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具有不完全营养转换和脉冲效应的单食饵
多捕食者系统的复杂性分析

程 娴1,闫 萍1,刘利平2,张长勤1

(1.安徽农业大学理学院,安徽合肥230026;2.湖首大学数学研究所,桑德贝P7B5E1,加拿大)

摘要:提出了一类具有不完全营养转换和脉冲效应的单食饵多捕食者系统.在该系统的Ivlev型功能反应项

中,选取了不同的捕食者营养吸收率与消耗食饵的转化率.在周期性投放捕食者的脉冲效应下,分析了系统

的灭绝和持续生存,并利用Floquet乘子理论和比较定理,给出了食饵根除周期解渐近稳定与系统持续生存

的条件.最后,通过数值模拟验证了所得结论.
关键词:不完全营养转换;Ivlev型;脉冲效应;灭绝;持续生存



0 Introduction
Thepredator-preysystemisanimportant

domainthemeinecology.Using mathematical
simulations,wecananalyzethesystemsandgain
controlofsomeecologicalphenomena.Lotka[1]

andVolterra[2]havegivenearlyexamplesofthe
biologicalsystemmodels.Andmanyscholarsand
researchershaveshowninterestsinthecomplexity
oftheconditionandapplicationoftheuniversality
of the predator-prey model with different
functionalresponses.

Aclassicalpredator-preysystemcanbethe
form[3]of

dx
dt=xf(x)-yg(x,y),

dy
dt=mg(x,y)y-dy

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁
􀪁

(1)

wherex(t)andy(t)are prey and predator
densities,respectively,f(x)isthepreygrowth
rateintheabsenceofthepredator,m >0isthe
rateofconversionofconsumedpreytopredator,
d>0isthenaturalmortalityrateofthepredator,
andg(x,y)isthepredatorfunctionalresponse.
Oneofthemostwidelyusedfunctionalresponses
istheIvlev-typefunctionalresponsewhichwas
proposedbyIvlev[4].WealsoconsidertheIvlev-
typefunctionalresponse:

g(x)=β(1-exp{-αx(t)}),
whereα,βarepositiveparameters.

Manyresearchershaveconcentratedonthe
predator-prey system with the Ivlev-type
functionalresponse.InRefs.[5-7],theexistence
ofpositivesolutionsforthepredator-preysystem
werestudied.In Ref.[8],a delayed stage-
structuredIvlevfunctionalresponsepredator-prey
model with impulsive stocking on prey and
continuousharvestingonpredatorswasanalyzed,
andothertimedelayedmodelswereinvestigatedin

Refs.[9-11].
However,itismorerealandscientificto

describemanynaturalphenomenaorman-made
factorsusingimpulsivedifferentialequations.For
example,thebirthsofsomecreaturesareseasonal,
increasingdramaticallyinthebreedingseason,
whileotherwiseincreasingquitegently.Sothe
changesofbirthsneedto bedescribed more
accuratelyinanimplusiveway.Therearemore
impulse phenomena in the development and
utilizationofbiologicalresources.Thedroppingof
baitsandharvestingoffishatfixedtimescanmake
thenumbersoffishincreaseordecreaserapidly.In
agriculture,pesticide is sprayed and natural
enemiesarereleasedatfixedtimestokillpestsin
pestmanagement.Itcanbeseenthatimpulsive
equationsareusedin manydomainsofapplied
science.

Some investigations have been done on
impulsivedifferentialequationsinrelationto:
impulsivebirth[12-13],impulsivevaccination[14-15],
chemotherapeutic treatment[16] and so on.
Especiallyinimpulsiveprey-predatorsystems,
manyresearchershavestudiedtheexistenceof
periodicsolution[17-19],thestabilityofimpulsive
system[20-22]and dynamicalbehavior[23-25].And
mostofthestudiesthathavebeendoneareabout
one-preytwo-predatorimpulsivesystems with
various functional responses[26-28] or one-prey
multi-predatorimpulsivesystems with Holling
typefunctionresponse[29-31].Onlyafewresearches
areabouttheone-prey multi-predatorimpulsive
system withIvlevfunctionresponse[32].Inour
paper,weinvestigatetheimpactofthebiological
controltechniqueofusingmulti-predatorstokill
pestson asystem with Ivlev-typefunctional
response.Thecorresponding one prey multi-
predatorssystemwithimpulsiveeffecttakestheform
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dx
dt=x(t)(a-bx(t))-∑

m

i=1
(1-exp{-cix(t)})yi(t),

dyi

dt =qi(1-exp{-cix(t)})yi(t)-diyi(t),

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁
􀪁

t≠nT;

x(nT+)=x(nT),

yi(nT+)=yi(nT)+pi, t=nT,i=1,2,…,m

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁􀪁

􀪁
􀪁
􀪁􀪁

(2)

wherex(t)andyi(t)arepreyandpredatordensities,respectively,aistheintrinsicgrowthrateofthe
prey,bisthecoefficientofintraspecificcompetition,ciistherateoftheconversionofconsumedpreyto
predators,diisthenaturalmortalityrateofthepredators,qiistherateofconversionofconsumedpreyto
predators,x(nT+)andyi(nT+),respectively,denotethenumbersofpreyandpredatoriafternth
releaseofpredatori,andpiisthenumberofpredatorsreleasedeachtime.Allparametersarepositive
constants.Thetrophictransferbetweenpreyandpredatorisassumedtobeequalinmostpredator-prey
systems[6,7,24,25].However,weshouldconsidersomelosses,becausetrophictransferbetweenspeciesmay
diminishinamorecomplexfoodchain.Thenitismorerealistictorenderthenonlineartrophictransfers
withtrophiclosses.Sobasedonmodel(2),weproposethefollowingone-preymulti-predatorimpulsive
systemwithadifferentrateoftrophicabsorptionofpredatorsifromtherateoftheconversionofconsumed
preytopredatorciintheIvlev-typefunctionalresponses.

dx
dt=x(t)(a-bx(t))-∑

m

i=1
1-exp{-cix(t)}  yi(t),

dyi

dt =qi1-exp{-six(t)}  yi(t)-diyi(t),

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁
􀪁

t≠nT;

x(nT+)=x(nT),

yi(nT+)=yi(nT)+pi, t=nT,i=1,2,…,m

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁􀪁

􀪁
􀪁
􀪁􀪁

(3)

Becauseofthetrophiclossinthetransferwe
assume0<si<ci.
Inthispaper,weinvestigatetheextinction,

permanenceandcomplexityofsystem (3).In
Section1,weintroduce definitionsandstate
necessarylemmas.InSection2,inthecaseof
incompletetrophictransfer,weprovethatall
solutionsofsystem (3)arestilluniformlyupper
bounded.Thus,weproposetheconditionsforthe
extinctionandpermanenceofsystem (3)with
comparisontheorems.InSection3,weshow
numerical simulations to confirm theoretical
resultsobtainedinSection2.Finally,inSection4
weconcludewithadiscussionofthestudies.

1 Preliminaries
Aneffectivemethodtodiscussthestabilityof

theimpulsivesystemisLiapunovfunction.Because
thesolutionofimpulsivedifferentialequationis

piecewisecontinuous,soitisrequiredthatits
Liapunovfunctionbealsopiecewisecontinuous.
Forthispurpose,classV0isgiven.

LetR+=[0,∞),R(m+1)
+ ={X ∈R(m+1):X ≥

0},Nbethesetofallnon-negativeintegers.The
mapf=(f1,f2,…,fm+1)Tisdefinedbytheright
handofsystem (3).LetV:R+×R(m+1)

+ →R+,

thenVissaidtobelongtoclassV0if
①Viscontinuousin(nT,(n +1)T]×

R(m+1)
+ ,andthereexistsV(nT+,X)foreachX ∈

R(m+1)
+ ,n∈N,suchthat

lim
(t,Y)→(nT+,X)

V(t,Y)=V(nT+,X);

  ②VislocallyLipschitzianinX .
Definition1.1 LetV ∈V0,thenfor(t,X)

∈ (nT,(n +1)T]×R(m+1)
+ ,theupperright

derivativeofV(t,X)withrespecttotheimpulsive
differentialsystem(3)isdefinedas
D+V(t,X)=               
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lim
h→0+
sup

V(t+h,X+hf(t,X))-V(t,X)
h  .

  Thesolutionofsystem (3)isapiecewise
continuousfunctionX:R+ → R(m+1)

+ ,X(t)is
continuouson(nT,(n+1)T],n∈N ,andthere
exists X(nT+ )=lim

t→nT+
X(t).The smoothness

propertiesoffguaranteetheglobalexistenceand
uniquenessofsolutionsofsystem (3)(seeRef.
[33]fordetailsonfundamentalpropertiesof
impulsivesystems).

Itiseasytoprovethefollowinglemma.
Lemma1.1 LetX(t)beasolutionof

system(3)withX(0+)≥0,thenX(t)≥0forall
t≥0andfurtherX(t)>0,t≥0ifX(0+)>0.

Forconvenience,wewillstatetheresultof
theimportantcomparisontheorem[33]usingour
notation.

Supposefunctiong:R+×R+→Rsatisfies:
(Ⅰ ) Function g is continuous in

(nT,(n+1)T]×R+ ,andthereexistsV(nT+,

X)forX ∈R(m+1)
+ ,n∈N ,suchthat

lim
(t,Y)→(nT+,X)

V(t,Y)=V(nT+,X).

  Lemma1.2 SupposeV ∈V0.Assumethat
D+V(t,X)≤g(t,V(t,X)),t≠nT;
V(t,X(t+))≤ψk(V(t,X)),t=nT  (4)

whereg:R+×R+→Rsatisfies(I)andψk:R+→R+

isnondecreasing.Letr(t)bethemaximalsolution
ofthescalarimpulsivedifferentialequation

du
dt=g(t,u(t)),t≠nT;

u(t+)=ψk(u(t)),t=nT;
u(0+)=u0≥0

􀮦

􀮨

􀮧

􀪁
􀪁􀪁
􀪁
􀪁

(5)

existingon[0,∞).ThenV(0+,X0)≤u0implies
thatV(t,X(t))≤r(t),t≥0,whereX(t)isany
solutionof(3)existingon[0,∞).

Finally,wegivesomebasicpropertiesabout
thefollowingsubsystemofsystem(3):

dyi

dt =-diyi(t),t≠nT;

yi(t+)=yi(t)+pi,t=nT;

yi(0+)=y0i

􀮦

􀮨

􀮧

􀪁
􀪁􀪁
􀪁
􀪁

(6)

  Clearly,thesystem (6)hasapositive

periodicalsolution

y*
i (t)=

piexp(-di(t-nT))
1-exp(-diT)

,

t∈(nT,(n+1)T],
and

y*
i ((nT)+)=

pi

1-exp(-diT).

  Sincethesolutionofsystem(6)is
yi(t)=                   

yi(0+)-
pi

1-exp(-diT)  exp(-dit)+y*
i (t),

t∈(nT,(n+1)T].
  Thenwehavethefollowingresults.

Lemma1.3 Lety*
i (t)beapositiveperiodic

solutionofsystem(6),theneachsolutionyi(t),
i=1,2,…,m,ofsystem (6)satisfiesthat
|yi(t)-y*

i (t)|→0ast→∞.
Thenwecanobtainthecompleteexpression

fortheprey-eradicationperiodicsolutionofsystem
(3)

(0,y*
1(t),…,y*

m(t))=     

 0,p1exp(-d1(t-nT))
1-exp(-d1T)

,…,

pmexp(-dm(t-nT))
1-exp(-dmT)  .

2 Extinctionandpermanence
Inthissection,westudytheconditionsfor

theextinctionandpermanenceofsystem(3).
Definition2.1 System (3)issaidtobe

permanentifthereexistpositiveconstantsm,M
andt0 suchthateachpositivesolution (x(t),

y1(t),…,ym(t))ofthesystem(3)satisfiesm ≤
x(t)≤M ,m≤yi(t)≤M ,forallt>t0,i=1,
2,…,m .

AccordingtotheFloquettheoryofimpulsive
differentialequations,wenowstudythestability
oftheprey-eradicationperiodicsolution.

Theorem2.1 Let(x(t),y1(t),…,ym(t))be
anysolutionofsystem(3),thenthesolution(0,

y*
1(t),…,y*

m(t))isasymptoticallystableif

T<∑
m

i=1

cipi

adi
.
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  Proof Thelocalstabilityofperiodicsolution
(0,y*

1(t),…,y*
m(t)) may be determined by

considering the behavior of small amplitude
perturbationsofthesolution.Define

u(t)=x(t),vi(t)=yi(t)-y*
i (t),

i=1,2,…,m,
whereyi(t)arethesolutionsofthesystem (3)

andy*
i (t)aretheperiodicsolutions.(3)canbe

expandedinaTaylorseriesafterneglectinghigher
orderterms,thelinearized equationscan be
writtenasfollowing:
du
dt=(a-∑

m

i=1
ciy*

i (t))u(t),

dvi

dt =qisiy*
i (t)u(t)-divi(t),

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁
􀪁

t≠nT;

u(nT+)=u(nT),vi(nT+)=vi(nT).

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁
􀪁
􀪁􀪁

  LetΦ(t)=(u(t),v1(t),…,vm(t))T ,then
Φ(t)mustsatisfy
dΦ(t)
dt =                 

a-∑
m

i=1
ciy*

i 0 0 … 0 0

q1s1y*
1 -d1 0 … 0 0

q2s2y*
2 0 -d2 … 0 0

︙ ︙ ︙ … ︙ ︙

qmsmy*
m 0 0 … 0 -dm

􀮠

􀮢

􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁􀪁

􀮦

􀮨

􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁
􀪁􀪁

Φ(t),

andΦ(0)=Iistheidentitymatrix.Thepulse
conditionsofsystem(3)becomes
u(nT+)
v1(nT+)

v2(nT+)
 ︙
vm(nT+)

􀮠

􀮢

􀪁
􀪁
􀪁
􀪁
􀪁
􀪁􀪁

􀮦

􀮨

􀪁
􀪁
􀪁
􀪁
􀪁
􀪁􀪁

=

1 0 0 … 0
0 1 0 … 0
︙ ︙ ︙ … ︙
0 0 0 … 1

􀮠

􀮢

􀪁
􀪁
􀪁
􀪁
􀪁

􀮦

􀮨

􀪁
􀪁
􀪁
􀪁
􀪁

u(nT)
v1(nT)
v2(nT)
 ︙
vm(nT)

􀮠

􀮢

􀪁
􀪁
􀪁
􀪁
􀪁
􀪁􀪁

􀮦

􀮨

􀪁
􀪁
􀪁
􀪁
􀪁
􀪁􀪁

  Obviously,thestability ofsolution (0,

y*
1(t),…,y*

m(t))isdeterminedbyeigenvaluesof
Θ,where

Θ=

1 0 0 … 0
0 1 0 … 0
︙ ︙ ︙ … ︙
0 0 0 … 1

􀮠

􀮢

􀪁
􀪁
􀪁
􀪁
􀪁

􀮦

􀮨

􀪁
􀪁
􀪁
􀪁
􀪁

Φ(t).

IfalleigenvaluesofΘhaveabsolutevaluesless
thanone,thentheperiodicsolution(0,y*

1(t),…,

y*
m(t))islocallystable.Sincealleigenvaluesof

Θare

μ=exp∫
T

0
(a-∑

m

i=1
ciy*

i )dt  ,
μi=exp(-diT)<1,i=1,2,…,m.

Itiseasytoseethat|μ|<1ifandonlyif

T<∑
m

i=1

cipi

adi
.

  Wecompletetheproof.
Nowweshowthatallsolutionstosystem(3)

areuniformlyupperbounded.
Theorem2.2 ThereexistsaconstantM >0

suchthatx(t)≤M,yi(t)≤M,i=1,2,…,m ,
foreachsolution (x(t),y1(t),…,ym(t))of
system(3)withalltlargeenough.

Proof Suppose(x(t),y1(t),…,ym(t))is
anysolutionofsystem(3).Define

V(t,X)=x(t)+∑
m

i=1

yi(t)
qi

.

ItiseasytoseethatV∈V0.Andwecanget
D+V(t,X)+λV(t,X)=
(a+λ)x(t)-b(x(t))2+

∑
m

i=1
(exp(-cix)-exp(-six))yi(t)+

∑
m

i=1

λ-di

qi
yi(t),t≠nT;

V(t,X(t+))=V(t,X)+∑
m

i=1

pi

qi
,t=nT

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁
􀪁
􀪁􀪁
􀪁
􀪁
􀪁
􀪁
􀪁

(7)

  Becauseof0<si≤ci,wecanget
exp(-cix)-exp(-six)≤0.

Sotherighthandofthefirstequationin(7)is
boundedwhen0<λ< min(d1,…,dm).Select
suchλ0andletKbethebound.Thus

D+V(t,X)+λ0V(t,X)≤K,t≠nT;

V(t,X(t+))=V(t,X)+∑
m

i=1

pi

qi
,t=nT.

􀮠

􀮢
􀮡

􀪁􀪁
􀪁􀪁

  ThenbyRef.[34,Lemma2.2],wecanget

V(t)≤V(0+)exp(-λ0t)+
K
λ0
(1-exp(-λ0t))+

∑
m

i=1

pi

qi  1-exp(-nλ0T)
1-exp(-λ0T)exp

(-λ0(t-nT)).

So

lim
t→+∞

V(t)≤
K
λ0+ ∑

m

i=1

pi

qi  exp(λ0T)
exp(λ0T)-1.
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  ThereforeV(t)isultimatelyboundedbya
constantandthereexistsaconstantM >0such
thatx(t)≤M,yi(t)≤M,i=1,2,…,m,for
eachsolution(x(t),y1(t),…,ym(t))of(3)with
alltlargeenough.Thiscompletestheproof.

Theorem2.3 System (3)ispermanentif

T>∑
m

i=1

cipi

adi
.

Proof LetX(t)beanysolutionof(3)with
X(0+)>0.FromTheorem2.2,weknowthat
x(t)≤M ,yi(t)≤M,i=1,2,…,m ,withallt
largeenough.Sosupposex(t)≤M ,yi(t)≤M ,

andM >
a
b
,t≥0.

Fromsystem (3),weknowthat
dyi(t)
dt ≥

-diyi(t).Soweconsiderthefollowingsystem
dui

dt =-diui(t),t≠nT;

ui(t+)=ui(t)+pi,t=nT;
ui(0+)=y0i≥0.

􀮠

􀮢

􀮡

􀪁
􀪁􀪁
􀪁
􀪁

  FromLemmas1.2and1.3,wecaneasily
obtainyi(t)≥ui(t)andui(t)→u*

i (t).Sothere
existsεi >0,whentislargeenough,yi(t)≥
ui(t)>u*

i (t)-εi.Let

mi=
piexp(-diT)
1-exp(-diT)-εi>0,εi>0,

i=1,2,…,m,
wecangetyi(t)>miforalltlargeenough.We
shallfindanm'0 >0suchthatx(t)≥m'0fort
largeenough.Wewillprovethisinthefollowing
twosteps.

Step1 SinceT >∑
m

i=1

cipi

adi
,wecanselect

0<m0<min(
a
b
,
ln

q1
q1-d1
s1

,…,
ln

qm

qm -dm

sm
)and

ε'i>0,i=1,2,…,m ,smallenoughsuchthat
δi=qi(1-exp(-sim0))<di,

σ=exp (a-bm0)T-∑
m

i=1

cipi

(di-δi)-∑
m

i=1
ε'iT

􀭠
􀭡

􀪁􀪁 􀭤
􀭥

􀪁􀪁 =

exp aT-∑
m

i=1

cipi

di
- ∑

m

i=1

cipi

(di-δi)-∑
m

i=1

cipi

di  -

bm0T-∑
m

i=1
ε'iT >1.

  Wewillprovethereexistst1 ∈ (0,∞)such
thatx(t1)≥m0.Otherwise,

dyi(t)
dt ≤(-di+δi)yi(t) (8)

  Considerthefollowingsystem
dvi

dt =(-di+δi)vi(t),t≠nT;

vi(t+)=vi(t)+pi,t=nT;
vi(0+)=yi(0+)>0

􀮦

􀮨

􀮧

􀪁
􀪁􀪁
􀪁
􀪁

(9)

Wecan obtainyi(t)≤ vi(t)andvi(t)→
v*

i (t),where

v*
i (t)=

piexp((-di+δi)(t-nT))
1-exp((-di+δi)T)

,

t∈(nT,(n+1)T].
SothereexistsTi>0,whent≥Ti,

yi(t)≤vi(t)<v*
i (t)+ε'i (10)

and
dx
dt≥x(t)(a-bm0-∑

m

i=1
(v*

i (t)+ε'i)) (11)

forallt> max(T1,T2,…,Tm).Selectconstant
Ni∈Z+tomakeNiT≥Ti.Integrating(12)on
(nT,(n+1)T],n≥max(N1,N2,…,Nm),we
canobtainthefollowingresult:

x((n+1)T)≥x(nT)exp ∫
(n+1)T

nT
[a-bm0-

∑
m

i=1
(v*

i (t)+ε'i)]dt =x(nT)σ (13)

Then,x((n+k)T)≥x(nT)σk→+∞whenk→
+∞,whichisacontradiction.Hencethereexists
t1∈(0,∞)suchthatx(t1)≥m0.

Step2 Ifx(t)≥m0forallt>t1,thenour
aimisachieved.Otherwise,ifx(t)<m0forsome
t>t1,lett* =inf

t≥t1
{x(t)<m0}.Thent*isan

impulsivepointoranon-impulsivepoint.
(Ⅰ)Ift*isanimpulsivepoint.Lett* =

n0T,n0 ∈N .Thenwechooseε0 >0,small
enough,whichimpliest0=t* -ε0,t0isanon-
impulsivepoint,suchthatx(t0)≥m0.

(Ⅱ)Ift*isanon-impulsivepoint,thenwe
havex(t)≥m0fort∈[t1,t*)andx(t*)=m0,

sincex(t)iscontinuous.Supposet* ∈ (n1T,
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(n1+1)T),n1 ∈ N .Choosen2i,n3 ∈ N
suchthat

n2iT>
ln(

ε'i
M +pi

)

-di+δi
,

exp(σ1(n2+1)T)σn3 >1,
whereσ1=a-bm0-mM <0,n2=max{n21,…,
n2m}.LetT'=n2T+n3T,thenthereexistst2∈
((n1+1)T,(n1+1)T+T']suchthatx(t2)≥
m0.Otherwisex(t)<m0,t∈((n1+1)T,(n1+
1)T+T'].Considering(9)withvi((n1+1)T+)

=yi((n1+1)T+),wehave

vi(t)=vi((n1+1)T+)-
pi

1-exp(-di+δi)T  ·
exp(-di+δi)(t-(n1+1)T)  +v*

i (t),
fort∈(nT,(n+1)T],n1+1≤n≤n1+1+n2+
n3.

Thenwecanget
|vi(t)-v*

i (t)|<            
(M +pi)exp((-di+δi)n2iT)<ε'i (14)

andyi(t)≤vi(t)≤v*
i (t)+ε'ifort∈ ((n1+

n2+1)T,(n1+1)T+T'],whichimplies(11)
holdsont∈((n1+n2+1)T,(n1+1)T+T'].
Fromthefirststep,wehave
x((n1+1+n2+n3)T)≥x((n1+1+n2)T)σn3.
  Fromthesystem(3),wecanget

dx
dt≥x(t)(a-bm0-mM)=σ1x(t)(15)

  Integrating(15)on[t*,(n1+1+n2)T],we
canget

x((n1+1+n2)T)≥m0exp(σ1(n2+1)T).
Thus

x((n1+1+n2+n3)T)≥   
m0exp(σ1(n2+1)T)σn3 >m0 (16)

whichisacontradiction.
Lett=inf

t>t*
{x(t)≥m0},thenx(t)=m0and

(15)holdsfort∈ [t*,t).Integrating(15)on
[t*,t),wehave

x(t)≥x(t*)exp(σ1(t-t*))≥   
m0exp(σ1(n2+n3+1)T)≜m'0.

Fort>t,thesameargumentscanbecontinued
sincex(t)≥m0.Hencex(t)≥m'0forallt>t1.
Theproofiscompleted.

3 Numericalsimulations
In this section, we show numerical

simulationstoconfirmthetheoreticalresultswe
obtainedin Section 2.Using MATLAB,we
performednumericalsimulationsform=2,a=6,
b=2,c1=0.59,c2=0.4,s1=0.5,s2=0.38,d1=
0.1,d2=0.3,q1=0.7,q2=0.67anddifferent
valuesofp1,p2,T,x0,y01,y02.Whenp1=1,

p2=4,wehave
c1p1
ad1 +

c2p2
ad2 =1.8722andby

Theorem2.1,thereshouldexistanasymptotically
stablepest-eradicationperiodicsolutionwhenthe
impulsiveperiodTissmallerthanathreshold

∑
m

i=1

cipi

adi
.

InFigs.1and2,thephaseportraitandtime
seriesofx,y1,y2forsystem(3)withdifferentT
andinitialvalueareshown.FromFig.1weseethat
whenwechooseT=1.8andtheinitialvalues(x0,

y01,y02)=(0.5,3,1),thesolution(0,y*
1(t),

…,y*
m(t))isasymptoticallystable.Thisconfirms

Theorem2.1.However,whenTislargerthanthe
threshold,system (3)should bepermanent.
WhenwechooseT=4andtheinitialvalues(x0,

y01,y02)=(1,4,1),wecanseefromFig.2that
system(3)ispermanent.ThisconfirmsTheorem
2.3.

Moreover,letusrewritetheconditionof

Theorem2.1asa<
1
T∑

m

i=1

cipi

di
.Thenwhenwefix

thebirthrateaofpests,thedeathratesdiof
naturalenemiesandtheconversionrateci,wecan
eradicatethepestbychoosingasuitableimpulsive
periodTandappropriateimpulseandbyreleasing

thenumberofpredatorpisuchthat
1
T∑

m

i=1

cipi

di
is

largerthana.
Inthefollowing,weshowthenumerical

simulations we performed for the effect of
impulsiveperturbationsofnaturalenemieson
system (3).Whensystem (3)isfreefrom
impulsiveeffects,then(3)becomes
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Fig.1 ThenumericalsimulationsofTheorem2.1whenp1=1,p2=4,T=1.8,x0=0.5,y01=3,y02=1

Fig.2 ThenumericalsimulationofTheorem2.3whenp1=1,p2=4,T=4,x0=1,y01=4,y02=1

dx
dt=x(t)(a-bx(t))-

  ∑
m

i=1
1-exp{-cix(t)}  yi(t),

dyi

dt =qi1-exp{-six(t)}  yi(t)-diyi(t),

i=1,2,…,m

􀮠

􀮢

􀮡
􀪁
􀪁
􀪁
􀪁􀪁
􀪁
􀪁
􀪁
􀪁􀪁

(17)

  Forthesamevaluesofm,a,b,c1,c2,s1,
s2,d1,d2,q1,q2and(x0,y01,y02)chosen
above,weshowthatsystem (17)hasastable
equilibrium (x*,y*

1,0).Thisindicatesthat
predatory2isextinct(seeFig.3).

WhenwechooseasuitableimpulsiveperiodT
andreleasethenumberofpredatorpi,forexample
p1=0,p2=1.5,T=2,weseethatsystem(3)is
permanent(seeFig.4).

Bychoosingp2=7,weseethatthepopulation
y1isextinct,and populationsx andy2 are

permanent(seeFig.5).
  Bychoosingp2=12,weshowthepopulations
xandy1areextinct,buty2ispermanent(seeFig.
6).
Inthefollowing,weinvestigatethedynamical

behaviorofsystem(3).Weconsiderthefollowing
setofparametersforouranalysis:m=2,a=4.9,
b=0.31,c1=0.26,c2=0.25,s1=0.23,s2=
0.22,d1=0.25,d2=0.24,q1=0.38,q2=0.36,

p1=1,p2=4.Thenwecanget
c1p1
ad1 +

c2p2
ad2 =

1.0626.Wehavegotbifurcationdiagrams (see
Fig.7)ofsystem(3)asTincreasesfrom1.0626to
8.5withinitialvalues(x0,y01,y02)=(1,1,1).As
Tincreases,theresultingbifurcationdiagrams
clearlyshowthatsystem (3)hasrichdynamic
behaviors.

From Fig.7,wecan observethat when
1.0626<T <1.201,theT-periodsolutionof
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Fig.3 (a)and(b)arethephaseportraitandtimeseriesofx,y1,y2forsystem(17)

whenx0=1,y01=4,y02=1,whichisfreefromimpulse,respectively

Fig.4 Theeffectsoftheimpulsiveperturbationsonthesystem(3),wherep1=0,p2=1.5,T=2,x0=1,y01=4,y02=1

Fig.5 Theeffectsoftheimpulsiveperturbationsonthesystem(3),wherep1=0,p2=7,T=2,x0=1,y01=4,y02=1

system(3)isstillstable(seeFig.8(a)).Whenthe
parameterTisincreasedbeyondT ≈1.201,the
dynamicbehaviorofsystem(3)iscomplicatedand
showschaos(seeFig.8(b)).Inparticular,whenT
slightlyincreasesbeyondT ≈2.860,thechaos
suddenlydisappearsandsuddenlyappearsagain

(whenTslightlyincreasesbeyondT≈2.963)(see
Fig.9).Thisphenomenoniscalledcrisis.Thenthe
solutionofsystem (3)isperiodicagainfor
3.596<T<3.973(seeFig.10).When3.974<
T<7.74chaoticbandswithperiodwindowscan
beseen(seeFig.11)andchaosisobservedinsome
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Fig.6 Theeffectsoftheimpulsiveperturbationsonthesystem(3),wherep1=0,p2=12,T=2,x0=1,y01=4,y02=1

(a)preypopulationx,(b)predatorpopulationy1and(c)predatorpopulationy2areplottedforTover[1.0626,8.5].

Fig.7 Bifurcationdiagramsofsystem(3)showingtheeffectofTwhenm=2,a=4.9,b=0.31,c1=0.26,c2=0.25,

s1=0.23,s2=0.22,d1=0.25,d2=0.24,q1=0.38,q2=0.36,p1=1,p2=4,(x0,y01,y02)=(1,1,1)

    (a)phaseportraitofT-periodsolutionforT=1.063  (b)phaseportraitofthesolutionenterschaosforT=1.25

Fig.8 Dynamicalbehaviorofsystem(3)

regions(seeFig.11(a),(b),(d),(f)).Afterthese
chaoticareas,whentheparameterTisincreased
beyondT ≈7.93,theT-periodsolutiongradually
appearsagain(seeFig.12).

4 Conclusion
Inthispaper,wehaveproposedaone-prey

multi-predatorsystem model (3)with Ivlev
functionalresponseandimpulsiveeffect.Inour
model,therateofthetrophicabsorptionofthe
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(a)T=2.20          (b)T=2.862          (c)T=2.965
From(a)to(b)thereisacrisisduringwhichthechaossuddenlydisappears,andfrom(b)to(c)thereisacrisisduringwhichthechaossuddenlyappears

Fig.9. Dynamicalbehaviorofsystem(3).CrisesareshownwithdifferentT

(a)T=3.597                 (b)T=3.88
Fig.10 Phaseportraitsofsystem(3)withinitialvalues(x0,y01,y02)=(1,1,1),thesolutionbeingperiodic

  (a)T=4.1         (b)T=4.8           (c)T=5.6

  (d)T=6.51         (e)T=7.43          (f)T=7.72
Fig.11 Dynamicalbehaviorofsystem(3).Chaoticbandswithperiodwindowscanbeseen
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(a)phaseportraitof4T-periodicsolutionforT=7.82  (b)phaseportraitofT-periodicsolutionforT=8.11
Fig.12 Dynamicalbehaviorofsystem(3).TheT-periodsolutiongraduallyappearsagain

predatorissmallerthanthatoftheconversionof
consumed preyto predatorin theIvlev-type
functionalresponses.Wehaveinvestigatedthe
extinction,permanenceandcomplexityofsystem
(3).The conditionsforthe extinction and
permanenceofsystem (3)havebeengiven.We
havefoundthatiftheimpulsiveperiodTisless

than∑
m

i=1

cipi

adi
,thepest-eradicationperiodicsolution

(0,y*
1,…,y*

m)isasymptoticallystable;ifTis

largerthan∑
m

i=1

cipi

adi
,system (3)ispermanent.

Ournumericalsimulationshavedemonstratedthe
aboveconclusions.Wealsofindthatwhenwefix
theotherparameters,wecaneradicateapestby
choosinganappropriateimpulsiveperiodT and
impulsivelyreleasingthenumberofpredatorpi

suchthat1T∑
m

i=1

cipi

di
islargerthana.Allthese

resultsshowthatthe multi-predatorimpulsive
controlstrategyismoreeffectivethantheclassical
oneand makesthebehaviordynamicsofthe
system morecomplex.Forfuturestudies,we
wouldliketoconsideraddingtimedelaystothe
existingsystem(3),andtoresearchthestability
anddynamicsofthatsystem.
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