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摘要:研究了随机k-树(k≥2)在n 时刻的最大度Zn.当n→∞时,Zn/n(k-1)/k 几乎处处收敛到一个正值随

机变量.在此基础上,将类似结果推广到了k≥3的随机阿波罗图上.
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0 Introduction
Therandomk-treesmodel,whichwasfirst

proposedinRef.[1],isarandomizedversionof
thewell-knownk-treesingraphtheory[2],and
playsanimportantroleingraph minorarea[3].
Thereareseveralequivalentdefinitionsofk-trees,
andweemployonlyoneofthem,from whicha
randomk-treecanbegeneratedinaniterative
manner.Letk≥1beafixedinteger.Startingwith
ak-cliqueofnodeslabeledby01,02,…,0k,

successivelythenodeswithlabels1,2,…,nare
born,whereateachstepthenewnodewillbe
attachedtoallofthenodesofanalreadyexisting
k-clique chosen uniformly at random. In
particular,forthecasek=1onecangetthewell
studied random tree model—random recursive
trees[4-5].Here,weshouldemphasizethatfork≥2,
therandom k-trees are no more trees.For
instance,thespecialcasek=2coincideswiththe
scale-freegrowingnetworkmodelproposedinthe
Ref.[6],wheretriangleisoneofthe most



frequentlyappearingsubgraphs(seeFig.1foran
illustrationofthismodelwithk=2atfirstseveral
steps).

Fig.1 Anevolutionofrandom2-treesatstepn=0,1and2

Oneofthemostfundamentalterminologiesin
graphtheoryisthenodedegree.Thedegreeofa
nodevinthegraphGisthenumberofedgesthat
areincidenttov (i.e.,the numberofthe
neighboursofvinG).Thedegreedistributionina
graphisdefinedtobethefractionofnodeswith
degreek≥0.Inotherwords,foranyk≥0,the
degreedistributionshowstheprobabilitythatthe
degreeofanodepickeduniformlyatrandominthe
graphisk.Ithasbeenshownintheliteraturethat
theasymptoticdegreedistributionofrandom1-
trees(i.e.,randomrecursivetrees)isessentially
differentfromthatofrandomk-treeswithk≥2,
asthetreesizegoestoinfinity.Theasymptotic
degreedistributionforthecasek =1isthe
geometricdistribution withparameter1/2 (see
Ref.[7].Thatis,theproportionofnodeswith
degreed≥1isasymptoticallyequalto1/2d.While
fork≥2,Ref.[1]provedthattheproportionof
nodeswithdegreed≥1followsasymptoticallya

powerlawd-γwithexponentγ=2+
1

k-1.

Anotherrelatedtopiconthenodedegreesisto
considerthemaximaldegree.Themaximaldegree
inrandomk-treeswithk=1hasbeenwellstudied
byseveralauthors[8-10].Ourmainconcernhereis
tostudytheasymptoticbehaviorofthemaximal
degreeinarandomk-treesatstepnforanyk≥2,
asngoestoinfinity.Forrecentresultsonrandom
k-trees,wereferreaderstoRefs.[11-15].

Throughoutthiswork,wefixintegerk≥2.
Tostateourmainresultinthefollowing,weneed
somenecessarynotation.Intheevolvingprocess
ofgeneratingarandomk-tree,weletFnbetheσ-

algebrageneratedbythefirstnsteps,andTnthe
resultinggraphafterstepn,foranyintegern≥0.
Wedenoteby[n]thenodesetofTn,i.e.,[n]=
{01,02,…,0k,1,2,…,n}with[0]={01,02,
…,0k}.Forconvenience,wesayj=0ifj∈[0].
Inarandomk-treeTn,letDj (n)denotethe
degreeofnodej∈ [n],andZn the maximal
degree,i.e.,

Zn =max
j∈[n]

Dj(n).

  Itisnothardtoseethatheretherandom
variableD0(n)iswelldefinedforeachn≥0,since
thedegreesofallnodesin [0]shareacommon
distributionbysymmetry.

Theorem0.1 Inarandomk-treeTnwithk≥2,
thereexistsapositiverandomvariableZsuchthat
Zn/n(k-1)/kconvergestoZalmostsurelyandinLp

forallp≥1,asn→∞.
Therestofthepaperisorganizedasfollows.

Section1isdevotedtoprovingTheorem0.1,by
constructingasequenceofsuitablemartingalesand
applyingthemartingaleconvergencetheorem.In
Section2,weextend our mainresulttothe
randomk-Apolloniannetworksmodel.

1 ProofofTheorem0.1
Tostudythemaximaldegreeinarandomk-

tree,weshalluseamartingalemethoddeveloped
inRef.[16-17].Heinvestigatedthe maximal
degreeinageneralized Barabsi-Albertrandom
treebyconstructingawideclassofmartingales[18].
Later,usingsimilarargumentstheresultsarealso
extendedtothepreferentialattachmentgraphs
model[19].Ourmethodusedhereisanadaptation
oftheirs.

Tobeginwith,wenowintroducesomeuseful
notationasfollows.Forrealnumbersa,b>-1
with a -b > -1,the generalized binomial
coefficientcan be writtenintermsofgamma
functions:

a
b  = Γ(a+1)

Γ(b+1)Γ(a-b+1)
,

wherea,barenotnecessarilyintegers.Forany
nodej∈[n],wedefineanoperatorΔj(n+1)=
Dj(n+1)-Dj(n),indicatingtheincrementof
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thedegreeofnodejfromstepnton+1.Forany
reald>-1andj∈[n],wedenote

Mj,d(n)=
Γn+

1
k  

Γn+
1+(k-1)d

k  
Dj(n)+d-1

d  ,
where

Dj(n)=Dj(n)-
k(k-2)
k-1

.

  ItisobvioustoseethatMj,d (n)iswell-

defined,sinceDj(n)>1followsbythesimplefact
thedegreeDj(n)≥kholdsforallj∈[n].

Attheinitialstep,thereisonlyonek-clique
inthegraphT0.Whenanodej≥1isborn,itis
nothardtoseethatexactlyk new distinctk-
cliquesarecreated,containingnodej.

Asaresult,thenumberofk-cliquesinany
randomk-treeTnisexactlykn+1.Ifthedegreeof
nodejincreasesby1atsomestepafterwards,
however,thenumberofk-cliqueswhichcontains
nodejonlyincreasesbyk-1.Then,forany
givennodewithdegreeD*≥k,atanystepthere
areexactly
k+(D* -k)(k-1)=(k-1)D* -k(k-2)
distinct k-cliques containing it. Therefore,
conditioningonFn,wehavethatforanyj∈[n],

EE[Dj(n+1)|Fn]=Dj(n)+
(k-1)Dj(n)-k(k-2)

kn+1
,

whichimpliesthat

EE[Δj(n+1)|Fn]=
(k-1)Dj(n)

kn+1
,j∈ [n]

(1)

  Basedontherelation(1),theresultonthe
degreeofanygivennodeinarandomk-treeTnis
giveninthenextproposition.

Proposition1.1 LetDj(n)bethedegreeof
nodejinarandomk-treeTn.Thenforanynode
j,asn→∞,thereexistsanonnegativerandom
variableξjsuchthatDj(n)/n(k-1)/kconvergesto

ξj almostsurely andin Lp forany p ≥1,
withmoments

EE[ξr
j]=

Γj+
1
k  Γr+

k
k-1  

Γj+
1+(k-1)r

k  Γ k
k-1  

r=1,2,…. (2)
Proof Inwhatfollows,letnodejandreald>-1
befixed.Recallthatwesetj=0ifj∈[0].By
consideringthetwocasesΔj(n)=0orΔj(n)=1,
andusingthewell-knownrecursionforgamma
functions,i.e.,Γ(x)=(x-1)Γ(x-1)forany
x>1,itiseasytocheckthatforalld>-1,

Dj(n+1)+d-1
d  =         

Dj(n)+d-1
d  1+

dΔj(n)

Dj(n)  ,n≥j (3)

  Itfollowsby(1)that

PP Δj(n)=1|Fn  =
(k-1)Dj(n)

kn+1 =

1-PP Δj(n)=0|Fn  ,
which,togetherwithEq.(3),impliesthat

EE[Mj,d(n+1)|Fn]=
Γn+1+

1
k  

Γn+1+
1+(k-1)d

k  
EE Dj(n+1)+d-1

d |Fn





 




 =

Γn+1+
1
k  

Γn+1+
1+(k-1)d

k  1+
(k-1)d
kn+1  Dj(n)+d-1

d  
=
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Γn+
1
k  

Γn+
1+(k-1)d

k  
Dj(n)+d-1

d  =Mj,d(n).

  Then,foranynodej≥0andd>-1,we
havethatthesequence{Mj,d(n)}∞n=jisapositive
martingalewithrespecttothefiltration{Fn}∞n=j.
Therefore, by the martingale convergence
theorem[20],itfollowsthatMj,d (n)converges
almostsurelytosomenonnegativerandomvariable
withfinitemean,asn→∞.Additionally,onecan

seethatthemomentsEE[Dj
d(n)]arefiniteforall

d > - 1,as d is chosen arbitrarily. More
precisely,giventheinitialvalue

Dj(j)=Dj(j)-
k(k-2)
k-1 =

k
k-1

,

wehavethatforanyd>-1,

EE Dj(n)+d-1
d  




 




 =

Γn+
1+(k-1)d

k  Γj+
1
k  

Γj+
1+(k-1)d

k  
Γn+

1
k  

k
k-1+d-1

d  ,n≥j (4)

  AccordingtoStirling’sformula,itiseasyto
seethat

Γ(n+α)
n! =nα-1 1+O n-1    (5)

holdsforanyfixedrealnumberα,asn→ ∞.
Then,asn→∞,bythefactthatDj(n)converges
almostsurelytotheinfinity,wehave

Dj(n)+d-1
d  =         

Dj(n)+d-1
d  1+O 1

Dj(n)    =
Dj

d(n)
Γ(d+1)

1+O 1
Dj(n)    (6)

holdsalmostsurely.Hence,itfollowsbyEq.(4)
thatforanyn≥j,
EE Dj

d(n)  =                

Γj+
1
k  Γ d+

k
k-1  

Γj+
1+(k-1)d

k  Γ k
k-1  

n
(k-1)d

k 1+O n-1    ,

d>-1 (7)
  Indeed,usingasimilarargumentonecan
showthatMj,d(n)alsohasfinitemomentsofall
ordersgreaterthan -1.BytheLp martingale
convergencetheorem[20],itthusfollowsthatMj,d(n)
convergestoitslimitalsoinLpforanyp≥1as

well,asn→∞.Considerd=1asaspecialcase.
ByEqs.(5)and(6),wehavethatthereexistsa
nonnegativerandomvariableξjsuchthat

lim
n→∞

Mj,1(n)=lim
n→∞

Dj(n)
n(k-1)/k =ξj (8)

almostsurelyandinLpforanyp≥1.Inaddition,
weobtainthat
EE[ξr

j]=lim
n→∞
EE[Mj,r(n)]=EE[Mj,r(j)]=

Γj+
1
k  Γr+

k
k-1  

Γj+
1+(k-1)r

k  Γ k
k-1  

,r=1,2,…,

andtheproofofProposition1iscomplete.
Weremarkthatbyusingaconnectiontotwo-

colortriangularPólyaurns[21]obtainedaweaker
result wheretheir modeofconvergenceisin
distribution.Additionally,wecanderivetheexact
formulaforanyfactorialmomentofDj(n)forany
j∈[n]accordingtoEq.(4).Inparticular,forany
0≤j≤n,theexactmeanandvarianceofDj(n)
aregivenby

EE[Dj(n)]=
k

k-1

n!,Γj+
1
k  

j!,Γn+
1
k  

+k-2



















,

and
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Var[Dj(n)]=
kΓj+

1
k  

(k-1)Γn+
1
k  

(2k-1)Γn+
2k-1
k-1  

(k-1)Γj+
2k-1
k-1  

.-
n!
j!

1+
kn!,Γj+

1
k  

(k-1)j!,Γn+
1
k    



















.

  ApplyingCarleman’scondition[22],onecould
verifythatthe distribution ofξj is uniquely
determinedbyitsmoments.

Inthenextlemma,weshowthatthelimit
randomvariableξjgiveninProposition1hasno
atomatzeroforanyj≥0.

Lemma1.1 Foranynodej≥0,wehavethat
PP(ξj>0)=1.

Proof First,itfollowsbyEqs.(5)and(7)
thatDj(n)/n(k-1)/khasfinitemomentsofalld>
-1.AsshowninProposition1.1,foranyfixed
integerj ≥0,we havethat Dj (n)/n(k-1)/k

convergesalmostsurelytoξj,suggestingthatDj

(n)/n(k-1)/kconvergesindistributiontoξjaswell.
ApplyingMarkov’sinequality,foranyε>0,we
thushave

PP(ξj ≤limsup
n→∞

PP
Dj(n)
n(k-1)/k ≤ε  ≤    

limsup
n→∞

ε,EE
Dj(n)
n(k-1)/k  

-
1
2



 




 =O(ε).

  Lettingε↓0yieldstothatPP(ξj=0)=0for
anyintegerj≥0.Finally,thenonnegativityof
random variableξj completestheproofofthis
lemma.

  Wearenowreadytogivetheproofof
Theorem0.1inthefollowing.

ProofofTheorem 0.1For0≤j≤n,we
firstwrite

Zj(n)=max
i∈[j]

Mi,1(n)=
Γn+

1
k  

n! max
i∈[j]

Di(n),

fromwhichthesimplelinearrelationbetweenZn

andZn(n)isgivenby

Zn(n)=
Γn+

1
k  

n! Zn -
k(k-2)
k-1  .

  Recallthateachsequence{Mj,1(n)}∞n=jisa
nonnegative martingale. Thus, being the
maximum of(finite)martingales,thesequence
{Zn(n)}∞n=0isanonnegativesubmartingale.

WenextshowthatZn(n)convergesalmost
surelyandinLp tosomenonnegativerandom
variableZforanyp≥1,asn→∞.Sincexrisa
convexfunctionon(0,∞)foranyr≥1,itiseasy
toseethatthesequence{Mr

j,1(n)}∞n=jisalsoa
submartingale,and thatthe sequence ofthe
correspondingmeansEE[Mr

j,1(n)]isincreasingin
n.Hence,foranygivenj≥0andr≥1,itfollows
byProposition1.1andEq.(8)thatMr

j,1(n)
convergestoξr

jalmostsurelyandinLpforanyp
≥1,andforalln≥j,

EE Mr
j,1(n)  ≤EE ξr

j  .
  Notingthattherandomvariables{ξj,j∈
[0]}areidentically distributed,we pick the
randomvariableξ0torepresentthisentireclass.
Then,wehave

EE Zr
n(n)  ≤∑

i∈[n]
EE Mr

i,1(n)  ≤

kEE ξr
0  +∑

∞

j=1
EE ξr

j  (9)

whichisfiniteforalln (includingn → ∞)
accordingtoEq.(2)providedthatr>k/(k-1).
Thus,thesubmartingale{Zn(n)}∞n=0isboundedin
Lpforanyp≥1.Weconcludethat,againbythe
martingaleconvergencetheorem,Zn(n)converges
notonlyalmostsurelybutalsoinLp tosome
finite-meanrandomvariableforanyp>1.

ToprovethatrandomvariableZispositive,
weshallprovethat

Z=lim
j→∞

max{ξi:i∈ [j]} (10)

  NotethatitissufficienttoshowthatZn(n)
convergestotheright-handsideofEq.(10)inLr

forsomer>1.
Letr>k/(k-1)befixed.Analogouslyto

Eq.(9),wehavethatfor1≤j<n,

EE Zn(n)-Zj(n)  r  ≤ ∑
n

i=j+1
EE Mr

i,1(n)  

(11)
  Takingthelimitasn→∞onthebothsidesof
Eq.(11)givesthatforanyfixedintegerj≥1,
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EE lim
n→∞

Zn

n(k-1)/k -max{ξi:i∈[j]}  
r




 




 ≤∑

∞

i=j+1
EE ξr

i  

whichcanbearbitrarilysmallwithjsufficiently
large,asshowninEq.(9).Then,lettingj→∞
yieldstothatthedesiredresultEq.(10)holds.It
isnoweasytoseethattheprobabilityPP(Z>0)=1
followsbyLemma1.1.

2 RandomApolloniannetworks
Astructurecloselyrelatedtok-treesisthek-

Apolloniannetworkwhenk≥3.Thek-Apollonian
networkisthesameasak-treeineveryaspect,

except that recruiting cliques are always
deactivated.Thatis,onceacliqueischosento
attachthenewnodeatanystepn≥1,itwillnever
bechosenagainsincethen.Theconstructionofthe
simplestcaseofApolloniannetworkswithk=3
originatesfromtheproblemofApolloniancircle
packing[23].Therandom 3-Apolloniannetworks
modelwasproposedindependentlyRefs.[24-25]

asa modelforreal-lifenetworkssuchasthe
networkofinternetcablesorlinks,collaboration
networksorproteininteractionnetworks.Later,

Zhang,etal[26]generalizedthismodelbyreplacing
higher-dimensionalcurvilinearhypersphereswith
triangles(i.e.,3-cliques)toobtaintheso-called
random k-Apollonian networks. For recent
advancesontherandom k-Apolloniannetworks
model,werefertoRefs.[21,27-30].
Itisclearthatthemethodsappliedtok-trees

wouldworkfork-Apolloniannetworksandwould
producesimilartypesofresult.Wesummarize
theseresultshere,withoutproof.Forrandomk-
Apolloniannetworksweshallusenotation,with

tildes.Forinstance,Zn denotesthe maximal
degreeinak-Apolloniannetworkatstepn.

LetIAbetheindicatorofaneventA.Byan
argumentsimilartothatforrandomk-trees,we

canconstructapositivemartingale{Mj,d(n)}∞n=j

inordertostudythelimitingbehaviorofDj(n)
foranynodejinarandomk-Apolloniannetwork,

whered>-1,

Mj,d(n)=
Γn+

1
k-1  

Γn+
1+(k-2)d

k-1  
Dj(n)+d-1
d  ,

and

Dj(n)=Dj(n)-
k(k-3)+I[j=0]

k-2
.

  Ananalysisfollowingthestepsintheproofof
Proposition1givesthatthereexistsanonnegative

randomvariableξjsuchthatDj(n)/n(k-2)/(k-1)

convergestoξjalmostsurelyandinLpforany
p≥1,withmoments

EE[ξrj]=
Γj+

1
k-1  Γr+

k-(k-1)I{j=0}

k-2  
Γj+

1+(k-2)r
k-1  Γ k-(k-1)I{j=0}

k-2  
,

r=1,2,….
  Foranyj∈[n],wewrite

Zn(n)=max
i∈[n]

Mi,1(n)=         

Γn+
1

k-1  
n! Zn -

k(k-3)+I{j=0}

k-2  .

  FollowingtheproofofTheorem1,thenone

canobtainthatthesequence {Zn (n)}∞n=0isa
submartingaleboundedin Lp foranyp ≥1.
Finally,bythemartingaleconvergencetheorem,

wearriveatthecorrespondingresultsforthe
random k-Apollonian networks model:In a
randomk-Apolloniannetworkwithk≥3,there

existsapositiverandomvariableZsuchthatZn/

n(k-2)/(k-1)convergestoZalmostsurelyandinLp

forallp≥1,asn→∞.

3 Conclusion
Inthiswork,weshowthemaximaldegreein

arandom k-tree,as wellasinan Apollonian
network,hasanalmostsurelimitasthetreesize
growstoinfinity.Althoughthislimitisshownto
beapositiverandom variable,the morebasic
informationonitsdistributionisstillabsent.The
positivityofrandom variableindicatesthenon-
normality.Weputthederivationoftheasymptotic
distributionofthemaximaldegreeinrandomk-
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treesintoourfurtherwork.
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