,y,z),weget[22,Theorem5.1]

φo
p(x,y)⊂ x(-F(x,z))

y(-F(x,z))  +
D*Ψ(x,y,z)(z(-F(x,z))) .

Combining(36)andCarathéodory’sTheorem,we
canderivetheestimationforthecoderivative
D*Ψ(x,y,zt)(z(-F(x,z))):

D*Ψ(x,y,z)(z(-F(x,z)))⊂ ∪
(λt,β

t
i)∈Λz(x,y,z,z

*)
∪

γti∈Λ(x,y,z)

∑
n+ν+1

t=1
ρt{λt∑

ν

k=1
ykx*

kt -

λt(∑
ν

k=1
ykx

︿*
kt +∑

p

i=1
γt

iw
︿*
it)+

∑
p

i=1
βt

iw*
it}|∑

n+ν+1

t=1
ρt=1,

ρt≥0,
fort=1,…,n+ν+1



































.
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  ThelatterinclusionimpliesthatNgphΨ(x,y,

z)= coNgphΨ(x,y,z)provided thatthe set
coNgphΨ(x,y,z)isclosed.Combiningtheabove
tworesults,by(6)and(20),wecanjustify(40).
TojustifythelocalLipschitzcontinuityofφp(x,

y)in (ii)underthecondition (34),thelatter
conditionimpliestheLipschitz-likepropertyofΨ
around(x,y,zt),fort=1,…,n+ν+1.This
completestheproof.

Inthefollowing,weshalldevelopalocal
sensitivityanalysisofthe maximizationbilevel
optimalvaluefunctionφpp(x)in(15).Forthis
purpose,weneedtoestimateφo

pp(x).Combining
(18)andtheconclusiononthesensitivityanalysisfor
thevaluefunctionofthenonparametric minimax
problem (seeRef.[26,Lemma3.3]),wehave

φo
pp(x)⊆(-φp)(x,y)=φo

p(x,y).By(21),

wederivethatφpp(x)⊂-coφo
p(x,y)andφpp(x)is

Lipschitz continuous around x under the
correspondingconditionsofTheorem3.3.

Basedontheaboveanalysis,wepresentthe
estimation of the subdifferential of the
maximizationbileveloptimalvaluefunctionφpp(x)

in(15).
Corollary3.1 Consideringthedefinitionof

φpp(x)and(39),thefollowingassertionshold:
(i)AssumethatΨoisinnersemicompactat

(x,y),thecondition(24)holdsat(x,y,z)∈
gphΨ ,whilethecondition(32)holdsat(x,y,z)

forallz∈Ψo(x,y).Thenthefollowinginclusion
holds:

φpp(x)⊂ ∪
zt∈Ψ(x,y)

∪
zs∈Ψ(x,y)

∪
(λt,β

t
i)∈Λz(x,y,z,zt)

∪
βsi∈Λ(x,y,z)

(x*
t ,y*

t )

x*
t ∈∑

n+ν+1

t=1
ρt{x*

Ft-λt(∑
ν

k=1
ykx*

kt -∑
n+ν+1

s=1
ηs(∑

ν

k=1
ykx*

ks+∑
p

i=1
βs

iw*
is))+∑

p

i=1
βt

iw*
it};

y*
t ∈λtf(x,zt)-λt∑

n+ν+1

s=1
ηsf(x,zs);

(x*
Ft,0)∈F(x,z),fort=1,…,n+ν+1;

∑
n+ν+1

t=1
ρt=1,ρt≥0,fort=1,…,n+ν+1;

∑
n+ν+1

s=1
ηs=1,ηs≥0,fors=1,…,n+ν+1.





































Ifinaddition(34)issatisfiedat(x,y,z)forall
z∈Ψo(x,y),thenφppisLipschitzcontinuous
aroundx.

(ii)AssumethatΨoisinnersemicontinuous

at(x,y,z),theconditions(24)and(32)holdat
thispoint.Furthermore,assumethattheset
coNgphΨ(x,y,z)isclosed.Thenthefollowing
inclusionholds:

φpp(x)⊂ ∪
(λt,β

t
i)∈Λz(x,y,z,z

*)
∪

γti∈Λ(x,y,z)

x*
F -∑

n+ν+1

t=1
ρt{λt∑

ν

k=1
ykx*

kt -λt(∑
ν

k=1
ykx

︿*
kt +∑

p

i=1
γt

iw
︿*
it)+∑

p

i=1
βt

iw*
it}|

(x*
F,0)∈F(x,z),∑

n+ν+1

t=1
ρt=1,ρt≥0,

fort=1,…,n+ν+1
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Ifinaddition(34)issatisfiedat(x,y,z),then
φppisLipschitzcontinuousaroundx.
3.4 Necessaryoptimalityconditionsfortheproblem

(14)andPSBPP
Inthissubsection,weshallestablishthe

necessaryoptimalityconditionsfortheoptimal
valuereformulation(16)oftheminimaxproblem
(14)inthenonsmoothsettingusingtheabove
sensitivityanalysisresults.Furthermore,withthe
helpofLemma2.3,wepresentthenecessary
optimalityconditionsforthePSBPPwithLipschitz
continuousdata.

Theorem3.4 Let(x,y)beanupper-level
regularlocaloptimalsolutiontotheproblem(14),

whereasFandGareLipschitzcontinuousat(x,z)
andx,respectively.LetX×Ybeclosed.Then,
thefollowingassertionshold:

(i)LetΨobeinnersemicompactat(x,y)
whileforallz∈Ψ(x,y)andthepoint(x,z)is
lower-levelregular,letf andg be Lipschitz
continuousat(x,z),z∈Ψ(x,y),andletthe
conditions(32)and(34)besatisfiedatallpoints
(x,y,z)withz∈Ψo(x,y).Thenthereexistλt

≥0,α,βt,βs,ηs,ρt,(x*
Ft,z*

Ft)∈F(x,z),
witht=1,…,n+ν+1andzt,zs∈Ψ(x,y)with
t,s=1,…,n +ν+1suchthat(26)andthe
followingconditionshold:

∑
n+ν+1

t=1
ρt{x*

Ft-λt(∑
ν

k=1
ykx*

kt -∑
n+ν+1

s=1
ηs(∑

ν

k=1
ykx*

ks+∑
p

i=1
βs

iw*
is))+∑

p

i=1
βt

iw*
it}+∑

q

j=1
αjx*

Gj=0,

fort=1,…,n+ν+1:z*
Ft-λt∑

ν

k=1
ykz*

kt -∑
p

i=1
βt

iv*
it =0,

fors=1,…,n+ν+1:∑
ν

k=1
ykz*

ks+∑
p

i=1
βs

iv*
is =0,

forj=1,…,q:αj≥0,αjGj(x)=0,
fort=1,…,n+ν+1;i=1,…,p:βt

i≥0,βt
igi(x,zt)=0,

fors=1,…,n+ν+1;i=1,…,p:βs
i≥0,βs

igi(x,zs)=0,

fort=1,…,n+ν+1:ρt≥0,∑
n+ν+1

t=1
ρt=1,

fors=1,…,n+ν+1:ηs≥0,∑
n+ν+1

s=1
ηs=1,

wherewehavethefollowinginclusions:
fort=1,…,n+ν+1:(x*

Ft,z*
Ft)∈F(x,z),

forj=1,…,q:x*
Gj∈Gj(x),

fork=1,…,ν;t=1,…,n+ν+1:(x*
kt,z*

kt)∈F(x,zt),

fork=1,…,ν;s=1,…,n+ν+1:(x*
ks,z*

ks)∈F(x,zs),

fori=1,…,p;t=1,…,n+ν+1:(w*
it,v*

it)∈gi(x,zt),

fori=1,…,p;s=1,…,n+ν+1:(w*
is,v*

is)∈gi(x,zs)




































(41)

Therelationships (26)and (41)considered
togetherarecalledtheKM-stationarityconditions.

(ii)LetΨobeinnersemicontinuousat(x,y,
z),(x,z)belower-levelregular,fandgbe
Lipschitzcontinuous at (x,z),and letthe

conditions(32)and(34)besatisfiedat(x,y,z)
andthesetcoNgphΨ(x,y,z)beclosed.Thenthere
exist(x*

F,z*
F)∈F(x,z),λt≥0,α,βtandγt

suchthatthefollowingconditionshold:
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x*
F -∑

n+ν+1

t=1
ρt{λt∑

ν

k=1
ykx*

kt -λt(∑
ν

k=1
ykx

︿*
kt +∑

p

i=1
γt

iw
︿*
is)+∑

p

i=1
βt

iw*
it}+∑

q

j=1
αjx*

Gj=0,

fort=1,…,n+ν+1:z*
F -λt∑

ν

k=1
ykz*

kt -∑
p

i=1
βt

iv*
it =0,

fort=1,…,n+ν+1:∑
ν

k=1
ykz

︿*
kt +∑

p

i=1
γt

iv
︿*
it =0,

forj=1,…,q:αj≥0,αjGj(x)=0,
fort=1,…,n+ν+1;i=1,…,p:γt

i≥0,γt
igi(x,z)=0,

fort=1,…,n+ν+1;i=1,…,p:βt
i≥0,βt

igi(x,z)=0,

fort=1,…,n+ν+1:ρt≥0,∑
n+ν+1

t=1
ρt=1,

wherewehavethefollowinginclusions:
(x*

F,z*
F)∈F(x,z),

forj=1,…,q:x*
Gj∈Gj(x),

fork=1,…,ν;t=1,…,n+ν+1:(x*
kt,z*

kt)∈F(x,z),

fork=1,…,ν;t=1,…,n+ν+1:(x
︿*
kt,z

︿*
kt)∈F(x,z),

fori=1,…,p;t=1,…,n+ν+1:(w*
it,v*

it)∈gi(x,z),

fori=1,…,p;t=1,…,n+ν+1:(w
︿*
it,v

︿*
it)∈gi(x,z)


































(42)

Therelationshipsin (42)arecalledthe KN-
stationarityconditions.

Proof Undertheassumptionsof(ii),the
bilevelvaluefunctionφppisLipschitzcontinuous
nearx.SinceXisclosed,onehasfromRef.[16,
Proposition5.3]that0∈φpp(x)+Nx(x).By
theinnersemicontinuityofΨoat(x,y,z)andthe
upperregularity(25),wehave

Nx(x)= ∑
q

j=1
αjGj(x)|αj≥0,

αjGj(x)=0,j=1,…,q (43)

  CombiningCorollary3.1(ii)and (43),
Theorem3.4(ii)iseasilyderived.IfΨoisinner
semicompactaround(x,y),thecondition(26)
holdsatallpoint(x,y,z)withz∈Ψ(x,y),and
that(32)and(34)aresatisfiedatallpoint(x,y,
z)withz∈Ψo(x,y).Thus,byCorollary3.1(i),
weobtaintheconclusion(i).Thiscompletesthe
proof.

Remark3.2 Theprefixes‘KN’and‘KM’
inTheorem3.4reflectthedifferencebetweenthe
KKT-typeoptimality conditions viatheinner

semicompactnessandinnersemicontinuityofthe
upper-leveloptimalsolutionset mappingΨo,
respectively.Forthenotions‘KM-stationarity’
and‘KN-stationarity’,thereaderscanreferto
Ref.[27].Undertheinnersemicontinuityofthe
lower-leveloptimalsetvaluedmappingΨ ,the
necessaryoptimalityconditions(ii)inTheorem
3.4areinfactthoseoftheproblem:

min
x
max
y
max
z

F(x,z)

s.t. x∈X,z∈Ψ(x,y).
This means thatthe above framework,the
constraintsdescribedbyY(13)canbedroppedand
theconditionthatsetX×Yisclosedisreducedto
thatthesetXisclosed,thelatterisimmediately
reachedbyAssumption0.1,whilederivingthe
necessaryoptimalityconditionsofPSBPP.

ByLemma2.3(i)andTheorem3.4,the
necessaryoptimalityconditionsforPSBPP are
derivedwhentheinvolvedfunctionsarelocally
Lipschitzcontinuous.

Corollary3.2 Let(x,z)bealocaloptimal
solutionofproblem(3),whereFandGj,j=1,

563第5期 Variationalanalysisforpessimisticsemivectorialbilevelprogrammingwithnonsmoothdata



…,q,areLipschitzcontinuousat(x,z)andz,
respectively.Forallx∈X ,f(x,·)andg(x,·)
areRν

+-andRp
+-convex,respectively.Letxbe

upper-level regular. Then, the following
assertionshold:

(i)(KM-stationarityconditions)LetΨobe
innersemicompactat(x,y)whileforallz ∈
Ψ(x,y)andthe point (x,z)arelower-level
regular.LetfandgbeLipschitzcontinuousat(x,
z),z∈Ψ(x,y),andlettheconditions(32)and
(34)besatisfiedatallpoints(x,y,z)withz∈
Ψo(x,y)andthesetX×Ybeclosed.Thenthere
existλt ≥0,α,βt,βs,ηs,ρt,(x*

Ft,z*
Ft)∈

F(x,z),witht=1,…,n+ν+1andzs∈Ψ(x,
y)witht,s=1,…,n+ν+1suchthat(26)and
(41)hold.

(ii)(KN-stationarityconditions)LetΨobe
innersemicontinuousat(x,y,z)andthepoint(x,
z)belower-levelregular.LetfandgbeLipschitz
continuousat(x,z),X×Ybeclosed,andletthe
conditions(32)and(34)besatisfiedat(x,y,z)
andthesetcoNgphΨ(x,y,z)beclosed.Thenthere
exist(x*

F,z*
F)∈F(x,z),λt≥0,α,βtandγt

suchthat(42)holds.

4 Conclusion
Inthispaper,wepresentthefirst-order

necessaryoptimalityconditionsforthePSBPPwith
nonsmoothdata.Withthehelpofthescalarization
methodandoptimalvaluefunctionreformulation,
wefirsttransformtheoriginalproblemintoa
generalized minimaxoptimizationproblem with
constraints. Then, by using the variational
analysisandgeneralizeddifferentialcalculusof
Mordukhovich,thefirst-ordernecessaryoptimality
conditionsare established for PSBPP in the
nonsmoothsetting.Ourresultsenrichgreatlythe
optimization theory ofbilevel programming
problemsandespeciallyforPSBPP.Furthermore,
ourresultsmayinspirethedesignofnewsolving
methodsforPSBPPandextensivelyexpandits
applicationfields.Infact,alltheresultsinthis
papercaneasilybeextendedtothemoregeneral

operatorconstraintsinthesenseofMordukhovich.
Inaddition,itisalsoworthmentioningthatthe
first-order necessary optimality conditions for
PSBPP,inwhichallthefunctionsinvolvedare
fullyconvexwithrespecttotheirvariables,canbe
establishedbasedonourresults.
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