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The distance signless Laplacian spectral radius
of trees with n— 3 pendent vertices

YU Guidong, GONG Qijuan, DUAN Lan

(School of Mathematics and Computation Sciencess Anging Normal Colleges Anqging 246011, China)

Abstract: The distance signless Laplacian spectral radius of a connected graph G is the spectral
radius of the distance signless Laplacian matrix of G, defined as 2(G) = Tr(G) + D(G), where
Tr(( is the diagonal matrix of vertex transmissions of G, and D(() is the distance matrix of G.
It was investigated that the minimum of the distance signless Laplacian spectral radius among all
trees with n—3 pendent vertices, and characterized that the unique tree whose distance signless
Laplacian spectral radius is the maximum (minimum) among some trees with n— 3 pendent
vertices.
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0 Introduction

In this paper. we consider finite simple
graphs. Let G= (V, E) be a simple connected
graph with vertex set V=V (G ={u,w. ", v,/
and edge set E=E(G). For u, v&€ V(G), the
distance between u and w, denoted by dg(u, v) or
d.» i1s the length of a shortest path connecting
them in G. For u€ V(G), the transmission of u,
denoted by Trg(w), is the sum of distance from u
to all other vertices of G. The distance matrix of G
is the nX n matrix D(G) = (di,’_pi ). For 1<<i<<{n,
Trg(Cv) is just the i-th row sum of D(G). Let
Tr(G)=diag(Trs(v)s Trg(w) s, Trs(v,)) be
the diagonal matrix of vertex transmissions of G.
The distance signless Laplacian matrix of G is the
nX n matrix defined as 2(G) = Tr(G)+ D(G). The
distance signless Laplacian spectral radius of G,
denoted by p(G), is the spectral radius of 2(G).
By the Perron-Frobenius theorem, there is a
unique normalized positive eigenvector of 2 (G)
corresponding to p ( G), which is called the
(distance signless Laplacian) principal eigenvector
of G.

The distance spectral radius (the spectral
radius of the distance matrix) of a connected graph
has been studied extensively, see Refs. [ 1-6].
However, distance signless Laplacian spectral
radius of a connected graph was proposed only
recently in Ref. [ 7] and received little attention.
Xing et al. did a further study in Refs. [8-9]. One
of the conclusions of Ref. [ 8] is that the tree with
minimum distance signless Laplacian spectral
radius among the trees of n-vertex with n — 2
pendent vertices was determined. This has
motivated researchers to consider the trees of
n-vertex with distance n— 3 pendent vertices. In
fact, a tree of n-vertex which has n— 3 pendent
vertices must be a tree with diameter 4.

Denote by D(a, b, ¢) the tree of n-vertex with
n— 3 pendent vertices, and three vertices pendent a
respectively,

atbt+c=n—3, a,c=1, b=>0, see Fig. 1.

vertices, b vertices, ¢ vertices

b
——
a {\\/ / } .
O \ U U O
Vi Va2 L] Va4 Vs

Fig. 1 The graph D(a. b, 0

In this paper, we determine the graph with

minimum distance signless Laplacian spectral
radius in

9Cas by ) =

{DCasbs¢c)sa+b+c=n—3, asc=1, b=0},
and give the graph with maximum (minimum)
distance signless Laplacian spectral radius in

9Cas0,c¢) = {D(as0,¢)sat+c=n—3, a,c=1}.
1 Main results

We begin with some definitions. Let G be a
connected graph with V(G) = { v, v, s v,}. A
«+, X,)V € R" can be

called a function defined on G, if there is a 1-1 map

column vector X=(X;, X5,

¢ from V(G) to the entries of X; X(w) can be
X () is also
o I
X is an eigenvector of 2(G), then X is defined

simplified as X, for i=1,2, -, n
called the value of w given by X, i=1,2,---

naturally on G, i e. X, is the entry of X
corresponding to the vertex v, i=1,2,,n.
One can find that

X'9(HX= D) do(X,+X)" (D

{u  CVCG)
and Ais an eigenvalue of 2(() corresponding to the
eigenvector X if and only if X70 and for each v&
V(G

AX(0) = D) do(X,+ X)) (2)

u€ V(G

Eq. (2) is called (A, X) -eigenequation of G. In
addition, for an arbitrary unit vector X& R",

o(G) = X'2>® X (3
with equality if and only if X is the principal
eigenvector of 2(G), see Ref. [10].

For a connected graph G, let Tr,,(G) be the
maximal vertex transmission of G. We have the
following result.

1[8]

Lemma 1. Let G be a connected graph.
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Then
Trne(G) << o(G) < 2Trn.(G).

Theorem 1.2 o(G(a, b, ) =p(G(1,n—5,1))

with equality if and only if
G(a,b,0) = G(1,n—5,1).

Proof Let G denote G(a.b,c), and G’ denote
G(1,n—5,1). Let P= v v v wuv be the path of
length 4 in G, see Fig. 1. Let ug s tgz " s s, 1) be
the pendent neighbors of w, other than v in G. Let
Uz » Uz s *** » Uz, be the pendent neighbors of v in G.
Let wq stz s uyc—1, be the pendent neighbors of
o, other than w in G. Then G’ may be obtainable
from G by deleting the edges v us s gy **s
W Us(am1) » Uy Wit s Vg Ugz s *** s Uy Ui—1y » and adding the
edges W tars Tylozs ts Uy Us(a1y s Ty Uit s g Uiy s Ut s
U U 1. Let
Ay ={ususususwis AL = (U ts """ s e f s

A =l v Ay = { wnswz st s e 1 ) s
andifa=1, Ai =0Q;ifb=0, Ay = Qs if c=1,

A = 0. Obviously, V() =V(GH=UA.,
Let X be the principal eigenvector of G'. By
symmetry, we may suppose that
X(vw) = X(w) = Xi, X(w) = X(v) = X,
X(uy) = XCug) = -+ = X(wgeey) =
XCuz ) = XCugp) = - X(ugp) = X)) =
XCup) = =+ = X(wi) = X
X(y) = X;.
For uw, v€ A;(i=0,1,2,3),
deCusv) — de Cus v) = 0.
For u€ Ay, if v©€ Ay, dg(usv) —dg (us v) =
1; if v€ Ay doCusv) —dy Cusv) =2.
For u€ A,, v€ A,
deCusv) — de (usv) = 1.
For u€ Ay, v€ Ay,
deCusv) — dg Cus v) = 0.
For u=wv ., if v€ Ay, dg(u, v) —de (us v) =
—1; if v€ Ay, deCusv) —do Cus v) =1,
For u=w, if v&€ A1, dg(us v) —dg (us v) =
—1; if v€ As, deCusv) —dg Cus v) =1.
For u=v, if v€ Ay, dg(Cusv) —dg Cusv)=1;
if v€ Ay de(usv) —de (u, ) =1.
For u=w, if v€ A1, de(usv) —de (u,v)=1;

if v€ Ay, doCusv) —dg Cusv)=—1.

For u=wv, if v€ A1, deCusv) —dg (usv) =13
if v&€ Ay, doCusv) —dg (usv)=—1.

Then, by the equation (1) and the inequality
3
o(G) — o(GH = XU X — X' UAGHX =

X'(2AG) —AGHX =
DV (doCus o) — d Cus ) (X(w) + X(0)? =

e d V(O

UCa—Db+8Ca— D (c—1) +

4bCc— D+ a+c— 2 X2+

(at+c— 2 X2+ 2Ca+ c—2) X5 X

Because a=1, 6=0, =1, and X; >0, X,>

0. we have p(G) — p(G') =0, with equality if and
only if a=c¢=1, namely G=G’, or G(a, b, ) =
G(1,n—5,1). U]

Lemma 1.3 For 2< aét%gj, we have

p(G((laOa())>(0(G(a71909C+1)).
Proof
length 4 in G(a,0,c), see Fig. 1. Let uy »uz ">

Let P= v wwuv be the path of

usc—1) be the pendent neighbors of w other than v
in GCa,0,c). Let uy»ugp» s uy. » be the pendent
neighbors of v, other than s in G(a,0,0).
Let X be the principal eigenvector of G(a,0, ¢).
By symmetry, we may suppose that
X(Cu) = X)) =X(we) =+ = X n) = Xi»
X)) = Xos X(w) = Xy, X(v) = Xy,
X)) = X(up) = X(wy) = = XCwen) = Xs.
For a fix n, let p,=p(G(a,0,¢)). Then by
(pus XD -eigenequations of G(a,0,¢), we have
0. X1 = 2Ca— DXy + X))+ Xy + Xp) +
2(X; + X)) +3(Xy + X)) +
4(n—a—3) (X, + X5),
X2 = a(X; + X)) + (Xp + X3) +
20Xy + X)) +3(n—a— 3D (X, + X5),
0 Xs = 2a(Xs + X)) + (X5 + X)) +
(X; + X))+ 2n—a— 3 (X, + X5),
e X1 = 3a( Xy + X)) +2(Xs + Xp) +
(Xi+ X)) +n—a—3) Xy + X5),
0 Xs = 4a(Xs + Xy) +3(Xs + Xp) +
20X+ X)) +(Xs + X))+
2n—a— D X; + X5)

4
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Transform (4) into a matrix equation (B— p,I) X' =
0, where X'=(X;:X:, X3, Xy, X;)" and
B =

[4n—10 1 2 3 in—4a—12
a 3n—2a—=6 1 2 3n—3a—9
2a 1 2n—4 1 2n—2a—6
3a 2 1 n+2a n—a—3
da 3 2 1 4n—10

And thus p, is the largest root of the equation
o — (1dn—30)p" +
(12a* —12an+36a-+ 757 — 328n+ 360) ¢ +
(—56a*n+112a* 4+ 56 an® — 280an +
336a— 1907 + 12601" — 2786+ 2048) ¢ +
(—64a"' +128a’ n—384d’ — 164" 7’ + 336d° n—
816a* —48an® +192an” + 96an — 720a+
224n* —1964%° + 63727 — 8972n+4544) p+
128a* n— 384a* — 256a° v + 1536a° n—
2304a’ 4+ 160a"n' —1696a* 0’ +5728a" n—
6208d” — 32an* + 640an® — 3904 an® +
9568an — 8256a— 967" + 1008n' — 40327° +

7360n" — 5456+ 640 = 0.
Let f. (p) be the left side of the above

equation. For 2<C aét?} we have n=2a-+

3, and
fol@ — fer () =
—42a+2—n +« (=30 + Q4n—28) ¢ +
(32a® —32an—+64a— 127" + 28n+28) p—
64a*n+192d* + 64an® — 320an +
384a— 8n' +104n" — 408 n—+ 496).

On the other hand, by Lemma 1.1, we have
dn—2a—8 = Tru.(D(a, 0, 0) << p, <
2Trmx(DCa, 0, o)) = 8n—4a— 16.

Let
2.(0) = f.(p) — fo1(p) =
—42a+2—mnga(p.
Because n==2a+3>2a+2, we have
—4(2a+2—n) > 0.
ga(p) =—30 +14n—28)p +
(32a®> —32an+64a— 127" + 28n+28) p—
64a®n+192a> + 64an® — 320an +
384a— 8n' + 1047 — 408n+ 496,
g () =—9¢ + (28n—56) p+ 32> —

32an+ 64a— 127 + 28n-+ 28,
g () =— 18p+ 28n— 56.
Because g, (p) is strictly decreasing with
respect to p and n==2a+3, we have
g < dhUn—2a—8) =
—44n+36a+88 <<
—44(2a+3) +36a+88 <0
when p>4n—2a—8.
So, gli(p) is strictly decreasing with respect
to p when p>4n—2a—8.
Thus, if o>4n—2a—8, we have
g;l(p) < ghUn—2a—8) =
— 447" + (56a+156)n—4a® — 112a— 100.
Let
glx) =— 442 + (56a+156) x—4d — 112a— 100,
we find that g (x) is strictly decreasing with

respect to x for I>W

So,
guldn—2a—8) = g(n) < g(2a+3) =
—66a° —160a— 28 < 0,

14a+39

for n=2a+3= 99

. Then, if p>4n—2a—38,

we have
g () < gh(dn—2a—8) <0,
and then g, (p) is strictly decreasing with respect
to p when p>4n—2a—8.
So, if po>4n—2a—8, we have
gu(p) < gadn—2a—8) =
— 240" 4 (24a+ 1200 0" +
(40a* —120a—136)n— 404" —
16d* +72a—+ 16.
Let
[l =— 242" 4+ (24a+120) 2* +
(40a* —120a—136) x— 404> —
164" +72a—+ 16,
then
() =—722% + (48a-+240) 2+ 408 — 120a— 136.
Let f'(x)=0, we have two values x; and x;,
such that f'(x)=f'(2,)=0. In fact,
<< x =

a+5 , V13824d® —11520a+ 18432
3 T 72 X 2 =
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Z2a+ 3,
and f'(x) is strictly decreasing with respect to x
for x> 3.
Thus,
fCo) < flay) =0,
for x> a». Namely, f(a) is strictly decreasing
with respect to a for a=> 3.
So,
guUn—2a—8) = f(w) < fQ2a+3) =
—564d® —232a> —200a+ 40 < 0,
for n=2a+3> x.
Then, if p>4n—2a—8, we have
ga(p) < gadn—2a—8) <0,
and
2. = f.(p — fui1(p) =
—4(2a+2—n ga(p <<O.

So, if p>4n—2a— 8, we have f,(p) <<
fe1(p). Because p,>>4n—2a—38, then if p>>p,.,
we have f.(p)<<f. 1(p), which implies that o,>
Qa1 L€y

o(D(as0,0)) > po(D(a—1,0,c+ 1)). L]

According to Lemma 1.3, we have the

following result.
Theorem 1.4 For 1<C aét%gj, we have

o(G(a0,0)=p(G(1,0, n—4)) with equality if
and only if G(a,0,0)=G(1,0,n—4), and

~ N 73 73
p((r(deyL‘))<p[(JH\nZ J’O7’7112 JJ

with equality if and only if

. |l n—=3 n—3
(I(a909C) - (r[ 2 J’O’( 2 ]
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