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Abstract:Aplanarorderisaspeciallinearextensionoftheedgeposet(partiallyorderedset)ofa
processiveplanegraph.Thedefinitionofaplanarordermakessenseforanyfiniteposetandis
equivalenttotheoneofaconjugateorder.Hereitwasprovedthatthereisaplanarorderonthe
vertexposetofaprocessiveplanargraphnaturallyinducedfromtheplanarorderofitsedge
poset.
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顶点偏序集上的平面序

鲁学星

(中国科学技术大学数学科学学院,安徽合肥230026)

摘要:平面序是渐进平面图的边偏序的一类特殊线性扩张,平面序的定义对一般的有限偏序集都有意义,并
且事实上等价于共轭序的概念。这里证明了一个渐进平面图的边偏序集上平面序可以自然诱导其顶点偏序

上的一个平面序.
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0 Introduction
Thenotionofaprocessiveplanegraph,a

specialcaseofJoyalandStreet'sprogressiveplane
graph[1],wasintroduceinRef.[2]asagraphical
toolfortensorcalculusinsemi-groupalcategories.
Ref.[2]gaveatotallycombinatorialcharacterizationof
anequivalenceclassofprocessiveplanegraphsin
termsofthenotionsofaPOP-graphwhichisa
processivegraph(aspecialkindofacyclicdirected

graph)equippedwithaplanarorder(aspecial
linearorderoftheedges).

However,itturnsoutthatthenotionofa
planarordercanbedefinedforageneralfinite
poset (partially ordered set)and essentially
equivalenttotheoneofaconjugateorder[1],which
isanimportantnotioninthestudyofplanar
posets.Sothisraisesaninterestingquestion:fora
processivegraph,aretheresomerelationsbetween
planarordersonitsedgesandplanarordersonits



vertices? Inthispaper,wewillgiveapositive
answertothisquestionbyshowingthatanyplanar
orderofedgesofaprocessivegraphnaturally
inducesaplanarorderofvertices.

1 processiveplanegraph
Definition1.1 Aprocessiveplanegraphisan

acyclicdirectedgraphdrawninaplaneboxwith
thepropertiesthat:①alledges monotonically
decreaseintheverticaldirection;②allsourcesand
sinksareofdegreeone;and ③allsourcesand
sinksareplacedonthehorizontalboundariesofthe
planebox.

Fig.1showsanexamplebox.

Fig.1 Aprocessiveplanegraph

processiveplanegraphscanalsobedefinedin
termsofprocessivegraphs[2]andtheirboxed
planardrawings.

Definition1.2 A processivegraphisan
acyclicdirectedgraphwithallitssinksandsources
ofdegreeone.

AplanardrawingofprocessivegraphGis
calledboxed[1]ifGisdrawninaplaneboxwithall
sinksofGononehorizontalboundaryoftheplane
boxandallsourcesofGontheotherhorizontal
boundaryoftheplanebox.Aplanardrawingofan
acyclicdirectedgraphiscalledupwardifalledges
increasesmonotonicallyintheverticaldirection(or
otherfixeddirection).Thusaprocessiveplane
graphisexactlya boxed and upward planar
drawingofaprocessivegraph.

Definition1.3 Twoprocessiveplanegraphs
areequivalentiftheyareconnectedbyaplanar
isotopysuchthateachintermediateplanardrawing
isboxed(notnecessarilyupward).

Equivalenceclassesofprocessiveplanegraphs
aremainlyusedtoconstructfreestricttensor

categoriesinRef.[1].

2 PlanarorderandPOP-graph
Ref.[2]gaveacombinatorialcharacterization

ofanequivalenceclassesofaprocessiveplane
graphintermsofaplanarorderonitsunderlying
processivegraph.Inthispaper,wedefineplanar
orderforanyposet.

Definition2.1 Aplanarorderonaposet(X,
→)isalinearorder≺onX,suchthat

(P1)foranyx1,x2∈X,x1→x2implies
x1≺x2;

(P2)foranyx1,x2,x3∈X,x1≺x2≺x3
andx1→x3implythateitherx1→x2orx2→x3.

(P1)saysthat≺isalinearextensionof→.
Recallthattwopartialordersonasetare

conjugateifeachpairofelementsarecomparable
byexactlyoneofthem.Itiseasytoseethat(P2)
isequivalenttotheconditionthatife1≺e2≺e3,
thene1→/e2ande2→/e3implythate1→/e3.Thus
(P2)enablesustodefineatransitivebinary
relation:e1<e2ifandonlyife1≺e2ande1→/e2;
moreover,if(P1)issatisfied,thenthelinearityof
≺impliesthat<isaconjugateorderof→.So
theplanarorder ≺ isareformulationofthe
conjugateorderof→.
Inadirectedgraph,wedenotee1→e2ifthere

isadirectedpathstartingfromedgee1andending
withedgee2.Similarly,v1→v2denotesthatthere
isadirectedpathstartingfrom vertexv1 and
endingwithvertexv2.Foranyacyclicdirected
graph,itsedgesetandvertexsetareposetswith
therelatione1→e2andv1→v2.Wecallthemedge
posetandvertexposetoftheacyclicdirected
graph,respectively.

ThefollowingisakeynotioninRef.[2].
Definition2.2 Aplanarlyorderedprocessive

graphorPOP-graph[2],isaprocessivegraphG
togetherwithaplanarorder≺onitsedgeposet
(E(G),→).

WesimplydenoteaPOP-graphas(G,≺),
seeFig.2foranexample.

Abasicresultisthefollowing.
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Fig.2 APOP-graph

Theorem2.1[2] Thereisabijectionbetween
POP-graphsandequivalenceclassesofprocessive
planegraphs.

ThePOP-graphinFig.2correspondstothe
processiveplanegraphinFig.1.

3 Planarorderonverties
Inthissection,wewillproveourmainresult.

Beforethatweneedsomepreliminaries.
Fromnowon,wefixbeaPOP-graph(G,≺).

Foravertexv of(G,≺),thesetI(v)of
incomingedgesandthesetO(v)ofoutgoingedges
arelinearlyorderedby ≺.Weintroducesome
notationswhenI(v)orO(v)arenotempty:

i- (v)=minI(v),
i+ (v)=maxI(v),
o- (v)=minO(v),
o+ (v)=maxO(v).

  Thefollowinglemmaisaresultfirstprovedin
Ref.[4].

Lemma3.1 Letvbeavertexof(G,≺).If
thedegreeofvisnotone,theno-(v)=i+(v)+1
underthelinearorder≺.

Proof NoticethatGisaprocessivegraph,
thendeg(v)≠1impliesthatI(v)≠0/andO(v)≠
0/.Thusbothi+(v)ando-(v)exist.Nowwe
proveo- (v)=i+ (v)+1bycontradiction.
Supposethereexistsanedgee,suchthati+(v)≺
e≺o-(v).Sincei+(v)→o-(v),thenby(P2)
wehavei+(v)→eore→o-(v).Ifi+(v)→e,
thenthere mustexistsanedgee'∈O (v)
-{o-(v)},suchthate'→eore'=e.Thuse'⪯e,
whichcontradictswithe≺o- (v).Otherwise,
e→o-(v),thentheremustexistanedgee″∈
I(v)-{i+(v)}suchthate→e″ore″=e.Then

e⪯e″,whichcontradictswithi+(v)≺e.
Lemma3.1 showsthatforanyvertexv,

E(v)=I(v) O(v),whereE(v)isthesetof
incidentedgesofvandXdenotestheintervalof
subsetXinaposet.DuetoLemma3.1,wecan
definealinearorder≺VonthevertexsetV(G).
Foranytwodifferentverticesv1,v2ofG,v1≺V

v2ifandonlyifoneofthefollowingconditionsis
satisfied:
①I+(v1)≺I+(v2),②I+(v1)≺O-(v2),
③O-(v1)⪯I+(v2),④O-(v1)≺O-(v2).
Wewritev1⪯Vv2ifv1=v2orv1≺Vv2.The
followingtheoremisourmainresult.

Theorem3.1 ForanyPOP-graph(G,≺),⪯V

definesaplanarorderonthevertexposet(V(G),
→).

Proof ① ≺Vsatisfies(P1).Ifv1→v2,then
thereexistei∈E(G)(1≤i≤n)suchthatv1=
s(e1),v2=t(en)andt(ei)=s(ei+1)for(1≤i≤
n-1),whichimpliesthato- (v)⪯e1⪯en⪯
i+(v2).Thuso- (v1)⪯i+ (v2),then by
definitionof≺V,wehavev1≺Vv2.

② ≺Vsatisfies(P2).Supposev1≺Vv2≺Vv3
andv1→v3,theno-(v1)andi+(v3)existand
o-(v1)≺i+(v3).Wehavefourcases:

Case1 v1isasourceandv3isasink.Inthis
case,byDefinition1.2,{o-(v1)}=O(v1)and
{i+(v3)}=I(v3).Sov1→v3impliesthato-(v1)
→i+(v3).Lete=i+(v2)oro-(v2),thenv1≺V

v2≺Vv3impliesthato-(v1)≺e≺i+(v3)or
o-(v1)=eore=i+(v3).Inthefirstcase,by
(P2),wehaveo-(v1)→eore→i+(v3),which
impliesthatv1→v2orv2→v3.Inthesecondcase,
wehavev1→v2,andinthethirdcase,wehave
v2→v3.

Case2 v1isnotasourceandv3isasink.In
thiscase,i+ (v1)existsandbyDefinition1.2
{i+(v3)}=I(v3).Sov1→v3impliesthati+(v1)
→i+(v3).Lete=i+(v2)oro-(v2),thenv1≺V

v2≺Vv3impliesthati+(v1)≺e≺i+(v3)ore=
i+(v3).Inthefirstcase,by (P2),wehave
i+(v1)→eore→i+(v3),whichimpliesthatv1→
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v2orv2→v3.Inthesecondcase,wehavev2→v3.
Case3 v1isasourceandv3isnotasink.

ThiscaseissimilartoCase2.
Case4 v1isnotasourceandv3isnotasink.

Inthiscase,bothi+(v1)ando-(v2)existand
v1→v3impliesthati+(v1)→o-(v3).Lete=
i+(v2)oro-(v2),thenv1≺Vv2≺Vv3implies
thati+(v1)≺e≺i+(v3).By(P2),wehave
i+(v1)→eore→o-(v3),whichimpliesthatv1→
v2orv2→v3.

Fig.3showstheplanarorderonthevertex
posetofthePOP-graphinFig.2.

Fig.3  Inducedplanarorderonvertices

Theorem3.1 showsthatforanyprocessive
graph,eachconjugateorderofitsedgeposet
inducesaconjugateorderofitsvertexposet.
However,ingeneral,theconverseisnottrue.
Therefore,togetherwithTheorem2.1,Theorem

3.1demonstratesthatedgeposetismoreeffective
toolthanvertexposetinthestudyofupward
planarity.ItisworthtomentionthatFraysseix
and Mendez,in a different but essentially
equivalentcontext,alsoshowedasimilarjudgment
intheirfinalremarkofRef.[3].Inoursubsequent
work,wewillshowthatforatransitivereduced
processivegraph,aplanarorderonitsvertexset
cannaturallyinduceaplanarorderonitsedgeset,
whichisessentiallyrelatedtheworkinRef.[3].
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