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Abstract: A combined analysis of the space- and time-like experimental data for the 7 transition form

factor is performed in a model-independent way by means of rational approximants. The recent

measurement of the e’ e invariant mass spectrum of the n—e” e vy decay provided by the A2

Collaboration allowed us to extract the most precise and up-to-date slope and curvature parameters of the

form factor. The impact of this new analysis on the n-1’ mixing parameters and the VPy couplings is also

discussed.
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describe the effect of the strong interaction on the

0 Introduction ‘
v y" P vertex, where P = 7", n,n', n., and is

The pseudoscalar transition form factors ( TFFs) represented by F, .. . (¢, ¢), a function of the
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photon virtualities ¢;, and ¢5. From the experimental
point of view, one can study such TFFs from both
space- and time-like energy regions. The time-like
region of the TFF can be accessed at meson facilities
either through the double Dalitz decay processes P—
1717171, which give access to both photon virtualities
(41,¢;) in the range 4m; < (q;,q;) < (mp=2m;)*,
or the single Dalitz decay processes P—1 "1~ vy, which
contains a single virtual photon with transferred
momentum in the range 4m; < ¢ < mj, thus
simplifying the TFF to Fp, .. . (q7,0) =Fp .- (¢°).
To complete the time-like region, e e” colliders
access to the values ¢° > mj, through the e e — Py
annihilation processes. The space-like region of the
TFFs are accessed in e "¢~ colliders by the two-photon-
fusion reaction e e —e” e~ P, where at the moment
the measurement of both virtualities is still an
experimental challenge. The common practice is then
to extract the TFF when one of the outgoing leptons is
tagged and the other is not, that is, the single-tag
method. The tagged lepton emits a highly off-shell
photon with transferred momentum ¢} = — Q* and is
detected, while the other, untagged, is scattered at a
small angle with ¢° = 0. The form factor extracted from
the single-tag experiment is then F, . . ( - Q*,0)=
Fpo (0°).

At low-momentum transfer, the TFF can be
described by the expansion

Foey (0 = Fup (00 (1 =, & w0, L)
m, m,

(1)
where F, (0) is the normalization, the low-energy
parameters ( LEPs ) b, and ¢, are the slope and the
curvature of the TFF, respectively, and m, is the
pseudoscalar meson mass. F, (0) can be obtained
either from the measured two-photon partial width of
the meson P or, in the case of 77, 1 and ', from the

prediction of the axial anomaly in the chiral limit

of QCD.
The slope parameter has been extensively
discussed from both theoretical analyses''”’ and

[6-12]

experimental measurements With respect to the

experimental determinations, the values for the slope

are usually obtained after a fit to data using a

normalized, single-pole term with an associated mass

Ap, i.e.

F, (0)

F. . 2y - PPl
rey (@) =1 Q*/A;

The A2 Collaboration reported b, =0.59(5) 12 the

most precise experimental determination up to date.

(2)

The curvature was for the first time reported in Ref.
[3] with the value ¢, =0.37(10) (7).

Several attempts to describe the 7 TFF are
available in the literature at present'> *****"/ but none
of them tries for a unique description of both space-
and time-like experimental data, specially at low
energies. In Ref. [28 ], it was suggested for the 7°
case that a model-independent approach to the space-
like TFF can be achieved using a sequence of rational
functions, the Padé approximants ( PAs), to fit the
data. Later on, in Ref. [3 ], the same method was
applied to the n and ' TFFs. More recently, the A2
Collaboration reported a new measurement of the n—
e’ ey Dalitz decay process with the best statistical

12]

accuracy up to date' A comparison with different

theoretical ~approaches was also performed. In
particular, the results from Ref. [3 ], based on space-
like data, were extrapolated to the time-like region and
agreed perfectly with their measurement. Triggered by
these new A2 results, we explore in the present work a
combined description of both space- and time-like
regions of the 7 TFF within our method of rational
approximants. This will provide, for the first time, a
determination of the energy dependence of the n TFF
in both regions together with a unified extraction of its
LEPs.

Our approach makes use of PAs as fitting
functions to all the experimental data. PAs are rational
functions P,," ( Q%) (ratio of a polynomial T, ( Q) of
order N and a polynomial R, (Q°) of order M)
constructed in such a way that they have the same
Taylor expansion as the function to be approximated up

to order ( Q2>N+M+l(291.

case from the unknown low-energy parameters ( LEPs)

Since PAs are built in our

of the TFF, once the fit to the experimental data is
done, the reexpansion of the PAs yields the desired
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coefficients. The advantage of PAs over Taylor
expansions is their ability to enlarge the domain of
convergence. However, to prove the convergence of a
given PA sequence is a difficult task and only for
certain classes of functions can this be done rigorously.
In practice, the success of PAs in the description of
experimental data can only be seen a posteriori in the
sense that the pattern of convergence can be shown but
unfortunately not proven mathematically. We refer the

interested reader to Refs. [ 30-31 ] for details on this

technique.

1 7 transition form factor: a space-
and time-like description

To extract the n TFF low-energy parameters b,
and ¢, (slope and curvature, respectively) from the
available data, we start with a P! ( Q*) sequence.
However, according to Ref. [ 32 ], the pseudoscalar
TFFs behave as 1/0Q* for Q*—oo , which means that,
for any value of L, one will obtain in principle a good
fit only up to a finite value of Q° but not for Q°—co .
Therefore, it would be desirable to incorporate this
asymptotic-limit information in the fits to Q> F oty
(Q?) by considering also a Py(Q*) sequence.

Experimental data from the space-like region is
from CELLO, CLEO, and BABAR
Collaborations'”® **' | together with the
NA60 and A2

We also include the value

obtained
time-like
experimental ~ data  from

Collaborations " 2

r,., =0.516 (18) ~ keV™ (which is basically
dominated by the recent KLOE-2 measurement ') in
our fits.

We start fitting with a P, ( Q°) sequence. We
reach L =7, shown in Fig. 1 as a green-dashed line.
The smaller plot in Fig. 1 is a zoom into the time-like
region. The obtained LEPs are shown in Fig. 2 together
with our previous results ( empty orange ) when only
space-like data were included in our fits”'. The
stability observed for the LEPs with the P} ( Q%)
sequence is remarkable, and the impact of the
inclusion of time-like data is clear since it not only

allows us to reach higher precision on each PA but also

to enlarge our PA sequence by 2 elements. The

stability of the result is also clearer and reached
earlier, reduces our systematic error, and shows the
ability of our method to extract, for the first time, the

LEPs from a combined fit to all the available data.

i
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Fig.1 7-TFF best fits

In Fig. 1, The gray-dashed line shows our best
P!( Q) fit and the black line our best Py (Q*) fit.
Experimental data points in the space-like region are
from CELLO ( circles)'” | CLEO ( triangles ) "*’, and
BABAR ( squares ) ™
data points in the time-like region are from NA60
(stars) '°', A2 2011 ( dark squares) "’ | and A2 2013

(empty circles) ™!, The inner plot shows a zoom into

Collaborations.  Experimental

the time-like region.
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Fig.2 Slope and curvature predictions for the  TFF
using the P} ( Q%) up to L =7(solid line)

Previous results considering only space-like data
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from Ref. [ 3] are also shown( empty squares) as a way
to stress the role of the time-like data in our fits. Only
statistical errors are shown.

To reproduce the asymptotic behavior of the TFF,
we have also considered the Py ( Q) sequence. The
results obtained are in very nice agreement with our
previous determinations. The best fit is shown by the
black-solid line in Fig. 1. We reach N =2. Since these
approximants contain the correct high-energy behavior
built-in, they can be extrapolated up to infinity ( black-
dashed line in Fig. 1) and then predict the leading
1/Q* coefficient ;

lim 0°F,,,(0°) = 0177 5B eV (3)

mry
This prediction, although larger than in our previous
work*! | still cannot be satisfactorily compared with the
BABAR time-like measurement at ¢° = 112 GeV®,
F, . (112 GeV*) =0.229(30) (8) GeV™. The
impact of such discrepancy in the n-n’ mixing is
discussed in the next section.
Our combined weighted average results, taking

into account both types of PA sequences, give

b, =0.576(11) ,(4) .

¢, =0.339(15),(5) }

where the second error is systematic ( around 0.7 and

(4)

sys

1.5% for b, and ¢, , respectively.
Eq. (4) can be compared with b, = 0.60(6)
(3)yand ¢, = 0.37(10),,(7)

data exclusively’.

st
. using space-like
As expected, not only statistical
results have been improved but also systematics, both
by an order of magnitude, yielding the most precise
slope determination ever.

experimental

Our slope is compared with

determinations from Refs. [ 6-12 ] together with
theoretical extraction from Refs. [ 1-5, 37-38 ] in
Fig. 3.

One should notice that all the previous

collaborations used a VMD model fit to extract the
slope. In order to be consistent when compared with
our results, a systematic error of about 40% should be
added to the experimental determinations based on

space-like data'>

5%  should be

, and a systematic error of about

added to the

experimental
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Fig.3 Slope determinations for n TFF

determinations based on time-like data.

When comparing different theoretical extractions
of the slope of the  TFF with our result in Fig.3, we
find a pretty good agreement with the exception of the
results in Ref. [ 2] that reported b, =0. 546 (9) and
b,=0. 521 (2) using Resonance Chiral theory with
one- or two-octet ansiitze. The disagreement is between
2 and 5 standard deviations. Ref. [2] uses Resonance
Chiral theory, which is based in large-N, arguments, to
extract LEPs. Going from large-N, to N, =3 imposes a
Since Ref. [ 2] considered
two approximations for fitting the 17 TFF (with one and

. [31, 3940]
systematic error .

two octets) , one could consider the difference between

[3,42]

them as a way to estimate such error . In such a

way, the n TFF slope would read b, =0.53(1), at
2.5 standard deviation from our result.

Eventually, we want to comment on the effective
single-pole mass determination A, from Eq. (2).
Using b, = m}/A} and the values in Eq. (4), we
obtain A, = 0. 722 (7) GeV or A;* = 1. 919
(39) GeV .

The fits shown in Fig. 1 use the experimental
value of the two — photon decay width as an
experimental datum to be fitted. Such fit could be
repeated without including that decay. In such a way,
we reach again a P] (Q%) and a P3( Q) as our best
PA with the advantage now that the value F WY(O) is a
prediction of our fits. We find ¥, (0) I; =0.250
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(38) GeV ™' for the P|(Q*) and F, (0) I, =0.248
(28) GeV ™' for the P; (Q*), which translates into
I, 1;=0.43(13) keV and I' 1 =0.42(10)
keV, respectively. Compared with the experimental

value I' 1. =0.516(18) keV such predictions are

nYy " exp
at 0.66 and 0. 94 standard deviation each.
2 Reanalysis of #-n’ mixing
parameters

In this section we briefly summarize the main
elements to extract the mixing parameters exclusively
from our fits to the form factor data. As was done in
Ref. [3], we analyze n-’' mixing using the quark-
flavor basis. In this basis, the 7 and 75’ decay
constants are parametrized as

(F‘T’] F;) ~ (Fqcosqbq

q s ;
Fl,F, F sing,

— F sing,
F cosd,

(5)

where F,  are the light-quark and strange pseudoscalar
decay constants, respectively, and ¢, the related
mixing angles. Several phenomenological analyses find
¢, = ¢,, which is also supported by large-N, ChPT
calculations where the difference between these two
angles is seen to be proportional to an OZI-rule
violating parameter and hence small ',

Within this approximation, the asymptotic limits
of the TFFs take the form

lim Q*F . (Q*) =2(¢c,F) +¢,F,) =

0
2( 2qucos¢o - ¢,F sing)

(6)
lim QF,y . (Q°) =2(c,Fl +¢.F)) =

2(¢ F

9 q

sing + ¢, F cose)

and their normalization at zero

1 (¢ F, —cF?
an(o) = 2( :1 731 éq 7]‘) =
4 FF, - F.F,
4’ Fqcosqb Fxsmqb o)
1 o S
FT],W(O) = 72( q - — ):
dar FIF, - FF,
42\ F sing + F“cosd)

]
with ¢, =5/3 and ¢, = /2/3.

Experimental information provides | F,_ (0) 1

0.274 (5) GeV™' and IF,.,, (0)1,, =0.344(6)
GeV ™' and for the asymptotic value of the  TFF we

take the value shown in Eq. (3) with symmetrical

errors 012112 Q°F,,.,(Q*) =0.177(15) GeV. With

these values, the mixing parameters are predicted to be
F/F, =1.07(1), F/F_ =1 39(14)} (8)
¢ =39.3(1.2)°
with F_=92.21(14) MeV"**). The uncertainties are
dominated by the error from the asymptotic value
prediction.
The mixing parameters obtained with our fits are
precise enough to be competitive with the standard
approaches with the advantage of using much less input

information.

3 A prediction for the VPy couplings

In this section, we extend our analysis to the
vector-pseudoscalar electromagnetic form factors. In
particular, we are interested in the couplings of the
radiative decays of lowest-lying vector mesons into 5 or
n',i.e., V—>(n,n')y, and of the radiative decays
n'—Vy, with V=p, 0, ¢.

We follow closely the method presented in Refs.
[44-457, and make use of the equations in Appendix
A in Ref. [44] to relate the form factors with the
mixing angle and the decay constants in the flavor
basis. To account for the 7 — @ mixing we use ¢, =
3.4°. The form factors, saturated with the lowest-lying

resonance and then assuming vector meson dominance

can be expressed by

fv
vay((), 0) = mingPy (9)
y

where g, are the couplings we are interested in, and
fy are the leptonic decay constants of the vector mesons
and are determined from the experimental decay
rates via

4 5 fr s
?a mfyﬁ;

with ¢, is an electric charge factor of the quarks that

F'(V—oe'e) = (10)

1 sinfl, cosf,
27k
p, w, ¢ respectively. Here 6, = ¢, +arctan(1//2).

) for V =

make up the vector, ¢, = (
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Experimentally we find
Sp =(221.2 £0.9) MeV
f, = (179.9 £3.1) MeV (11)
fy = (239.0 £3.8) MeV

using I'(p—e e” ) =7.04(6) keV, I'(w—e’e” ) =
0.60(2) keV, and I'(¢p—e"e™ ) =1.27(4) keV from
Ref. [34].
The couplings in this flavor basis are:
g = 3m, cos¢ g . = 3m, sin
pY 477_2](;)0 /EF(]’ pny 477_2];)0 /EFq
—"—(cos ﬁ—Zsin ﬂ)
Ao gy 2
(cos i+251n ﬂ) 12
f by rFq by ar (12)
sins¢
cos )
) P /2F,
My sing. cosd
-2
Eon'y = A7 f(b(gmd)v AF ,1 cosy, /— )

where we have assumed ¢, = ¢, = ¢. Tab. l collects

Bamy

oy =

omy = 4o f<1>

our predictions in its second column. Corrections due
to ¢, # ¢, to these formulae can be found in Appendix
A, Eq. (A.5) of Ref. [44].

Tab.1 Summary of VPy couplings

parameter prediction experoment

oy 1.50(4) 1.58(5)

oty 1.18(5) 1.32(3)

Sumy 0.57(2) 0.45(2)

Bun'y 0.55(2) 0.43(2)

Simy ~0.83(11)  -0.69(1)

oy 0.98(14) 0.72(1)

R,y = %Z% 4.74(55)  4.67(20)

The decay widths of P—Vy and V—Py are

2 2
I'(P—Vy) = %ggpy(w)
mp
, , (13)
o o (mv - mp)

F<V4)P’Y> = 24gww

my
The experimental decay widths from Ref. [ 34 ] allow us
to extract an experimental value for gy, , which are

collected in the last column in Tab. 1, experimental

determinations are from Ref. [34].

compare  well  with  the
see Tab. 1,
considering the simplicity of the approach. The

Our  predictions
experimental determinations, specially
differences are always below 2 standard deviations,
excepting the @ couplings. Our prediction for the ratio

of J/W decays is in that respect remarkable.

4 Conclusion

In the present work, the 7 transition form factor
has been analyzed for the first time in both space- and
time-like regions at low and intermediate energies,
making use of a model-independent approach based on
the use of rational approximants of Padé type. The
model independence of our approach is achieved trough
a detailed and conservative evaluation of the systematic
error associated with it. The new set of experimental
data on the n—e” e” y reaction provided by the A2
Collaboration in the very low-energy part of the time-
like region allows for a much better determination of
the slope and curvature parameters of the form factor,
as compared to the predictions obtained in our previous
work only using space-like data, which constitute the
most precise values up-to-date of these low-energy
parameters. Our method is also able to predict for the
first time the third derivative of the form factor. In
addition, the new analysis has served to further
constrain its values at zero momentum transfer and
infinity. We have seen that our results, in particular
for the case of the slope parameter, are quite
insensitive to the values used in the fits for the two-
photon decay width of the 5, thus showing that the
collection of space- and time-like experimental data is
more than enough to fix a value for the normalization of
the form factor compatible with current measurements.
We have also seen that the role played by the high-
energy space-like data is crucial to getting accurate
predictions for the low-energy parameters of the form
factor and its asymptotic value. As a consequence of
these new results, we have fully reanalyzed the n-n’
mixing parameters this time also considering
renormalisation-scale dependent effects of the singlet

decay constant F,. The new values obtained are
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already competitive with standard results with the
advantage of requiring much less input information.
Related to this, we have also obtained predictions for
the VPy couplings which are in the ballpark of present-
day determinations.

In summary, the method of Padé approximants
has been shown to be very powerful for fixing the low-
energy properties of the 7 transition form factor,
making their predictions more accurate and well-
established. This fact opens the door to a more
exhaustive analysis of the single Dalitz decay processes
P—1" 1"y, with P=7", 5, ' and [ = e, pu, the
double Dalitz ones P—1" 1" [* 1" (in all possible
kinematically allowed configurations) " | and the rare
lepton-pair decays P — 1" [~ (see the 7" —e" e~
application in Ref. [47] ), which are usually discussed
only in terms of monopole approximations. Indeed,
when this work was being concluded the BES I
Collaboration reported a first observation of the n'—
ze" ey process measuring the branching ratio and

(8] This new

extracting the 7’ transition form factor
measurement may put our approach with its back to the
wall. However, a very preliminary analysis of this
recent data in comparison with our prediction for this
form factor in the time-like region exhibits a nice
agreement but reveals the necessity of going beyond the

dominance model wused in the

experimental analysis'®".

vector meson
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