
第50卷第3期 Vol.50,No.3
2020年3月 JOURNALOFUNIVERSITYOFSCIENCEANDTECHNOLOGYOFCHINA Mar.2020

文章编号:0253-2778(2020)03-0360-03

  Received:2019-12-30;Revised:2020-03-28
Foundationitem:SupportedbytheSpecialFundofGuiyangScienceandTechnologyBureau(GYU-KYZ[2019-2020]).
Biography:WANGQi(Correspondingauthor),PhD/Prof.E-mail:wangqihn@126.com
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Abstract:LetσbethequasiGaussmapofacompactandorientedn-dimensionalisometric
immersionsub-manifoldMninthe(n+p)-dimensionalEuclidspaceRn+p.Denotebyξtheunit
meancurvaturevectorfieldtoMnanddenotebyHithei-meancurvaturealongthedirectionξ.
AssumethatHi>0,i=1,2,…,rforsomeintegerr (1≤r≤n-1)andHrisaconstant.By
applyinganintegralformularecentlygivenbythemselves,itisproventhatiftheimageσ(Mn)

lieswithinanopenn-dimensionunitsemisphereSn
+thenMn mustbetotallyquasiumbilical.

ThisresultgeneralizesarelevanttheoremonhypersurfacesinEuclidspace.
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摘要:令 Mn为 (n+p)维欧氏空间Rn+p中n 维定向的紧致无边子流形,而σ 为Mn的拟高斯映照.用ξ 表

示 Mn的单位平均曲率向量场,而 Hi表示 Mn沿ξ 方向的i-平均曲率.假设对某个整数r(1≤r≤n-1)而言

有 Hi>0,i=1,2,…,r 而且 Hr为常数.利用作者自己最近得到的一个积分公式,证明了:如果σ(Mn)落

在一个开的n 维半球面Sn
+中,则 Mn必全拟脐.结果推广了有关欧氏空间中超曲面的一个相关定理.
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0 Introduction
Aswellknownthestudyofhyper-surfaces

andsub-manifoldsinEuclidspaceisoneofthe

mostimportanttasksindifferentialgeometry.
Fortheresearchofdescribingpropertiesof

hyper-surfaces by usingi-mean curvature and
Gaussmap,reference[1]attainedthefollowing



Theorem0.1.
Theorem0.1[1] LetM beacompactand

orientedhyper-surfacewithoutboundaryinthe(n
+1)-dimensionalEuclidspaceRn+1andletM be
convex.Assumethatther-meancurvatureHrisa
constantforsomeintegerr(1≤r≤n-1).Ifthe
GaussmapforMisatopologicalhomomorphism
ontothen-dimensionalunitsphereSn,thenM
mustbetotallyumbilical,

Inthis paper westudythetotally quasi
umbilicalpropertyofann-dimensionalcompact
sub-manifold Mn inthe (n +p)-dimensional
EuclidspaceRn+p.

AtfirstwedefinethequasiGaussmapσfor
Mn andthen,byapplyinganintegralformula
recentlygiveninRef.[2],weattainthefollowing
Theorem0.2.

Theorem0.2 LetRn+p bethe (n+p)-
dimensionalEuclidspaceandMnbeacompactand
orientedn-dimensionisometricimmersion sub-
manifoldinRn+p.Denotebyξtheunit mean
curvaturevectorfieldtoMnandbyHithei-mean
curvaturealongthedirectionξ,anddenotebyσ
thequasiGaussmapforMn.AssumethatHi>0,

i=1,2,…,rforsomeintegerr (1≤r≤n-1)and
Hrisaconstant.Iftheimageσ(Mn)liesinan
openn-dimensionsemi-sphereSn

+,thenMn must
betotallyquasiumbilical.

Remark0.1 InTheorem0.1,thehyper-
surfaceM isassumedtobeconvexandHrisa
constant,thenactuallywehaveHi>0,i=1,2,
…,r.SoTheorem0.2generalizesTheorem0.1.

1 Preparation
LetRn+pbethe(n+p)-dimensionalEuclid

spaceandletMn=(Mn,g)beann-dimensional
smoothRiemannmanifold.

Denotebyφ:Mn→Rn+pasmoothimmersion
mapping.Ifequation

g=φ* <,>  
holdseverywhereonMn,thenMnissaidtobean
isometricimmersionsub-manifold.Here<,>isthe
EuclidinnerproductofRn+p.

Letξbetheunitmeancurvaturevectorfield
toMn(seeRef.[2]).

Definition1.1 Letφ:Mn →Rn+p bean
isometricimmersionsub-manifoldandξbetheunit
meancurvaturevectorfieldtoMnandletSnbethe
n-dimensional standard unit sphere. Then
themapping

σ:Mn →Sn,x∈Mn σx  =ξx  ∈Sn

iscalledthequasiGaussmapforMn.
Definition1.2 Letφ:Mn →Rn+p bean

isometricimmersionsub-manifoldandξbetheunit
meancurvaturevectorfieldtoMn.Denotebyλ1,

λ2,…,λntheprincipalcurvaturefunctionsofMn

alongthedirectionξ.Ifequation
λ1=λ2=…=λn

holdsatapointx∈Mn,thenxiscalledaquasi
umbilicalpoint.Ifeverypointin Mn isquasi
umbilical,thenMnissaidtobeatotallyquasi
umbilicalsub-manifold.

Lemma1.1[2] Letφ:Mn→Rn+pbeacompact
andorientedn-dimensionisometricimmersionsub-
manifoldwithoutboundary.Thenthefollowing
integralformulashold.

∫M
Hk +Hk+1<φ,ξ>  dV=0,k=0,1,2,…,n-1.

  Hereξistheunitmeancurvaturevectorfield
toMn,Hkisthek-meancurvatureofMnalong
thedirectionξand <φ,ξ>istheEuclidinner
productinRn+p,anddV isthen-dimensional
RiemannvolumeformofMn.

2 ProofofTheorem0.2
Theorem0.2 LetRn+p bethe (n+p)-

dimensionalEuclidspaceandMnbeacompactand
orientedn-dimensionisometricimmersion sub-
manifoldinRn+p.Denotebyξtheunit mean
curvaturevectorfieldtoMnandbyHithei-mean
curvaturealongthedirectionξ,anddenotebyσ
thequasiGaussmapforMn.AssumethatHi>0,

i=1,2,…,rforsomeintegerr (1≤r≤n-1)and
Hrisaconstant.Iftheimageσ(Mn)liesinan
openn-dimensionsemi-sphereSn

+,thenMn must
betotallyquasiumbilical.
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Proof FromLemma1.1wehave

∫M
1+H1<φ,ξ>  dV=0 (1)

∫M
Hr +Hr+1<φ,ξ>  dV=0 (2)

  SinceHrisaconstant,fromEq.(1)wehave

∫M
Hr +H1Hr<φ,ξ>  dV=0 (3)

  FromEqs.(2)and(3)wehave

∫M
H1Hr-Hr+1  <φ,ξ>dV=0 (4)

  Nowwerecallafamousinequality(seeRefs.
[1,3,4]andprescribeH0≡1,Hn+1≡0)

H2
i ≥Hi-1Hi+1,i=1,2,…,n (5)

  SinceweassumethatHi>0,i=1,2,…,r
andfromEq.(5)wehave

H1 ≥
H2

H1
≥ … ≥

Hr

Hr-1
≥

Hr+1

Hr
,∀x∈Mn

(6)

  FromEq.(6)wehave
(H1Hr -Hr+1)≥0,∀x∈Mn (7)

  NoticingthatMn iscompactwecan,by
translation, assume that Mn lies inside an
n-dimensionalcone withcenterattheoriginal
pointandwithintersectionalanglesmallenough.
AtthesametimeweassumethatthequasiGauss
imageσ(Mn)liesinsideanopensemi-sphereof
n-dimension.Andsowehave

<φ,ξ>=<φx  ,ξx  >>0,∀x∈Mn (8)

  CombiningEqs.(4),(7)and(8)wehave
H1Hr -Hr+1 ≡0 (9)

  Andsobycombining Eqs.(6)and (9)

wehave
H2

r ≡Hr-1Hr+1 (10)

  Wenoticethatinequality (6)attainsits
equalitysignatandonlyataquasi-umbilicalpoint
(seeRefs.[1,3,4]).
Finallyfrom Eq.(10)wealreadyfinishthe

proof.
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