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Abstract: An n-color 1-2 composition is defined as an n-color composition with only parts of size 1

or 2 of positive integer. An n-color 1-2 palindromic composition is an n-color 1-2 composition in

which the parts are ordered such that they are read the same forward and backwards. Here the

generating function, explicit formulas and recurrence relations for n-color 1-2 compositions and
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= sequence of positive integers called parts that sum
0 Introduction :
to v. In recent years, there has been considerable

A composition of positive integer v is a interest in compositions with restrictions on the
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size of parts (see Refs. [1-4]). For example, odd
compositions of v are the compositions having only
odd parts, 1-free compositions of v are the
compositions having no parts of size 1 and so on.
Recently there has been interest in n-color
compositions defined as compositions of v for which

a part of size n can take n colors (see Refs. [5-117]).

As a brief example, there are 8 n-color
compositions of 3. Viz. ,
31532433521 + 11,2, + 1,1, +2¢,
1 +25,1, +1, +1,.
In 2012, Shapcott!'®  studied  C-color

compositions which are a generalization of ncolor
compositions.

A palindromic composition or palindromet"!
also referred to as a self-inverse composition (see
Refs. [ 9, 11, 14 ) is a composition whose part
sequence is the same whether it is read from left to
right or right to left. For example, there are 4
palindromic compositions of 4. Viz. ,

4,24+2,1+2+1,1+1+1+1.

And there are nine mncolor palindromic
compositions of 4. Viz. ,

4y ydy 4y 04y 321+ 2002, 4+ 25,10 + 2, + 14,

L +2,+1,L +1, +1, +1,.

Ref. [1] studied the compositions with ones
and twos of positive integer, referred to here as 1-2
compositions.

Thus, for
compositions of 4
2+2,1+2+1,2+1+1,1+1+2,1+1+1+1.

And Ref.
function of the number of the 1-2 compositions as

1 = Z P‘n—Fl x"s

2
171‘7‘1‘ n 0

example, there are five 1-2

[ 1] also gave the generating

where F, is the ()7 Fibonacci number. That is the
number of 1-2 compositions of nis F,—;.
We denote the number of 1-2 compositions of v
by Ci» (v, the result of Ref. [1] is
Co(D) =1, G2 =2,
Co(v») =C—1D+C(v—2)
when v>2.

In this paper, we will study n-color 1-2

compositions, n-color 1-2 palindromic
compositions. And we shall give some properties
of these compositions. We first give the following
definitions.
Definition 0.1 An n-color 1-2 composition is
an n-color composition having only parts of size 1
or 2.
For example, there are 11 ncolor 1-2
compositions of 4. Viz. ,
20 +21,2) 4+ 25,2, + 21,2+ 25,2+ 1, + 14,
2,0+ +1,L+1 +2,,1, +1, + 2,
L +2 4+ 1.1 +2, 4+ 1,1 +1; +1;.
Definition 0.2 An ncolor 1-2 composition
whose parts read from left to right are identical
with when read from right to left is called an n-
color 1-2 palindromic composition.
For example, there are 5 wcolor 1-2
palindromic compositions of 3. Viz. ,
21+ 2152, + 2, L +2,+ 1, L1 +2, + 1,
1+ 1 + 14,
In Section 1 we will give the generating
function, recurrence formulas and explicit formulas

of ncolor 1-2 compositions of positive integers.

1 n-color 1-2 compositions

We denote the number of ncolor 1-2
compositions of v by A;j» (v), and the number of
n-color 1-2 compositions of v into m parts by
A, (m,v), respectively. In this section we first
prove the following theorem.

Theorem 1.1 Let A;; (m, g) and A, (¢)
denote the generating functions for A, (m,v) and

A (v, respectively. Then

Ao Cm, g = (q+2q2)'" D
A (g = —4T20 )
17(]*2(1
m
A CGm,y) = ZW"'L J 3)
Vv—m

AI—Z(U) = erm[ m (4)

v— m

mELy

Proof
[5], we have

Following Agarwal’s proof in Ref.
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A(me = D AL (maw g = (g+2¢)".
v=1

This proves (1).
And

A = D A (m =

m=1

Mgt 2¢)m — —9T2d
1—qg—2q

m 1

which proves (2).
Equating the coefficients of ¢"in (1), we have

m

Ao (myy) = 27"

v—m

This proves (3).

Obviously, m<Cv, so (4) is also proven.

Thus we complete the proof. L]

From the generating function of the number of
n-color 1-2 compositions, we have the following
recurrence formula.

Theorem 1.2 Let A, ,(v) denote the number
of ncolor 1-2 compositions of v. Then

A1) =1, A.(2) =3,
Al () = A, b—1D+2A,,(v—2)
for v>2.

Although this recurrence relation is the
straight result of the formula (2), we still present
the two proofs of this theorem.

We first give the combinatorial proof of this
theorem.

Proof (combinatorial) We split the ncolor
1-2 compositions of vinto three classes:

(A) compositions having 1, on the right,

(B) compositions having 2, on the right,

(C) compositions having 2, on the right.

We transform the n-color 1-2 compositions in

Class (A) by deleting 1, on the right of

compositions. This  produces  ncolor 1-2
compositions enumerated by A, (v—1).
Conversely, for any wncolor 1-2 composition

enumerated by A;,(v—1), we add 1, to the right
of compositions to produce the elements of Class
(A). In this way, we prove that there are exactly
Ay (v—

Similarly, we can

1) elements in Class (A).

produce n-color 1-2

compositions enumerated by A, ; (v—2) by deleting
2, on the right of the compositions in Class (B).
And we also get A;», (v— 2) compositions by
deleting 2, on the right of compositions in Class
).
Hence, we have
Ao = ALG—1) +2A,5(v—2).
Thus, we complete the proof. U]
We also give another proof of this theorem.
Second Proof From Theorem 1.1 we have
m

Aa(w) = D> 20

mELy

((fm—1) ((m—1 )
P2 | W Ll Y
ey v—m v—m— 1

(by the binomial identity

n n—1 n—1
= + )
m m—1 m
m—
— Z 2V m
= v—m

2 v m

=Y

m 1
gt
mﬁZvl [Vﬁ m— 1J+
m
2l T

v—2—m

v— m

m—1 }

5|
v—m— 1
m— m
2/ m 1 —
um] ,E [ ]

. v—2—m

Alfg(l/* 1) +2A172(V*2).
We complete the proof. L]

2 n-color 1-2 palindromic compositions

Ref. [ 13 ]

compositions with parts of size being less than 3,

studied  the  palindromic

being referred to here as 1-2 palindromic

compositions. We denote the number of 1-2
palindromic compositions of v by P;, (v). Ref.
[137] gave the generating function of the number of
the 1-2 palindromic compositions as

pr(n)l 7@
1—4—4

—0
This is the generating function for interleaved
Fibonacci sequence 1, 1, 2, 1, 3, 2, 5, 3, 8, 5,
13, 8,21+ 1. e

Pi,(2v) =F,,, forv=>1 (5)

P ,2v—1)=F,, forv=>1 (6)
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where F, is the (¥ Fibonacci number.
From the generating function of the number of
1-2 palindromic compositions we get easily the
recurrence relation of Py, (v).
Theorem 2.1 Let Py, (v) denote the number
of 1-2 palindromic compositions of v. Then
Pi.(1) =1, P1»(2) =2,
P ,(3) =1, P,4) =3,
Piy(w) = Piu(v—2) 4+ P (v—4)
for v>4.
We give the combinatorial proof of this
recurrence relation.

the 1-2

compositions of vinto two classes:

Proof We split palindromic
(A) compositions with 1 on both extremes,

(B) compositions with 2 on both extremes.

We transform the 1-2 palindromic
compositions in Class (A) by deleting 1 on both
extremes of compositions. This produces the 1-2
palindromic compositions enumerated by P;, (v—2).
Conversely, give any 1-2 palindromic composition
enumerated by Py, (v— 2) and add 1 to both
extremes  of

composition to produce the

compositions of Class (A). In this way we
establish the fact that there are exactly P, ; (v—2)
elements in Class (A).

P, (v—4)

elements in Class (B) by deleting 2 on both

Similarly, we can produce
extremes of compositions.

Hence, we have

Pi,(v) = Piu(v—2) + P, (v—4).

We complete the proof. U]

Next, we consider the n-color 1-2 palindromic
compositions of v. We denote the number of
ncolor 1-2 palindromic compositions of vby S, ; ().
We have the following results.

Theorem 2.2 Let S;» (v and A, (v) denote
the number of n-color 1-2 palindromic compositions
of vand the number of ncolor 1-2 compositions of
v, respectively. Then

S22v) = Aio(w») +2A,(v—1) (7
Si,@2v—1) = A,h—1D (8)

where v is positive integer.

Proof Obviously, there are two cases for an
even number 2v with wcolor 1-2 palindromic
compositions.

Case 1: the number of parts is odd and the
central part is 2 in ncolor 1-2 palindromic
compositions of 2v. In this case, an n-color 1-2
palindromic composition of even number 2v can be
read as the central part of size 2, and two identical
n-color 1-2 compositions of v—1 on each side of the
central part of size 2. Because the central part of size 2
has two colors, 2, and 2;, we have 2A,,(v—1)
compositions in Case 1.

Case 2: the number of parts is even in n-color
1-2 palindromic compositions of 2v. In this case,
an ncolor 1-2 palindromic composition of even
number 2v has two identical mcolor 1-2
compositions of v on each side and has no central
part. Thus we get A;;(v) compositions in Case 2.

Hence, we have

Si2(2v) = A, (») +F2A,,(v—1).

We prove (7).

Because an odd number 2v—1 have ncolor 1-2
palindromic compositions only when the number of
parts is odd and the central part is 1. An ncolor
1-2 palindromic composition of odd number 2v—1
can be read as the central part of size 1, and two
identical ncolor 1-2 compositions of v—1 on each
side of the central part of size 1. So we have
A, ; (v—1) compositions as the central part of size
1 with only one color, that is S;;(2v—1)=
A, (v—1). Especially, we set A 3(0)=1 when
v=1. We also prove (8). L]

From Theorem 1. 2 we get the following
corollary easily.

Let S, (v) and A, (v) denote

the number of ncolor 1-2 palindromic compositions

Corollary 2. 1

of v and the number of ncolor 1-2 compositions of
v, respectively. Then
S2@2v) = AL+ 1) 9)
Sio2v—1) = A,(v— 1) (10)
where v is positive integer.
From (4) in Theorem 1.1 we also have the
ncolor 1-2 palindromic

explicit formulas of
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compositions easily.
Corollary 2. 2

of ncolor 1-2 palindromic compositions of v. Then

Let S,5 (v denote the number

n
Sl 2(2v) = Z 2v m1 n

mELy! 1

] an
1

v—m
Sia(2y—1) = >lovnt [ " ] (12)
m 1 v—m—1
where vis a positive integer.
Now we give the recurrence relation of S, ().
Theorem 2. 3
of n-color 1-2 palindromic compositions of v. Then
S5 =1, $,(2) =3,
Si2(3) =1, S,,(4) =5,
So(w=8.(v—2)+2S,(v—4)
for v >4,
Proof We split the 1-2

Let S;, (v) denote the number

palindromic
compositions of vinto three classes:
(a) compositions with 1, on both extremes,
(b) compositions with 2, on both extremes,
(¢) compositions with 2; on both extremes.
We transform the mncolor 1-2 palindromic
compositions in Class (a) by deleting 1, on both
extremes of compositions. This produces the
ncolor 1-2 palindromic compositions enumerated

by Si. (v—2).

palindromic composition enumerated by S, (v—2)

Conversely, give any n-color 1-2

and add part of size 1; to both extremes of the
composition to produce the compositions in Class
(a). In this way we establish the fact that there
are exactly S, (v—2) elements in Class (a).
Similarly, we can produce S,;(v—4) n-—color
1-2 palindromic compositions by deleting 2, on
both extremes of the compositions in Class (b),

and we also produce S;; (v — 4) mncolor 1-2

palindromic compositions by deleting 2; on both

Ce).
Therefore we proved that there are exactly S, (v—4)

extremes of the compositions in Class

compositions in both Classes (b) and (c).
Hence, we have
Sio(w) =8.:(v—2)+2S,(v—4),
for v>4.
So we complete the proof. L]

Next, we give the generating function for S, (v)

from recurrence relation of S, ; (V).
51 9 ( q)

generating function of S, ;(v). Then

Theorem 2.4 Let denote the

_ q+t3¢ +24
Slfz(q) 1*(12*2(1'1 .

Proof From Theorem 2.3 we have

Sl,z(q) — 281,2(1-‘)(]”:
v 1

q+3¢ + ¢ +5¢ + ESH“W -
q+3¢ + ¢ +5¢ +
2(5172@*2)+251,2(v—4))q” =
q%SqZJrqs+5q4+
isl,z(v—Z)q“+zi Sis(v—4d) g =

q+3¢ +q +5¢ + 278, (g —
v=1

¢ =3¢ +22,S.(Wg" =

v=1

q+3¢ +2¢ +¢ DS (Vg +2¢ > S.(Wq.
=1 =1
Then

A—¢ —2¢) 2.8, (Vg = q+3¢ +2¢".
v=1

So
. +3¢ + 24
S, ., — 9_‘%—%
lu(q) 17(1,472(11
We complete the proof. L]
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