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纵向数据的一种稳健同时建模方法

檀佳欣,张伟平

(中国科学技术大学统计与金融系,安徽合肥230026)

摘要:使用多元t分布,提出了一种分析带有异常值的连续纵向数据的同时建模方法.不同于已有主要推

断回归均值的稳健方法,本文旨在通过稳健同时参数化建模来揭示位置参数,边际尺度参数和相依参数的

动态变化机制.为了加速极大似然估计过程中EM算法的速度,采用一种基于ECME的最大似然估计求解

算法,所得到的估计量被证明具有相合性和渐近正态性.数据分析表明所提方法是有效的.
关键词:纵向数据;稳健估计;EM 算法;同时建模

0 Introduction
Atypicalcharacteristicoflongitudinalstudies

isthatstudysubjectsaremeasuredoverrepeated

timeintervals.Thus,observationsforthesame
subject are intrinsically correlated. It is
fundamentallyimportanttoaccountfor within-
subject correlation in analyzing such data.



Regression models on the mean and variance
functionsforunderstandinglongitudinaldatahave
beenextensivelystudiedintheliterature.Ref.[1]

gaveanexcellentoverviewofvariousapproachesin
thisfiled.Tounderstandthedynamicsinthemean
functionandcovariancestructure,aclassofmean-
variance-correlationmodelingframeworkhasbeen
explored;seeRefs.[2-9].Thesemethodsperform
wellunder certain assumptions,but are not
resistanttooutliers.Inthispaper,oneproposesa
joint modeling method oft distribution with
missingdata.

Compared with the robust methods for
regressionmean,thestudyonrobustapproaches
for jointly parsimoniously modeling with
longitudinal data received limited attention
although valuable. Ref. [10] considered
robustificationonthemeanandcovariancewhere
theysetupestimatingequationsforboththemean
andthedispersionparameter.Theconstraintof
theirapproachisthattheyassumedaninflexible
covariance structure determined by two
parameters. Refs.[11-12] developed robust
estimationforthemeanandcovariancejointlyfor
theregression modeloflongitudinaldatawithin
the framework of generalized estimating
equations[13].Asanalternative,thet-distribution
iswidelyusedforlongitudinalcompletedata.Ref.
[14]discussedtherobuststatistical modeling
usingthet-distributioninageneralframework.
Ref.[15]proposedamultivariateregressionmodel
withitsmeanandscalecovariancemodeledjointly
basedonmodifiedCholeskydecompositionforthe
analysisoflongitudinaldata.Ref.[16]obtained
robustestimation ofthecorrelation matrix of
longitudinaldatabasedonalternative Cholesky
decomposition.Ref.[17]usedt-distributionto
carryoutBayesianinferenceinlongitudinaldata.
Theseresultsshowthatthet-distributionperform
welltoobtainrobustestimation.

Our reasonsfor revisiting thistopic are
threefold.Firstly,theexistingliteratureinjoint
modeling the regression mean and covariance

structurefrequentlyassumenormality,whilesuch
assumptionisroutinely madefor mathematical
convenience.However,suchassumptionisnot
alwaysrealisticbecauseofthepresenceofatypical
observations and the existing joint modeling
approaches are sensitive to outliers,

contamination,orheavy-taileddistributions.To
remedythisweakness,weconsideredtheuseof
the multivariate t distribution for robust
estimationofregression models,sinceinference
based on parsimonious modeling under t-
distributioncombinesconceptualsimplicity with
generality.Thedegreeoffreedomparameterofthe
t-distributionprovidesaconvenientdimensionfor
achievingrobuststatisticalinference.Secondly,

theexistingrobustjointmodelingapproachescan
be viewed as indirectly robust modeling the
variances and covariances of the longitudinal
measurements. More specifically,due to the
modified Choleskydecomposition,theresulting
variance functions of the aforementioned
approachescannotbedirectlyinterpretedasthose
oftherepeated measurements. Moreover,the
sameinterpretation issue also arises for the
covarianceandcorrelationstructureswhenthese
approachesareapplied.Therefore,forpractical
applications,additionaleffortandextracareare
necessaryforinterpretingtheresultingvariance
andcovariancefunctions.Wethereforeproposeto
directly modelthe regression mean,and the
dependencestructuresimultaneously.Thirdly,the
parameter estimates under standard maximum
likelihood procedure can be oflittle practical
interestbythemselvesbecausetheycancritically
influence the behavior of iterative numerical
optimization algorithm especially for small or
unknowndegreesoffreedom.WeapplyanECME
method[18] to speed up the Monte Carlo
implementationoftheEMalgorithm.

Therestofthepaperisorganizedasfollows.
InSection1wegivesomegeneralnotationsforthe
t-distributionandintroducethejoint modeling
approachforthemeanandcovariancestructure.In
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Section2,weintroducethelikelihoodandECME-
basedalgorithm.In Section 3,wecarry out
numericalstudiestoinvestigatethefinitesample
propertiesanddemonstratetheeffectivenessofthe
proposed method. Weconcludethis paper by
summarizingthemainfindingsandoutliningfuture
researchinSection4.

1 Models
Letyi = (yi1,…,yimi

)T be the mi

longitudinal measurementsfortheithsubject,

wheretheresponseyijisobservedattimetij.Let
ti=(ti1,…,timi

)T,andwedenotexij∈ℝpasthe
covariateforthejthmeasurementofsubjecti.To
accommodate the presence of atypical
observations, we assume that yi follows a
multivariatetdistribution,denotedbytmi

(μi,Ωi,

υ),withdensity

f(yi;μi,Ωi,υ)=
Γ((υ+mi)/2)|Ωi|-1/2

Γ(υ/2)(πυ)mi/2
·

1+
(yi-μi)TΩ-1

i (yi-μi)
υ  

-(υ+mi)/2

,yi ∈ ℝmi

(1)

wherethelocationparameterμi=(μi1,…,μimi
)T

andscalematrixΩiisanmi×mipositivedefinite
matrix.Thedegreeoffreedomυ,whichcontrols
thethicknessofthetailsofthedistribution,is
directlyrelatedtothedegreeofrobustnessof
inference,andsmallerυyieldshigherrobustness.
Thefollowinglemmashowsthatamultivariatet
distributiontm(μ,Ω,υ)canbeseenasthemixture
of m-variate normal and Gamma distribution
variables.

Lemma1.1 Letz~Nm(0,Ω),τ~γ(υ/2,

υ/2)beindependent,thenz/τ+μ~tm(μ,Ω,

υ),wherethedensityfunctionofγ(α,β)is

βατα-1exp{-βτ}/γ(α)withτ>0,α>0,β>0.
Proof This well-knownrepresentation of

multivariatetdistributioncanbeeasilyfoundin
Refs.[18-20]etc.

Forυ>1,themeanvectorofyiisdefinedto

beμi;forυ>2,thecovariancematrixyiis
υ

υ-2Ωi.

Webelievethatinferencebasedonaparametric
modelsuchas model(1)combinesconceptual
simplicitywithgenerality,sinceitcanbeapplied
inawiderangeofsettings.Adetaileddiscussion
ofmathematicalpropertiesandestimationmethods
forthisdistribution withcompletedatacanbe
foundinRef.[20].

Withtheparametricmodel(1),itiswell-
knownthatmodelingcovariance(andcorrelation)

matrixisachallengingproblemduetothelarge
dimensionalityandpositive-definitenessconstraint.
Therefore,withsomanyparametersinthescale
matrix{Ωi}(i=1,…,n)associatedwiththe
heteroscedasticity in longitudinal data, we
decomposeΩi asΩi =DiRiDi,whereDiisa
diagonalmatrixwhosediagonalelements(σi1,…,

σimi
)arethesquarerootofthediagonalelementof

Ωiandcanbeseenasthemarginalscale.Riisa
correlationmatrixofmixturecomponentz,which
isalsothecorrelation matrixofyiifitexists.
Clearly,ln (σij )'s are unconstrained and
parameterized via regression techniques. To
parsimoniously modelthedynamicsin Ri,we
followtheideaofRef.[9]toparameterizethemvia
hypersphericalco-ordinatesbythedecomposition
Ri=TiTT

i,whereTiisalowertriangularmatrix
givenby

Ti=

1 0 0 … 0
ci21 si21 0 … 0
ci31 ci32si21 si32si31 … 0
︙ ︙ ︙ ⋱ ︙

cimi1 cimi2simi1
… … ∏

mi-1

l=1simil

























(2)

withcijk =cos(ϕijk)andsijk =sin(ϕijk)being
trigonometricfunctionsofanglesϕijk.Inother
words,thenon-zeroentriesinthelowerdiagonal
matrixTiaregivenbyTi11=1,Tij1=cos(ϕij1)for
j=2,…,mi,and

Tijk=
cos(ϕijk)∏

k-1

l=1sin(ϕijl),2≤k<j≤mi

∏
k-1

l=1sin(ϕijl),k=j,j=1,…,mi 
(3)

  Herethetotalnumberofanglesϕijk(1≤k<
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j≤mi)inexpressions(2)and(3)ismi(mi-1)/2,

whichisthesameasthatofthefreeparametersin
anunconstrainedcorrelationmatrix.Aspointedin
Ref.[9],suchdecompositionautomaticallyleads
topositivedefinitecorrelation matrices,andthe
parametersin it are related to well-founded
statisticalconcepts.

Motivatedbytheaboveconsiderations,we
proposeajointregressionmodelforthelocation,

themarginalscaleandthecorrelationsas
g(μij)=xT

ijβ
ln(σij)=zT

ijλ

ϕijk=wT
ijkγ







 (4)

whereg(·)isaknownlinkfunction,whichis
usuallytakenasanidentityfunctionasinlinear
models,alsoβ,γandλareunknownparameters
forparameterizingthelocation,themarginalscale
andthecorrelation.xij,zijandwijkarep×1,q×1
andd×1vectorsofcovariatesavailable,andzij

does not include intercept for identifiability
concern.Inpractice,naturalcandidatesforwijk

include(tij,tik)Tanditshigherorderterms,or
moresimplyapolynomialofthetimelag(tik-tij)

suchthattheresultingcorrelationisstationary.
Furtherdiscussionofthesecovariatescanbefound
inRefs.[6,9].Remarkably,theangleϕijkcanalso
betransformedbyarctantoensurethatitfallsin
[0,π).Themodel(4)canbegeneralizedeasilyto
nonparametric and semiparametric models,

althoughthefocusofthepaperisonparametric
modelsasinmodel(4).

2 Likelihoodandestimation
2.1 Maximumlikelihoodestimation

Underthesampley1,…,ynandmodel(4),

thelog-likelihoodfunctionofthemultivariatet-
distribution(1)ignoringconstantisgivenby

l(β,γ,λ,υ)=∑
n

i=1

[lnΓ(
υ+mi

2
)-lnΓ(

υ
2
)-

1
2ln|Ωi|+

υ
2lnυ-

υ+mi

2 ln(υ+‖δi‖2)]

(5)

whereδi=Ωi
-1/2(yi-μi).Thescoreequations

forβ,η=(γT,λT)Tandυcanbederivedfromthe
log-likelihoodfunction(5),namely

U(β)=∑
n

i=1

υ+mi

υ+‖δi‖2
μT

i

β
Ω-1

i (yi-μi)=0

(6)

U(η)=
l
η

=-
1
2∑

n

i=1

[ln|Ωi|
η

+

v+mi

v+‖δi‖2
Ω-1

i

ηTvec((yi-μi)(yi-μi)]=0

(7)

U(υ)=
1
2∑

n

i=1

[ψ(
υ+mi

2
)-ψ(

υ
2
)+ln(υ)+1-

ln(υ+‖δi‖2)-
υ+mi

υ+‖δi‖2
]=0 (8)

whereψ (x)=dlnΓ (x)/dx isthedigamma
function.The derivative ofa matrix A with
respecttovectoru=(u1,…,ud)Tisdefinedas
A
u=

(vec(
A
u1

)T,…,vec(
A
ud

)).

E 1+
‖δi‖2

υ




 



 -k

=          

(υ/2+k-1)…(υ/2)
((υ+mi)/2+k-1)…((υ+mi)/2)

(9)

andconditioningon ‖δi‖=r,δiisuniformly
distributedonthesphere‖δi‖=r,thereforethe
blockelementsofexpectedHessianmatrixJnwith
respecttoθ=(βT,λT,γT,υ)Tcanbeobtainedas
follows:

Jn11(θ)=∑
n

i=1

υ+mi

υ+mi+2
μT

i

β
Ω-1

i
μi

βT
(10)

Jn22(θ)=∑
n

i=1

[υ+mi

υ+mi+2
ZT

i(Imi +R-1
i Ri)Zi-

2
υ+mi+2

ZT
i11TZi] (11)

Jn23(θ)=∑
n

i=1

[υ+mi

υ+mi+2
(ZT

iR-1
i )eT

1mi

Ri

γ -

1
2(υ+mi+2)

ZT
i1

Ri

γTvec(R-1
i )] (12)

Jn24(θ)=-∑
n

i=1

2
(υ+mi+2)(μ+mi)

ZT
i1

(13)

Jn33(θ)=                

∑
n

i=1

[ υ+mi

2(υ+mi+2)
Ri

γT
(R-1

i R-1
i )

Ri

γ -
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1
2(υ+mi+2)

Ri

γTvec(R-1
i )vecT(R-1

i )
Ri

γ
]

(14)

Jn34(θ)=                

-∑
n

i=1

2
(υ+mi+2)(μ+mi)

Ri

γTvec(R-1
i ))

(15)

Jn44(θ)=                

∑
n

i=1

[1
4ψ1(

υ
2
)+

1
2(υ+mi)

-
1
4ψ1(

υ+mi

2
)-

mi

2υ(υ+mi)
-

υ+2
2υ(υ+mi+2)

] (16)

whereZT
i=(zi1,…,zimi

),thederivative
Ri

γk
can

beeasilyobtainedbyRef.[9].e1mi=(1,0,…,0)
T

isthefirstcanonicalbasisofℝmi.AndAB
denotestheHadamardproductofmatrixAandB,

AB istheKroneckerproductofA andB.
Finally,ψ1(x)=dψ(x)/dx.

Themaximumlikelihoodestimatorsβ
︿,λ

︿,γ
︿,υ

︿

canbeshowntobeconsistentandasymptotic
normal distributed. Assuming the following
regularityconditions:

Condition2.1 Thedimensionsp,qanddof
covariatesxij,zijandwijkarefixed;max1≤i≤nmiis
bounded.

Condition2.2 TheparameterspaceΘofθ=
(βT,λT,γT,υ)Tisaboundedcompactsetin
ℝp+q+d×ℝ+,andthetruevalueθ0=(β0T,λ0T,

γ0,υ0)TisintheinteriorofΘ.
Condition2.3 Asn → ∞,theaverage

negativeexpectedHessianmatrixconvergestoa

positivedefinitematrixI (θ0),i.e.,limn→∞
1
nJn

(θ0)=I(θ0).
Condition 2.1 is routinely made for

longitudinaldatafromthepracticalperspective.
Condition2.2isaconventionalassumptionfor
theoreticalanalysisofthe maximum likelihood
approach.Condition2.3isanaturalrequirement
for the regression analysis in unbalanced
longitudinaldatamodeling.

Theorem2.1 Underthedistribution(1)and

regularityconditions1-3,Letθ
︿
n=(β

︿T,λ
︿T,γ

︿T,υ
︿)T

bethemaximumlikelihoodestimatorofthetrue
parametervalueθ0inEq.(5).then (a)θ

︿
nis

stronglyconsistentforthetruevalueθ0.and(b)

θ
︿
nisasymptoticallynormallydistributed,thatis

n(θ
︿
n -θ0)~→N[0,I-1(θ0)]

indistribution.
Proof Weonlyneedtoverifytheregular

conditionsformaximumlikelihoodestimation.Let
li=lnfi(yi,θ),(i=1,…,n).Thenignoringthe

constant
1
2miln(π),weobtainthat

li=lnΓ(
υ+mi

2
)-lnΓ(

υ
2
)+

υ
2lnυ-

1
2ln|Ωi|-

υ+mi

2 ln(υ+‖δi‖2).

  Noticethatln(υ+‖δi‖2)≤lnυ+‖δi‖/υ
andboundednessofE0 ‖δi ‖2,thereforeby
Kolmogorov’sstronglawoflargenumberswe
havethat

1
n∑

n

i=1
li-

1
n∑

n

i=1
E0(li)→0,a.s..

wheretheexpectation E0 istaken underthe
distributionofyi withtrueparametersθ0.Itcan

beshownthat
1
n∑

n

i=1
E0(li(θ))isequicontinuousin

θ,thenfollowingtheproofofTheorem2.1in
Ref.[21],itiseasytoshowtheconsistencyofθ

︿
.

Theproofofasymptoticnormalityofθ
︿
nis

essentiallythesameasthatofTheorem2.2in
Ref.[21].

Sinceθ
︿
isconsistentestimatorforθ0,the

Fisher information matrix I (θ0 ) can be

consistentlyestimatedbya matrix
1
nJn (θ

︿
n).

From Theorem 2.1, β
︿
is asymptotically

independentofγ
︿,λ

︿
andυ

︿
.Thisisnotsurprising

forstatisticalinferencesofellipticaldistributed
data,becauseβ

︿
concernsthelocationfunction,and

γ
︿,λ

︿
andυ

︿
aretheestimatorsforparametersofthe

scalematrix.Therefore,theoptimalefficiencyof
estimatingβisassured wheneverΩi'sorthe
modelsforσ2ijandϕijkarecorrectlyspecified.Ifthe
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modelforΩiismisspecified,β
︿
isstillconsistent

andasymptoticallynormalbyaresultinRef.[13],

althoughtheasymptoticvarianceofβ
︿
wouldtakea

sandwichform.Ontheotherhand,thetwo
covariation parameters γ

︿
and λ

︿
are not

asymptoticallyindependentingeneral.
Whenthe probability model (1)is not

correctlyspecified,letpopulationparametervector
θ*=(βT

*,γT
*,λT

*)Tbetheuniqueminimizerofthe
Kullback-Leibler divergence KL (f |f0)=
Ef0logf0/fbetweenatruemodelwithcontinuous
densityf0andaworkingmodelfdefinedby(1),

anddenotebyK=lim
n→∞

1
n∑

n

i=1
Ef0U(θ)U(θ)

TwithU

(θ)=(UT(β),UT(β),UT(υ))TgiveninEqs.(6)-
(8).Thenwehavethefollowingresult.

Corollary2.1 Underregularityconditions2.1
and2.2andexistenceofElogf0(yi)withθ0
replacedbyθ*,asn→ ∞,wehavethatthe

maximum likelihood estimator θ
︿
is strongly

consistentforθ*;Ifadditionallycondition2.3
holds,the matrix K (θ* )anditsinverseare

nonsingular,then n(θ
︿
n-θ*)~→N[0,I-1(θ*)K

(θ*)I-1(θ*)].
Proof Thecorollaryfollowsdirectlyfrom

Theorem2.2and3.2ofRef.[22].
2.2 ECMEalgorithm

The maximum likelihood estimates of
parameterscouldbefoundbydirectlysolvingthe
scorefunctions(6)-(8)usingvariousoptimization
algorithms,however,caremustbeusedwiththe
standard maximum likelihood method undert
distribution with unknown degreeoffreedom.
SincethescorefunctionsU (β)andU (η)are
boundedwhileU(υ)isunboundedwhen‖δi‖2

goestoinfinity,itcanbeinferredthatareasof
likelihoodunboundednessaremostlikelytooccur
asυ→0[23].Thatistosay,thelikelihoodfunction
canbearbitrarylargewithreasonableparameter
valueswhenthedegreeoffreedomissmallor
unknown.Therefore,the parameter estimates
understandardmaximumlikelihoodprocedurecan
beoflittlepracticalinterestbythemselveseven

thoughtheyareformallylocaloreven global
maximabecausetheycancriticallyinfluencethe
behavior of iterative simulation algorithms
designedtosummarizethelikelihoodfunction[18].
Therefore, we applied the ECME algorithm
developedby Ref.[18]tofindthe maximum
likelihoodestimates.

Following Lemma1.1,the multivariatet
distribution(1)canbeseenasthemixtureofmi-
variateNormalandGammadistributionvariable.
ThereforewecanuseEMtypealgorithm,whichis
commonly used to calculate the maximum
likelihoodestimates[24].Letθ=(βT,λT,γT)Tand
thecomplete-datalog-likelihoodfunctionoftheith
subjectbe

li,full(θ,υ)=lnf(yi,τi|θ,υ)=
lnf(τi|υ)+lnf(yi|τi,θ) (17)

=li1,full(υ)+li2,full(θ) (18)

IntheE-step,wecalculatetheexpectationof
complete-datalog-likelihood giventheobserved
dataandcurrentvaluesoftheparameters.Thus,

theE-stepfortheithsubjectatthe(t+1)st
iterationbasedonEq.(17)is

Qi(θ,υ|θt,υt)=E[li,full(θ,υ)|yi,θt,υt]=
E[li1,full(υ)|yi,θt,υt]+E[li2,full(θ)|yi,θt,υt]

(19)

=Qi1(υ|υt)+Qi2(θ|θt) (20)

wherethe expectation E istaken underthe
conditional distribution of τi given yi and
parametersθt,υt.Directcomputationleadsto

E[li1,full(υ)|yi,θt,υt]=E[lnf(τi|υ,θ)|yi,θt,υt]=
υ
2ln

υ
2+

υ
2E
[(lnτi-τi)|yi,θt,υt]-

lnγ(
υ
2
)-E[lnτi|yi,θt,υt] (21)

E[li2,full(θ)|yi,θt,υt]=        
E[logf(yi|τi,θ)|yi,θt,υt]=

-
mi

2ln2π-
1
2ln|Ωi|+

mi

2ζi(t)(yi-μi)'Ω-1
i (yi-μi)ω

︿
i(t)=

E[hi(θ,yi)|yi,θt,υt] (22)
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where

hi(θ,yi)=-
mi

2ln2π-
1
2ln|Ωi|+

mi

2lnτi-
τi

2
(yi-μi)'Ω-1

i (yi-μi) (23)

ζi(t)=E(lnτi|yi,θt,υt)=ψ(
mi+υt

2
)+

ln
υt+(yi-μi(t))'Ωi(t)

-1(yi-μi(t))
2

(24)

and
ω
︿
i(t)=E(τi|yi,θt,υt)=       

υt+mi

υt+(yi-μi(t))'Ωi(t)
-1(yi-μi(t))

(25)

Inthe M-step,θ(t+1)andυ(t+1)arechosento
maximizetheQ-function

Q(θ,υ|θt,υt)=∑
n

i=1
Qi(θ,υ|θt,υt) (26)

Especially,υ(t+1)canbeobtainedbyfindingthe
solutiontotheequation:

-ψ(υ/2)+ln(υ/2)+
1
n∑

n

i=1

[lnω
︿
i(t)-ω

︿
i(t)]+1+

1
n∑

n

i=1
ψ(

υt+mi

2
)-ln(

υt+mi

2
)  =0 (27)

where

ω
︿
i(t)=

υt+mi

υt+(yi-μi(t))'Ωi(t)
-1(yi-μi(t))

.

  Becausethelastterm ontheleftsideof
equation(27)isnon-positiveand-ψ(υ/2)+ln(υ/2)

isdecreasingin(0,∞).Aone-dimensionalsearch,

suchasHalf-intervalmethodcanbeusedtosolve
equation(27).

SincetheconvergenceoftheEM algorithm
withunknownυ canbeveryslow,Ref.[25]

proposedamulti-cycleversionofECM,calledthe
MCECM algorithm,toestimateparametersfor
multivariatetdistribution.Moreover,Ref.[18]

proposedan ECME algorithm,andtheECME
convergessubstantiallyfasterthanEM,ECMor
MCECM.TheECMEalgorithmisasfollows:

(Ⅰ)E-step:Calculatetheexpectedcomplete-
dataloglikelihood given currentestimates of
parameters(βt,γt,λt,υt).TheE-stepofECMEis
thesameasEM;

(Ⅱ)CM-step1:Fixυ=υt,andcalculateθt+1=
(βT

t+1,γT
t+1,λT

t+1)TusingEq.(22)withυreplaced
byυt;

(Ⅲ)CM-step2:Givenθt+1 = (βT
t+1,γT

t+1,

λT
t+1)T,andcalculateυt+1tomaximiseEq.(28)

-ψ(υ/2)+&ln(υ/2)+
1
n∑

n

i=1

[lnω
︿
i-ω

︿
i]+1+

1
n∑

n

i=1
ψ(

υ+mi

2
)-ln(

υ+mi

2
)  =0 (28)

whereω
︿
i=(υ+mi)/(υ+‖δi(θt+1)‖2).

(Ⅳ)Repeat(Ⅰ)~(Ⅲ)untilapre-specified
convergencecriterionismet.

3 Numericalstudies
3.1 Simulations

Inthissectionthefinitesampleperformance
oftheproposedapproachisinvestigatedthrough
simulations. The continuous longitudinal
responsesyi aregeneratedfrom (1)underthe
followingmodel:

μij =β{0}+xij1β{1}+xij2β2
ln(σij)=zij1λ1+zij2λ2

ϕijk=γ0+wijk1γ1+wijk2γ2

(i=1,…,n;j=1,…,mi)












(29)

  Thecovariate(xij1,xij2)'isgeneratedfroma
multivariatenormaldistribution with mean 0,

marginalvariance1andcorrelation0.5.Wetake
(zij1,zij2)=(xij1,xij2),andwijk1=(tij-tik),

wijk2=(tij-tik)2.Theparametersaresettobe
(β0,β1,β2)=(1,-0.5,0.5),(γ0,γ1,γ2)=(0.3,

-0.2,0.3),(λ1,λ2)= (0.5,-0.3).The
measurementtimestij isgenerateduniformity.
Thedegreeoffreedom,υ,forthemultivariatet
distributionis3asexistingstudieshaveshown
thatthet-distributionwith3degreesoffreedom
hassufficientlylongtailsandalmostcoversall
extremeoutliers[14,26].Finally,wegenerate500
datasetsandconsidersamplesizesforn=50,100
and400withmi=5.Theproposedapproachunder
t-distributionandmaximumlikelihoodestimation
undernormaldistributionareusedtoestimatethe
parametersrespectively.
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Tab.1 Simulationresultswhenthedatasetsaregeneratedundert-distribution

n

Model Par

50

Bias SE CP

100

Bias SE CP

400

Bias SE CP

t

β

-0.0010 0.0071 93% 0.0005 0.0042 94% 0.0004 0.0019 94%

-0.0004 0.0027 95% 0.0002 0.0017 97% 0.0001 0.0007 94%

0.0003 0.0018 95% -0.0001 0.0011 97% -0.0001 0.0005 93%

γ

-0.0037 0.0092 97% -0.0016 0.0061 93% -0.0010 0.0032 94%

0.0010 0.0160 95% 0.0007 0.0088 95% 0.0011 0.0055 95%

-0.0020 0.0171 95% -0.0012 0.0094 93% -0.0013 0.0060 94%



λ
-0.0001 0.0008 96% 0.0001 0.0005 94% 0.0000 0.0002 92%

0.0001 0.0009 96% -0.0001 0.0006 92% 0.0000 0.0003 96%



υ -0.1438 0.5971 93% -0.0166 0.5088 93% 0.0418 0.2957 95%

normal

β

0.0016 0.0223 99% 0.0013 0.0061 95% -0.0015 0.0043 96%

0.0009 0.0099 99% 0.0005 0.0023 92% -0.0028 0.0044 97%

-0.0005 0.0072 99% -0.0003 0.0014 94% 0.0019 0.0007 95%

γ

0.0423 0.0389 87% 0.0486 0.0272 87% 0.0412 0.0150 89%

-0.0395 0.0895 97% -0.0328 0.0282 81% -0.0359 0.0256 99%

0.0530 0.1108 97% 0.0474 0.0312 96% 0.0541 0.0190 97%



λ
-0.0004 0.0037 98% 0.0002 0.0012 94% -0.0048 0.0042 99%

0.0004 0.0043 99% -0.0002 0.0014 99% 0.0038 0.0017 98%





  Whenthe datasetsare generatedfrom
multivariatet distribution,Tab.1reportsthe
accuracyoftheestimatedparametersbytheECME
algorithmintermsoftheirmeanbiases(Bias),

standarderrors(SE)andthecoveragepercentage
forthe95% confidenceinterval (CP),where
modeldenotesthe modeldistributionand Par
denotestheparameters.Itclearlyindicatesthat
theproposed methodworksreasonablywellfor
datawithpotentialoutliers.Allthebiasesare
small especially when n is large under t
distribution. Additionally, to evaluate the
inference procedure, we report the coverage

percentageof95% confidenceintervalwhichis
quiteclosetothenominallevel,especiallyforlarge
n.ThisdemonstratesthevalidityofTheorem2.1.

Whenthedatayi~ Nmi
(μi,Ωi)undermodel

(29),wegenerate500datasetswithsamplesizes
n=50,100and400.Inthiscase,themultivariate
t distributionis misspecified whilethenormal
modeliscorrectlyspecified.Tab.2showsthatthe
proposedapproachundertdistributionperforms
almost as well as normal distribution. The
estimateddegreeoffreedomυ

︿
=3328.34,3497.

25, 5911.89 for different sample sizes
respectively,indicatingtheessentialnormality.
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Tab.2 Simulationresultswhenthedatasetsaregeneratedundernormaldistribution

n

Model Par

50

Bias SE CP

100

Bias SE CP

400

Bias SE CP

normal

β

-0.0010 0.0062 93% -0.0001 0.0020 93% -0.0001 0.0019 94%

-0.0003 0.0025 92% -0.0001 0.0015 93% -0.0001 0.0007 93%

0.0002 0.0016 93% 0.0001 0.0010 96% 0.0000 0.0004 94%

γ

-0.0024 0.0067 93% -0.0020 0.0047 92% -0.0006 0.0020 95%

0.0012 0.0141 93% 0.0017 0.0107 94% 0.0004 0.0047 93%

-0.0021 0.0147 95% -0.0026 0.0107 96% -0.0005 0.0043 92%



λ
-0.0004 0.0008 98% 0.0000 0.0005 98% 0.0000 0.0003 98%

0.0000 0.0007 94% 0.0000 0.0005 97% 0.0000 0.0003 96%



t

β

-0.0010 0.0062 93% -0.0001 0.0042 93% -0.0001 0.0019 94%

-0.0003 0.0025 92% -0.0001 0.0016 96% -0.0001 0.0007 92%

-0.0002 0.0016 93% 0.0001 0.0010 95% 0.0000 0.0004 93%

γ

-0.0030 0.0067 92% -0.0024 0.0050 90% -0.0007 0.0021 92%

0.0017 0.0143 94% 0.0020 0.0108 94% 0.0004 0.0048 94%

-0.0027 0.0149 95% -0.0031 0.0109 95% -0.0006 0.0044 95%



λ
0.0000 0.0008 98% 0.0000 0.0004 98% 0.0000 0.0003 96%

0.0000 0.0007 94% 0.0000 0.0004 97% 0.0000 0.0003 94%





  Tostudytherobustnessofproposedmethod,

we consider the following contaminated
normaldistribution
yi ~ (1-π)Nmi

(μi,Ωi)+πNmi
(μi,δeΩi),

where0≤π≤1correspondstothepercentof
contamination,andδe >1isaparameterthat
determinesthedeviationofthewidercomponent.
Sincethemultivariatetdistributionandnormal
distributionareboth misspecified,wecompare
themviathefollowingrelativeerrormeasurements

err(μ
︿)=

1
n∑

n

i=1
‖μ

︿
i-μi‖/‖μi‖,

err(Ω
︿)=

1
n∑

n

i=1
‖Ω

︿
i-Ωi‖/‖Ωi‖.

  Wegenerate500datasetsfordifferentsample
sizesn=50,100and400withmi=5.Tab.3
reportsthesetwoerrormeasurementsfordifferent
samplesizesandδe =4,16respectively.The
correspondingestimatesofdegreeoffreedominall
thecasesrangefrom2.79to7.54,whichindicate
alongtailofpopulationdistribution.Obviously,

theproposedapproachis morerobustthanthe
maximum likelihood estimation under normal
distribution.

Tab.3 Simulationresultswhenthedatasetsaregeneratedundercontaminatednormaldistributionwithπ=5%

Model n
δe=4

50 100 400

δe=16

50 100 400

normal
err(μ

︿)×102 0.61 0.52 0.12 0.62 0.56 0.12

err(Ω
︿)×102 1.34 0.87 0.23 1.43 0.89 0.24

t
err(μ

︿)×102 0.09 0.05 0.02 0.11 0.08 0.06

err(Ω
︿)×102 0.07 0.06 0.02 0.09 0.06 0.05
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3.2 AnalysisofCD4celldata
Weapplytheproposedrobustjointmodelling

approachtoanunbalancedlongitudinaldataset,

previouslystudiedby Refs.[6,8-9,27].HIV
destroysT-lymphocytescalledCD4cells,which
playavitalroleinimmunefunction.Disease
progressioncan beassessed by measuringthe
numberorpercentageofCD4cells.whichon
averagedecreasethroughoutthediseaseincubation
period.TheCD4cellcountof369peopleinfected
withhumanimmunodeficiencyviruswithatotalof
2376valueswerecollectedforthisstudy,covering
aperiodofapproximately8.5years.Thedataset
isobservationalandthesecountsweremeasuredat
differenttimesforeachindividual.Thenumberof
measurementsforeachindividualvariesfrom1to
12andthetimepointsarenotequallyspaced.As
inRef.[26],squarerootsofCD4cellcountsare
used.comparedtothemodelsinRef.[9],weuse
theiroptimalpolynomialsforthemean,logarithm
of marginal variance and the angles in the
correlationmatrix.Thatis,

yij =β0+tijβ1+t2ijβ2+…+tij
8β8+ij,

ln(σij)=tijλ1,(i=1,…,n;j=1,…,mi)

ϕijk=γ0+(tij -tik)γ1,

wheren=369,yijisthesquarerootsoftheCD4
cellnumbers.Toaddressthepotentialoutliersin
thedataset,weassumei~tmi

(0,Ωi,υ).
Bytheproposedapproachinsection2.2,the

parameterestimatesareβ0=29.181(0.284),β1=
-3.908(0.252),β2=-1.184(0.238),β3=0.974
(0.134),β4 =0.208(0.066),β5 = -0.153
(0.028),β6=-0.005(0.004),β7=0.009(0.002)

andβ8=-0.001(0.000);γ0=1.066(0.0161)and
γ1=0.062(0.008);λ1=0.046(0.008)with
standarderrorbeinggivenintheparenthesis.The
estimateddegreeoffreedom,υ

︿
=9.865(1.446),

indicates possible violation of normality
assumption.

Fig.1(a)showsthefittedcurvesofthemean
with normal distribution (red line) and t
distribution(bluedottedline).Theycoincidewith
eachotherexceptneartheboundary.Thecurve

fittedbynormallikelihooddecreasesslightlyfaster
whentimegoesbythanthatby multivariatet
likelihood, indicating the non-robustness of
normality.AndFig.1(b)and(c)reporttheangle
inthecorrelation matrixandlog-variance.Itis
clearthatthelog-varianceundernormallikelihood
isover-estimated atthe beginning and under-
estimatedattheendofthestudy.Theestimated
angleparametersundertwomethodscoincidewith
each other,indicating the same correlation
structure.Therefore,itis usefulto assume
approximate normality forthe distribution of
squarerootoftheCD4cellnumberstostudythe
relationshipinthemean,oneshouldbecautious
whenstudyingdynamicsinthevariance.

Fig.1 CD4celldata:fittedcurvesof(a)themeanagainst
time,(b)thelog-variancesagainsttime,(c)theangles
againstthetimelag under normal (redline)andt
likelihood(bluedottedline)respectively.Thedottedlines
areasymptotic95%confidenceintervalsbytlikelihood

4 Conclusion
Wehaveproposedarobustparsimoniously

jointlocation-scale modelingapproach usingt-
distribution as an alternative to the classical
normality-basedapproachesinordertoprovide
protection against outliers in the data,and
understandthedynamicsinthelocationfunction,

marginal scale function and association. An
ECME-basedalgorithmisappliedtospeedupthe
computationassociatedwiththeEMalgorithmfor
parameter estimation. Data examples and
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simulationsdemonstratetheeffectivenessofthe
proposedapproach.

We formulate the problem under thet
distributionmainlybecauseofitsfamiliarityand
computational simplicity. Other robust
distributionscanalso beusedto yieldrobust
estimates,such as the contaminated normal
distribution orthe exponential powerfamily.
Studiescomparingthesealternativemodelsmight
beuseful,particularlyin multivariatesettings
whereprevious workappearslimited.Another
possibleextension ofthe proposedframework
would be to longitudinal data with missing
responseandcovariatesas wellasinformative
missing.
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