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具有标量旗曲率的球对称Finsler度量

刘 敏,宋卫东

(安徽师范大学数学与统计学院,安徽芜湖241003)

摘要:Finsler几何是没有二次型限制的黎曼几何,射影平坦是Finsler几何中非常重要的问题.通过对一个

微分方程的研究得到了新的球对称射影平坦的Finsler度量并利用沈忠民的结果得到其旗曲率.
关键词:局部射影平坦;球对称;误差函数;标量旗曲率

0 Introduction
ItisanimportantprobleminFinslergeometry

tostudyandcharacterizeprojectivelyflatFinsler
metricsonan open domaininRn.Theflag
curvatureis the mostimportant Riemannian
quantityin Finslergeometrybecauseitisan
analogueofsectionalcurvaturein Riemannian
geometry[1].

Huangand Mo[2]hasdiscussedaclassof

interestingFinslermetrics.Theyareoftheform

F=|y|ϕ(|x|,
<x,y>
|y|

),suchmetricsaresaidto

besphericallysymmetricinRef.[2].Obviously,
sphericallysymmetric Finsler metricsarethe
simplestand mostimportant general (α,β)-
metrics[3].
Recently,thestudyofsphericallysymmetric

Finslermetricshasattractedalotofattention.
Refs.[4-6]classifiedtheprojectivespherically



symmetric Finsler metrics with constantflag
curvature.

Ref.[2]obtainedthesecond differential
equationforFtobeprojectivelyflat.

Lemma0.1[2] Let

F(x,y)=|y|ϕ(|x|,
<x,y>
|y|

)

beasphericallysymmetricFinslermetriconBn(r)
⊂Rn.ThenF=F(x,y)isprojectivelyflatifand
onlyifϕ=ϕ(s)satisfies

sϕbs+bϕss-ϕb=0 (1)

whereb:=‖β‖α,s:=β
α.Notethatϕb means

derivationofϕwithrespecttothefirstvariableb.
Bysolvingtheequationwhichcharacterizes

projectivelyflat spherically symmetric Finsler
matric,Refs.[7-8]manufactureprojectivelyflat
Finslermetricsusingtheintegralform.Inthis
paper,byinvestigatingPDE(1),wemanufacture
projectivelyflat spherically symmetric Finsler
metricsintermsoferrorfunctions.Wehavethe
following:

Theorem0.1 Let

F(x,y)=|y|ϕ(|x|,
<x,y>
|y|

)

beasphericallysymmetricFinslermetric.ϕ(b,s)
beafunctiondefinedby

ϕ(b,s)=- πe-b2s·1ierf
(is)+es

2-b2+Cs

(2)
whereCisanarbitraryconstantandiisimaginary,
thenithasthefollowingproperties:

① ThesphericallysymmetricFinslermetric
giveninEq.(2)isprojectivelyflatonBn(r)⊂
Rn ,anditsprojectivefactorPisgivenby

P=-<x,y>+|y|
2 H (3)

  ②Fisofscalarflagcurvatureanditsflag
curvatureisgivenby

K=
s2+1+

3
4H2-sH

ϕ2
-
s(6C+4Cs2)-2es

2
-b

2

2ϕ3

(4)
where

H =
2Cs2+C-

1
i πe-b2erf(is)

ϕ
(5)

1 Preliminaries
A Finsler metricisa Riemannian metric

without quadratic restriction[9]. Precisely,a
functionF(x,y)onTMiscalledaFinslermetric
onamanifoldMifithasthefollowingproperties:

①regularity:F(x,Y)isC∞onTM\{0};
② positive homogeneity: F(ty) =

tF(y),∀t>0,y∈TxM ;
③ strong convexity:the n ×n matrix

(
2F2

yiyj(x,y))(y≠0)ispositivelydefinite.

A Finsler metric is said to be locally
projectivelyflatifatanypointthereisalocal
coordinateinwhichthegeodesicsarestraightlines
aspointsets.Itisknownthateverylocally
projectively flat Finsler metricsis of scalar
curvature[9].

AFinslermetricF =F(x,y)onanopen
domainU⊂RnissaidtobeprojectivelyflatinUif
allgeodesicsarestraightlines.LetGidenotethe
spraycoefficientsofF,whicharegivenby

Gi=
1
4g

il{[F2]xmylym -[F2]xl} (6)

where(gij)=(
1
2
[F2]yiyj).Inthiscasetheflat

curvatureKisascalarfunctiononTUgivenby

K=
P2-Pxmym

F2 (7)

where

P=
Fxkyk

2F
(8)

issaidtobeprojectivefactor[10].
Weneedthefollowinglemmaforlateruse.
Lemma1.1[11] LetM beann-dimensional

mainfold.F=αϕ(b,βα
)isaFinslermetriconM

foranyRiemannianmetricαand1-formβwith
‖β‖α<b0ifandonlyifϕ=ϕ(b,s)isapositive
C∞functionsatisfying

ϕ-sϕ2>0,ϕ-sϕ2+(b2-s2)ϕ22>0,
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whenn≥3or
ϕ-sϕ2+(b2-s2)ϕ22>0,

whenn=2,wheresandbarearbitrarynumbers
with|s|≤b<b0.ϕ2meansderivationofϕwith
respecttothesecondvariables.

2 ThesolutiontothePDE
InordertosolvethefollowinglinearPDE

sϕbs+bϕss-ϕb=0 (9)
Let

ψ(b,s)=ϕ-sϕs (10)
then

ψs=ϕs-ϕs-sϕss=-sϕss (11)

ψb=ϕb-sϕsb (12)
  SubstitutingEqs.(11),(12)intoEq.(9)gives

sψb+bψs=0 (13)
ThespecialsolutiontoEq.(13)isgivenby

ψ(b,s)=es
2-b2 (14)

SubstitutingEq.(14)intoEq.(10)gives
ϕ-sϕs=es

2-b2 (15)
Eq.(15)isanonhomogeneouslineardifferential
equation,whosecorrespondingtothehomogeneous
lineardifferentialequationisgivenby

ϕ-sϕs=0 (16)
  ThegeneralsolutiontoEq.(16)isgivenby
ϕ=Cs.Thenlet

ϕ=U(s)s (17)
SubstitutingEq.(17)intoEq.(15)gives

U'=-
1
s2e

s2-b2.

Then

U(s)=
1
se

s2-b2-2e-b2∫es2ds.

ThusEq.(15)canbesolvedas

ϕ(b,s)=- πe-b2s·1ierf
(is)+es

2-b2+Cs

(18)
whereerf(,)denotestheerrorfunctionanditis
definedby

erf(z)=
2
π∫

z

0
e-t2dt (19)

andCisanarbitraryconstant.Thus(18)isthe
solutionof(9).

3 Proof
Now we will manufacture a class of

projectivelyflatFinslermetricbyEq.(18),andwe
willgetitsScalarflagcurvature.
Let

F=αϕ(b,s):TΩ→[0,+∞),
α=|y|,β=<x,y>,

ϕ(b,s)=- πe-b2s·1ierf
(is)+es

2-b2+Cs

(20)
Directcomputationsyield

ϕ-sϕ2=es
2-b2 >0,

ϕ-sϕ2+(b2-s2)ϕ22=(1-b2+s2)es
2-b2 >0.

  ByLemmas0.1and1.1,weknow
F=αϕ(b,s)=            

α(- πe-b2s·1ierf
(is)+es

2-b2+Cs)(21)

isaprojectivelyflatsphericallysymmetricFinsler
metric.
Byasimplecalculation,weget

αxkyk=0,sxkyk=|y|,[s2]xkyk=2<x,y>,

bxkyk=
<x,y>
|x|

,[b2]xkyk=2<x,y>  
(22)

Fxkyk=α[πe-b2[b2]xkyks·1ierf
(is)-

πe-b2·1
ierf

(is)sxkyk-

2ses
2-b2|y|+es

2-b2[s2]xkyk-
es
2-b2[b2]xkyk+Csxkyk]=

α[πe-b2s·1ierf
(is)2<x,y>-

πe-b2 1
ierf

(is)|y|-2ses
2-b2|y|+C|y|]=

-2<x,y>αϕ(b,s)+

α(2Cs2+C- πe-b2·1
ierf

(is))|y|(23)

P=
Fxkyk

2F =                

-<x,y>+
2Cs2+C- πe-b2·1

ierf
(is)

2ϕ
|y|=

-<x,y>+|y|
2 H (24)
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where

H =
2Cs2+C- πe-b2·1

ierf
(is)

ϕ
(25)

Hxkyk=
4C<x,y>+2πe-b2·1

ierf
(is)<x,y>-2es

2-b2|y|

ϕ
+H(2<x,y>-H|y|)=

(6C+4Cs2)<x,y>-2es
2-b2|y|

ϕ
-H2|y| (26)

ByEq.(26),weget

Pxkyk=-|y|2+|y|
2 Hxkyk=-|y|2+|y|

2
((6C+4Cs2)<x,y>-2es

2-b2|y|
ϕ

-H2|y|)

(27)

P2-Pxkyk=<x,y>2+(1+
3
4H2)|y|2-<x,y>|y|(H +

6C+4Cs2
2ϕ

)+
es
2-b2

ϕ
|y|2 (28)

ByEqs.(7)and(28),weget

K=
P2-Pxkyk

F2 =
<x,y>2+(1+

3
4H2)|y|2-<x,y>|y|(H +

6C+4Cs2
2ϕ

)+
es
2-b2

ϕ
|y|2

F2 =

s2+1+
3
4H2-sH

ϕ2
-
s(6C+4Cs2)-2es

2-b2

2ϕ3
.
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