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一种针对不完善数据的基于全变分约束的相干衍射算法

江 琦,刘建宏,关 勇,白浩波,刘 刚,田扬超

(中国科学技术大学国家同步辐射实验室,安徽合肥230029)

摘要:X射线相干衍射成像(coherentdiffractionimaging,CDI)技术是一种无透镜成像技术.其基本原理是

使用高度相干的X射线光束照射孤立样品,在远场收集相干衍射图样的信息,使用CDI重构算法从衍射图

样中还原出样品的真实结构信息.但是由于实验技术的限制,通常实验数据都是不完善的,所以相干衍射算

法对于噪声和数据缺失的容忍能力是非常重要的.通过将全变分约束引入到CDI重构算法中得到了一种改

进后的算法,以提升算法对噪声和数据缺失的容忍能力.并使用模拟数据与真实实验数据来进行验证,结果

表明改进后算法可以加快算法的收敛速度以及提高对噪声和数据缺失的容忍能力.
关键词:相干衍射成像;全变分;数据丢失;噪声;约束



0 Introduction
In1999,Miaoetal.[1]experimentallyrealized

coherentdiffractionimaging(CDI)ofaperiodic
structuresforthefirsttime.Because ofthe
construction of third-generation synchrotron
radiationsources,coherentdiffractionimaging,a
lenlessmethod[2],hasbeenwidelyusedinbiology
and material science[3-4]. A variety of
reconstruction algorithms have been developed
basedontheGerchberg-Saxtonalgorithm,suchas
error-reduction (ER)algorithm,hybridinput-
output(HIO)algorithm,guide HIO (GHIO)
algorithm, oversampling smoothness (OSS)
algorithm.Thebasicprincipleofthesealgorithms
isthatdifferentconstraintsareusedtoguidethe
directionofiterationforachievingthepurposeof
theimproved algorithm. The TV-based CDI
reconstruction algorithm follows the same
improvedroute.FromthecurrenttheoryofCDI,
dataanalysisforcoherentX-rayimaging(CXI)is
stillafarfrom fully developed and enhanced
algorithmsbasedonnewconstraints.X-rayCDI
involvesirradiatinganonperiodicsamplewithX-
rays,collectingthecoherentdiffractionimageat
thefarfield,andusingaphaseretrievalalgorithm
toobtainahigh-resolutionimageofthesample[5].
Thesestepsshowthattherearetwomainfactors
that affect the reconstruction of a coherent
diffractionimage:the quality ofthe acquired
diffractionpatternandtheabilityofthephase
retrievalalgorithm.Therefore,forbetter CDI
reconstructionresults,weneedtofocusontwo
aspects: optimize experimental methods and
improvetheexperimentalsystemtoobtainhigher-
qualitydiffractionpatterns,andoptimizephase
retrievalandreconstructionalgorithmstoobtain
thereconstructedstructure.

Inrealcircumstances,noiseandmissingdata
inthecentralareaoftheimageoftennegatively
affectthereconstruction oftheimage ofthe
sample[6].Thenoiselevelinactualexperiments
can easily reach 25% or higher, which is
challengingfor manyreconstructionalgorithms.

Thefollowing theory aboutthe missing data
problemhasbeenproposed:

ηi=
Di-1
2σi

,i=x,y,z (1)

whereDiisthenumberofmissingpixelsinthei
direction, i represents different diffraction
directions,σiistheoversamplingrate,andηiis
thenumberofmissingwaves.Forexample,ifthe
oversamplingrateofadiffractionpatterninthex
directionσxis3,thenifthelostpixelsinthex
directionDiis7,thenumberofmissingwaveηx=
1.Whenηi > 1,somestructuralinformation
aboutthesample has been permanentlylost,
whichintroducesartifactsintothereconstructed
images.Themissingstructuralinformationcannot
berecoveredbyiterativealgorithms.Therefore,
anoptimizedphaseretrievalandreconstruction
algorithmthatismoreaccuratewithrespectto
noiseand missingdataincentralareaplaysan
importantroleinimprovingtheresolution of
reconstructedimages[7].Thispaperpresentsa
reconstructionalgorithmbasedontotalvariation
(TV)constraints.Accordingtothereconstruction
resultsobtainedwithsimulateddataandexperimental
data,thereconstruction algorithm acceleratesthe
convergencespeedandimprovesthetolerancetonoise
andmissingdatainthecentralarea.

1 TV-basedCDIreconstructionalgorithm
1.1 CDIreconstructionalgorithm

ManyCDIreconstructionalgorithmsarebasedon
iterationbetweenrealspaceandreciprocalspace.
Different reconstruction algorithms have different
constraintsorfiltersinrealspaceandreciprocalspace.
Takingthecommonlyusedhybridinput-output(HIO)
algorithm[8]andtheoversamplingsmoothness(OSS)
algorithm[9]asexamples,thereal-spaceconstraintsof
theHIOalgorithmareafinite-sizeconstraintanda
positive-density constraint, that is, a support
constraint,andthereciprocal-spaceconstraintisthe
amplitudeconstraintoftheexperimentaldata.A
smoothingfilterbasedonthe HIOalgorithm was
addedtotheOSSalgorithm.TheprocessfortheHIO
algorithmisshowninFig.1.
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Fig.1 (a)CDIiterativealgorithmflowchartand(b)HIOalgorithmflowchartthatcorrespondsto(a). Fexp(q)|isthe
experimentallymeasuredamplitude,whichisthereciprocalspaceconstraint;thesupportconstraintisthereal-spaceconstraint,

andρ(r)isthereconstructionresultofeachiteration.(c)OSSalgorithmflowchartinwhichasmoothingfilterbasedon(b)wasadded

1.2 TVprinciple
The usualtheory ofimagereconstruction

involvesatransformation:
WX=Y (2)

whereWisthesystemmatrix Wi,j  N×Mcomposed
ofNrowvectorsWi ,Xistheunknownimage,
andY is the experimental data,i.e.,the
diffractionpattern.Intheory,theimageX that
needstobereconstructedcanbeobtaineddirectly
with Eq. (2). However, the measured
experimentaldataareusuallyinsufficient[10],soa
newmethodtosolvethisissuemustbedeveloped.

Tosolvethe problem of Eq.(2),TV
minimizationwasconsideredaneffectivemethod
forobtaining high-qualityreconstructedimages
frominsufficientdata.TheideaofminimizingTV
istofindanXthatsatisfiesthefollowing:

min‖XTV‖=min∑
s,t

|∇→Xs,t|

s.t.WX=Y (3)
  IfthepixelvaluesarelabeledXs,tthenthe
imagegradient magnitude,also knownasthe
gradientimage[11],is

|∇→Xs,t|= (Xs,t-Xs-1,t)2+(Xs,t-Xs,t-1)2

(4)
  TheTVoftheimageisthel1-normofthe
gradientimage,asshowninEq.(5):

‖Xs,t‖TV=∑
s,t

|∇→Xs,t|=        

∑
s,t

(Xs,t-Xs-1,t)2+(Xs,t-Xs,t-1)2 (5)

  MinimizationofTVisausefulwaytoreduce
noise while preservingtheedgeintheimage
processingfield.Themainstream methodusedto
minimize TV isthegradientdescent method,
wherethegradientoftheimageisdefinedas

Gs,t=
∂‖X‖TV

∂Xs,t
≈              

(Xs,t-Xs-1,t)+(Xs,t-Xs,t-1)

ε+(Xs,t-Xs-1,t)2+(Xs,t-Xs,t-1)2
-

(Xs+1,t-Xs,t)

ε+(Xs+1,t-Xs,t)2+(Xs+1,t-Xs+1,t-1)2
-

(Xs+1,t-Xs,t)

ε+(Xs,t+1-Xs,t)2+(Xs,t+1-Xs-1,t+1)2

(6)
whereεisasmallpositivenumber(ε=1×10-8)
addedtothedenominatortopreventthespecial
casewherethedenominatoriszero.

According to a TV-based algorithm for
recoveringanimagefrom sparsesamplesofits
Fourier transform[11]. The premise that this
optimizationmethodiseffectiveisthatthegradient
imageofthesampleissparse.Ifthenumberof
pixelsinapicturewithzeroornearzeroistwice
thenumberofnon-zeropixels,thenthispictureis
sparse.
1.3 TV-CDIreconstructionalgorithm

AsshowninFig.2,TVconstraintwasadded
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Fig.2 (a)TV-HIOalgorithmflowchartand(b)TV-OSSalgorithmflowchartwheretheTVconstraintwasaddedto

totheCDIreconstructionalgorithmonthebasisof
the TV-based gradient descent reconstruction
algorithm (POCS-TVM)[11].TVconstraintplays
aroleinguidingthedirectionofiteration.

The TV gradient descent constraint is
definedas

dA =|ρ'i(r)-ρ″i(r)|,G
→

s,t(r)=
∂‖X

→

‖TV

∂Xs,t
,

G(r)=
G
→
(r)

|G
→
(r)|

,ρ‴i(r)=ρ″i(r)-αdAG(r)













(7)

wheredA isthedifferencefactorbetweenthe
reconstructedimageofthelastiterationandthe
imageafterthesupportconstraint,αisarelaxation
factor,andρ'i(r)andρ″i(r)arereal-spacesample
imagesreconstructedatdifferentstagesofthe
algorithm.Eq.(7)showsthattheTVconstraint
canbeaddedtoanyCDIiterativereconstruction
algorithm.TheoriginalHIOandOSSalgorithms
hadaTVconstraintaddedtotheirflowchartsto
yieldTV-HIOandTV-OSS.

2 Simulationresults
Toverifytheeffectivenessofthealgorithm,

weperformedaseriesofsimulationexperiments
using different noise intensities and different
amountsofmissingdatainthecentralarea.We
usedthe HIO,TV-HIO,OSS,and TV-OSS
algorithmstoreconstructtheimageandcompared
theresultsoftheoriginalalgorithms withthe
reconstructionresultsofthealgorithmswiththe

TVconstraint.
AsshowninFig.3,theoriginalimageusedin

thesimulationexperimentwasa “Lena”image
(256×256pixels)andtheoversamplingratewas
setto3.16independentcalculationsforeachcase
were performed. Considering the quality of
reconstruction and calculation time,the TV
constraintwasusedeveryfiveiterationsandthe
gradientdescentwascalculated10timesforeach
TVconstraint.TherelaxationfactorαintheTV
constraintwas0.2andtherelaxationfactorβin
thesupportconstraintwas0.8.Weperformed
10000iterationsandfinishedthereconstruction
with100iterationsoftheerror-reduction (ER)
algorithmtoletthealgorithm convergetothe
closestlocalminimum[12-13].

AsshowninFigs.4and5,weaddedfive
levelsofPoissonnoise,5%,10%,15%,20%,
and25%separately,intothesimulateddiffraction
patterns.Theaveragenumberofphotonsperpixel
inthecentralareaof100×100pixelsregionofthe
diffractionpattern withtheabovefivedifferent
noisewascalculated,itis4.2×104,1.06×104,
4.27×103,2.37×103,1.5×103photonsperpixel
respectively.Thefourlevelsofmissingdataatthe
center,7×7,10×10,13×13,and19×19pixels,

weresetseparately.
Thenoiseintensitywascalculatedasfollows:

Rnoise=

∑
k
→
-k
→
low

||Fnoise-free(k
→
)|-|Fnoise(k

→
)||

∑
k
→
-k
→
low

|Fnoise-free(k
→
)|

(8)

124第4期 Amodifiedcoherentdiffractionalgorithmbasedonthetotalvariationalgorithmforinsufficientdata



Fig.3 (a)“Lena”image,256×256pixels,and(b)simulateddiffractionpattern,nonoise

Allsetshavea7×7pixelsdatalossatthecenter.Theblacksquareareain(a)isthelowfrequency
areathatdoesnotparticipateinthenoiseintensitycalculation.

Fig.4 SimulatedpatternsofPoissonnoiseinnoise-free,5%,10%,15%,20%,and25%intensity,respectively

where|Fnoise-free(k
→)|representsthenoise-free

Fouriermagnitudesand|Fnoise(k
→)|representsthe

FouriermagnitudeswithPoissonnoise.Because

morethan90%intensityofthepatternislocated
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Fig.5 Centeroftheenlargeddiffractionpatternwithdatalosses
of7×7,10×10,13×13,and19×19pixels,respectively

inthecentrallow-frequencyregionandthePoisson
noiseaffects mainlythehigh-frequencyregion,

partofthecentralareadatawasnotinvolvedinthe
calculation.Asanexample,thepatternsizeofthe
simulationexperimentwas768×768pixelswhile
thedatainthecentralareaof100×100pixelswas
notincludedinthecalculation.

  Weusedthereal-spaceerrorcoefficientasa
criterionforjudgingthequalityofreconstruction.
Itisdefinedas

Rerror=∑ Xrec-Xorig /∑Xorig (9)

whereXrecisthereconstructedimageandXorigis
theoriginalimage.Thereal-spaceerrorcoefficient
canbeusedtoseevisuallythedegreeofdifference
betweenthereconstructedimageandtheoriginal
image.

Theresultsofoursimulationexperimentsare
presentedinTab.1.Thedatashowthatunderthe
sameconditions,thereal-spaceerrorcoefficientsof
thereconstructedimageafterTVconstraintare
significantlyreduced,whichimprovestheaccuracy
ofconvergenceandthetolerancetonoiseintensity
anddatalossinthecentralarea.

The computationaltime required for the
variousalgorithmstoperform10000iterationsis
presentedinTab.2.Thedatashowthataddingthe
TVconstraintincreasedthecomputationaltimeby
about150sforbothHIOandOSSalgorithms,
increase23% computationaltimeforHIO while
11% for OSS.and there were no obvious
correlationswithotherfactors.

Tab.1 Real-spaceerrorcoefficientsofthefouralgorithmsunderdifferentsimulationconditions

algorithm pixels
missingdata

5% 10% 15% 20% 25%

HIO

7×7 10.97% 12.75% 13.83% 14.73% 15.62%

10×10 10.70% 12.80% 14.19% 15.39% 15.53%

13×13 11.32% 13.02% 15.30% 16.56% 19.96%

19×19 12.07% 19.33% 19.15% 20.69% 28.41%

TV-HIO

7×7 7.2% 10.81% 12.78% 13.85% 14.32%
10×10 7.31% 11.05% 12.85% 13.80% 14.43%

13×13 8.14% 11.56% 15.45% 14.86% 16.92%

19×19 9.31% 13.33% 16.38% 20.64% 21.21%



OSS

7×7 7.82% 9.42% 10.97% 11.85% 12.72%

10×10 7.84% 9.49% 11.0% 11.61% 11.92%
13×13 7.85% 9.86% 10.71% 12.52% 12.68%

19×19 11.13% 11.42% 11.23% 13.09% 15.66%



TV-OSS

7×7 1.67% 3.21% 5.66% 7.46% 9.08%

10×10 1.62% 3.27% 5.88% 7.60% 9.27%

13×13 2.17% 3.74% 5.94% 8.94% 9.62%
19×19 3.25% 5.46% 6.95% 10.42% 11.85%
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Tab.2 Computationaltimefor10000iterationsofthefouralgorithmsunderdifferentconditions(unit:s)

algorithm pixels
missingdate

5% 10% 15% 20% 25%

HIO

7×7 646.80 642.68 646.56 666.21 670.96

10×10 647.28 645.27 648.61 651.78 652.35

13×13 649.73 647.41 649.58 650.79 650.37

19×19 648.73 649.79 650.35 651.01 649.83

TV-HIO

7×7 787.50 791.97 792.77 794.11 795.97

10×10 787.47 792.09 797.11 797.99 796.96

13×13 787.58 790.78 792.92 793.17 798.01

19×19 789.00 790.70 796.59 798.96 792.92



OSS

7×7 1295.75 1300.86 1301.94 1292.11 1293.57

10×10 1296.57 1298.27 1292.46 1294.68 1299.11

13×13 1292.69 1298.92 1321.99 1295.48 1302.52

19×19 1298.15 1295.28 1293.92 1302.34 1299.78



TV-OSS

7×7 1446.38 1453.81 1445.78 1440.77 1448.53

10×10 1459.44 1452.48 1457.28 1440.66 1445.68

13×13 1448.84 1450.80 1456.86 1445.68 1439.76

19×19 1453.78 1452.56 1434.28 1448.60 1437.60



Fig.6 Reconstructionresultsandreconstructionerrorcoefficientsofthefouralgorithmsobtained
underthebestandworstsimulationconditions

  Toseethecontrast moreintuitively,we
selectedthereconstructedimagesobtainedunder
thebestandthe worstsimulationconditions,

showninFig.6.
Underthebestsimulationconditions,thefour

algorithmsbasicallyreconstructedaclearimage,

butthereal-spaceerrorcoefficientand visual

perceptionshowthataddingthe TV constraint
improvedthereconstructionqualityandaccuracy.
Undertheworstsimulationconditions,thereal-
spaceerrorcoefficientoftheHIOalgorithmwasas
highas30%,whichbasicallyannouncedthefailure
ofthe reconstruction. After adding the TV
constraint,weseeaclearoutlineof “Lena”,
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confirmingtheimprovementofthereconstruction
quality.ThereconstructionresultoftheTV-OSS
algorithm wasverygood,evenundertheworst
simulation conditions. The real-space error
coefficient almost reached the reconstruction
precisionofthe HIO algorithm underthebest
simulationconditions.

3 Experimentdatareconstruction
Tofurtherdemonstratetheadvancementof

thealgorithm,weusedthediffractionpattern
fromaCDIexperimentonmagnetotacticbacteria,

shownin Fig.7[14].Thisdiffractionpatternis
obtainedafteraseriesofpre-processingstepsand
canbedirectlyreconstructed.ComparedwithFig.
4,wecanfindthatthenoiseofthisdiffraction
patternisrelativelyhigh.

Fig.7 The700×700pixelsdiffractionpatternofthe
magnetotacticbacteria.Theinsetisthecenterofthe
enlargeddiffractionpattern,wherethedatalossis19×19

pixels

Accordingtothetheoryonoversampling,we
can estimate the oversampling rate in the
horizontal and vertical directions. After
calculation,theoversamplingratewas11.7inthe
horizontaland3.4inthevertical.Therefore,we
startedwithloosesupportof200×60pixels,then
obtained tighter support from the dozens of
reconstruction images with loose support by
settingtheintensitythreshold.Byrepeatingthis
process,tightersupportwasobtained,asshownin

Fig.8.

Fig.8 Tightsupportandloosesupportused
inthereconstructionprocess

Thefouralgorithmswereusedtoreconstruct
thediffractionpatternofthemagnetotacticbacteria
showninFig.7.Theresults,whichareroughly
similar,areshowninFig.9.Comparedwiththe
resultsofRef.[14],thereconstructionresults
showthatthereconstructedcontourisreliable.In
arealexperiment,thereal-spaceerrorcannotbe
calculatedandadditionalparametersarerequiredto
measurethequalityofreconstruction.Themost
commonlyusedconvergenceconsistencyofthe

reconstruction results and the phase retrieval
transferfunctionaremethodsthatmeetourneeds.

Eachofthefouralgorithmsperformed200
independentreconstructionsandtheconvergenceof
the reconstruction results was analyzed. The
difference between the 200 results of each
reconstructionalgorithmiscalculatedasfollows:

Ds,t=
∑
x,y

ρs(x,y)-ρt(x,y)

∑
x,y

ρs(x,y)+ρt(x,y)
,

(s,t=1,2,3,…,200)∩ (s≠t)













(10)

The smaller the difference,the better the
convergenceofthereconstructionresult.After
fittingthedifferencebetweenthe200results,the
reconstructionconvergenceofthefouralgorithms
becomesintuitive.Thefittingcurveisshownin
Fig.10,wheretheabscissaisthedifferencevalue
andtheordinateistheprobabilitydistribution
valueasafunctionofthedifferencevalue.The
smallerthedifferenceinthepeakofthefitting
curveandthesmallerthehalf-heightwidth,the
better the convergence of the reconstruction
result. After adding the TV constraint,the
convergenceimproved,which agrees with the
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Fig.9 Averageof200reconstructionresultsofthefouralgorithms

expectedresultsofthesimulationexperiment.

Fig.10 Fittingcurveofconvergenceofthefouralgorithms

Inadditiontoverifyingtheaccuracyofthe
reconstructionbythealgorithms,wecalculated
thephaseretrievaltransferfunction(PRTF)curve
ofthereconstructionresultsofthefouralgorithms
asfollows[16]:

PRTF(q)=
Fcal

Fexp
(11)

where Fcal
2isthediffractionpatternobtainedby

reversingthereconstructionresultand Fexp
2is

theexperimentally measureddiffractionpattern,

whichisequaltothesquareoftheamplitude.The
PRTFsofthereconstructionresultsofthefour
algorithmsareshowninFig.11,wherethered
horizontallineisthereferencevalueof1/e[16]and
0.5.Thefigureshowsthatthereconstruction
resultsoftheOSSandTV-OSSalgorithmswere
significantlybetterthanthoseoftheHIOandTV-

HIOalgorithmsandthatresultsoftheTV-HIO
algorithm werebetterthanthoseofthe HIO
algorithm.Thereferencevalueshowsthatthe
reconstructionresultsofthe OSSand TV-OSS
algorithmsarereliable.FromFig.11,wecandraw
theconclusionthatthereconstructionwasmore
accurateafteraddingTVconstraints.

Fig.11 PRTFcurvesofthereconstruction
resultsofthefouralgorithms

4 Conclusion
Wepresentedourproposalofanewconstraint

calledtotalvariation(TV)minimizationthatcan
beadded to any coherent diffractioniterative
reconstruction algorithm. We added the TV
constrainttothepopularHIOandOSSalgorithms
toyieldtheTV-HIO and TV-OSSalgorithms.
According to the reconstruction results using
simulation data and experimental data, the
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addition of the TV constraintimproved the
tolerancetonoiseandmissingdata,andimproved
theaccuracyandconsistencyofthereconstructed
image.

Inaddition,becausetheTValgorithmisan
iterativealgorithm,itiseasytoaddittoan
iterativereconstructionalgorithm.TV minimization
canbeaddedtothePIEalgorithm[17]andother
coherentdiffraction3Dreconstructionalgorithms[3]

thathavewiderangefordevelopmentandapplication.
TheTV-basedCDIreconstructionalgorithm

had been developed on the basis ofprevious
algorithmstoimprovetheperformanceofthe
algorithmandprovidemorealgorithmchoicesfor
experimenters.Atpresent,thisalgorithmisonly
used in simulation data and biological cell
experimentaldata.Inthefuture,itwillneedtobe
continuouslyimproved in the data processing
processofdifferenttypesofexperimentalsamples.
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