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Mm(c)×R 中具有平行平均曲率的2-调和子流形

米 蓉

(西北师范大学数学与统计学院,甘肃兰州730070)

摘要:令 Mn 为n 维子流形,其乘积的平均曲率 H 为Mm(c)×R,其中,Mm(c)具是截面曲率c为常数的空

间型.通过利用Simons不等式,得到了一系列结果.
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0 Introduction
AharmonicmapψbetweentwoRiemannian

manifolds(M,g)and (N,h)isdefinedasa
criticalpointoftheenergyfunction

E(ψ)=
1
2∫M

|dψ|2dVg.

  In1964,EellsandSampson[1]suggesteda
naturalgeneralizationofharmonicmapisacritical
pointofthebienergyfunction

E2(ψ)=
1
2∫Mn |τ(ψ)|

2dVg,

whereτ(ψ)=tr∇dψisthetensionfieldthat

vanishesforharmonicmaps.TheEuler-Lagrange
equationforthebienergyfunctionalisgivenby
τ2(ψ)=0whichwasderivedbyJiang

[2-3].

τ2(ψ)=Δτ(ψ)-tr(Rn(dψ,τ(ψ))dψ),

whereτ2(ψ)isthebitensionfieldofψ.Δ=
tr(∇ψ)2=tr(∇ψ∇ψ-∇ψ

∇)istheroughLaplacian

definedonsectionsofψ-1(TN)andRnisthe
curvaturetensorofN,givenbyRn(X,Y)Z=
[∇n

X,∇n
Y]Z-∇n

[X,Y]Z.
Biharmonicsubmanifoldsofdifferentambient

spaceshavebeenintensivelystudiedinthelast
decade,inparticularforrealspaceforms[4-10],



complex space forms[11-14] or Sasaician space
forms[15].Naturally,thenextstephasbeenthe
study of biharmonic submanifolds of product
spacesformofconstantsectionalcurvature.This
subject has already been started by several
authors.InRef.[16],OuandWangstudiedthe
biharmonicityofconstantmeancurvaturesurfaces
inproductspaceS2×RR.AbreshandRohsenberg
inRefs.[17],[18]andAlencar,doCarmoand
TribuzyinRef.[19]studiedthecaseofconstant
meancurvaturesurfacesinproductspacesoftype
M2×RR,whereM2isasimplyconnectedsurfaces
withconstantsectionalcurvaturec.Inthevery
recentpaper,Fetcu,Oniciucand Rosenberg[20]

provedagaptheoremforthemeancurvatureof
certaincompleteproper-biharmonicparallelmean
curvature submanifolds.In Ref.[21], Roth
provedanecessaryandsufficientconditionfor
biharmonicsubmanifoldsinproductspaces.This
paperis devoted to the study of biharmonic
submanifoldsinaproductspaceform.Wefinda
Simonstypeintegralinequalityforsubmanifolds
withparallelmeancurvaturevectoras wellas
somerelevantconclusions.

Theorem0.1 LetMn bethen-dimensional
biharmonicsubmanifoldin productspaceform
Mm(c)×RR(c<0).Ifthemeancurvaturevector
ofMnisparallel,thenMnisminimal.

Theorem0.2 LetMn bethen-dimensional
biharmonicsubmanifoldin productspaceform
Mm(c)×RR(c>0).Ifthemeancurvaturevector
ofMnisparallelandS<(n-|T|2)c,thenMnis
minimal.

Theorem0.3 LetMn bethen-dimensional
biharmonicsubmanifoldin productspaceform
Mm(c)×RR(c≥0).Ifthemeancurvaturevector
hofMnisparallelandSh≠(n-|T|2)c,thenMn

isminimal.WhereShisthesquareofthesecond
fundamentalformofMnwithrespecttoh.

Theorem0.4 LetMn bethen-dimensional
compactbiharmonicsubmanifoldinproductspace
formMm(c)×RRdelete(c≥0).Thenwehave

∫Mn (2n2+n-|T|2)H2c+S 32S+HS
1
2 -

2nc+(1+2n)c|T|2  dVMn ≥0.

Theorem 0.5 Let Mn bethen-dimensional
compactbiharmonicsubmanifoldinproductspace
formMm(c)×RR(c<0).Ifthemeancurvature
vector of Mn is parallel and S≤
2
3 2nc-

(2n+1)c|T|2  ,then Mn is totally

geodesic,orS=
2
3 2nc-

(2n+1)c|T|2  .

1 Preliminaries
Let Mn be an n-dimensional connected

submanifoldimmersedinM=Mm(c)×RR,where
Mm(c)×RRistheRiemanninaproductofMm(c)

andRRwiththestandardmetric<,>.Letpbethe

codimensionalofMninM,i.e.p=m+1-n.We
choosealocalorthonormalframefield {e1,…,

en+p},thedualframeare{ω1,…,ωn+p},such
that{e1,…,en}aretangenttoMn,and{en+1,…,

en+p}arenormaltoMn.Weusethefollowing
conventionontherangeofindicesunlessotherwise
stated:

1≤A,B,… ≤n+p;1≤i,j,k,… ≤n;

n+1≤α,β,γ,… ≤n+p.
  Hence,thesecondfundamentalform Ⅱand
the mean curvature H of Mn are defined,

respectively,by

Ⅱ=∑
α,i,j

hα
ijωi ωj eα,H =|h|=

1
n∑i hα

ii.

  WedenotebytthecoordinateonRRandhence

t=

tistheunitvectorfieldinthetangentbundle

TMwhichistangenttotheRR-direction.Wecan
decomposetas[22-24].

t=∑
i
Tiei+∑

α
ηα.

  UsingtheformulasofGaussandWeingarten,

weget

Ti,j =∑
α
hα

ijηα,ηα,i=-∑
j
hα

ijTj.

  Asitiswell-known,theGaussequationof
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Mnisgivenby
Rijkl =c(δikδjl -δilδjk +TjTkδil +
TiTlδjk -TiTkδjl -TjTlδik)+

∑
α

hα
ikhα

jl -hα
ilhα

jk  (1)

  Thesquarednormofthesecondfundamental
formisgiven byS = ∑

α,i,j
(hα

ij)2,and R the

normalizedscalarcurvatureofMn.Thenisfrom
theGaussequation,wehavethefollowingwell-
knownrelation
R=cn(n-1)+2(n-1)|T|2  +n2H2-S.
  TheCodazziequation,RicciequationandRicci
identityonMnaregiven,respectively,by

hα
ijk -hα

ikj =ηα(Tjδik -Tkδij) (2)

Rαβij =∑
k

hα
ikhβ

kj -hβ
ikhα

kj  (3)

and

hα
ijkl -hα

ijlk =∑
M
hα

mjRmikl +

∑
M
hα

miRmjkl +∑
β
hβ

ijRβαkl (4)

Lemma 1.1 Let Mn bethen-dimensional
submanifoldinproductspaceform Mm(c)×RR.
ThenMnisabiharmonicsubmanifoldifandonlyif
Mnsatisfiesthefollowingconditions.

∑
α,i,k

2hα
iikhα

jk +hα
iihα

kkj  =0,∀j

∑
i,k

hα
iikk -∑

β,i,j,k
hβ

iihβ
jkhα

jk +

  cn-|T|2  ∑
i
hα

ii=0,∀α













(5)

Lemma1.2 LetA1,A2,…,AM be(n× n)-
symmetricmatrices(m≥2),then

∑
α,β
trAαAβ -AβAα  2-∑

α,β
trAαAβ)  2 ≥

-
3
2 ∑α tr(A

2
α)  2.

Lemma 1.3 Let Mn bethen-dimensional
submanifoldinproductspaceform Mm (c)×
RR.Then

2∑
α,β
trAαAβ  2-tr(A2

βA2
α)  -    

∑
α,β
tr(AαAβ)  2 ≥-

3
2S

2 (6)

∑
α,β
trAαAβ  tr(Aα)tr(Aβ)≥0 (7)

∑
α,β
trA2

αAβ  tr(Aβ)≥-HS
3
2 (8)

Proof FromLemma1.2,Eq.(1)isclear.

∑
α,β
trAαAβ  tr(Aα)tr(Aβ)=    

∑
l,m
∑
β

(∑
k
hβ

kk)hβ
lm  2 ≥0.

  Forfixedα,wehavehα
kl=λα

kδkl.Accordingto
Cauchy-Schwarzinequality,wehave

trA2
αAβ  =∑

k

(λα
k)2hβ

kj ≤         

∑
k

(λα
k)2∑

M

(λα
M)2(hα

mm)2 ≤

∑
k

(λα
k)2∑

M

(λα
M)2∑{k,m}(h{km}α)2 =

tr(A2
α) tr(A2

β).
Then

|∑
α,β
trA2

αAβ  tr(Aβ)|≤          

∑
β
∑
α
trA2

αAβ    2∑
β
tr(Aβ)2 ≤

∑
β
∑
α
tr(A2

α) tr(A2
β)  

2

∑
β

(trAβ)2 =

HS
3
2.

  Eqs.(6)~(8)Q.E.D.

2 ProofsofTheorems
Proof Let’sprovetheTheorem0.1first:

Since the mean curvature vector of Mn is
parallel,then

∑
i
hα

iik =0,∑
i
hα

iikj =0.

Multiplying∑
M
hα

mmonthebothsidesofthesecond

expressioninEq.(5)andsummingupwithrespect
onα,weobtainthat

0= ∑
α,β,i,j,k,m

hα
mmhβ

iihα
jkhβ

jk - n-|T|2  c∑
α,i,m

hα
iihα

mm =

∑
j,k
∑
α

(∑
i
hα

ii)hα
jk  2-

n-|T|2  c∑
α
∑
i
hα

ii  2 ≥- n-|T|2  cH2.

  Accordingtoc<0,thenH2=0,thenMnis
minimal.

Proof ProvingTheorem0.2:Similarlyto
theproofofTheorem0.1,weget

0=∑
j,k
∑
β

(∑
i
hβ

ii)hβ
jk  2-

n-|T|2  c∑
α
∑
i
hα

ii  2=

∑
j,k
∑
β

(∑
i
hβ

ii)2∑
α

(hα
jk)2  -
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n-|T|2  c∑
α
∑
i
hα

ii  2=
H2 S-(n-|T|2)c  .

FromS<(n-|T|2)c,itfollowsthatH2=0.
Proof NowweproveTheorem0.3:Suppose

Mnisnota minimalsubmanifold,thenh≠0.
Choosingen+1∥h,wehave

h=
1
n∑i hn+1

ii ;∑
i
hn+1

ii =n|h|;

∑
i
hα

ii=0,∀α≠n+1.

SinceMnisaparallelmeancurvaturesubmanifold,
fromLemma1.1wehave

∑
i,j,k

hn+1
ii hn+1

jk hα
jk =0,α≠n+1

∑
i,j,k

hn+1
ii hn+1

jk hn+1
jk - n-|T|2  c∑

i
hn+1

ii =0,

      ∀α≠n+1













(9)

Fromh≠0andEq.(9)weget

∑
j,k

(hn+1
jk )2=(n-|T|2)c.

SoSh = (n -|T|2)c,whichresultsina
contradiction.

Proof IntheproofofTheorem0.4:Taking
thecovariantderivativewithrespecttojonthe
bothsidesofthefirstexpressioninEq.(5),and
summingupwithrespecttoj,wehave

∑
α,i,j,k

2hα
iikjhα

jk +2hα
iikhα

kjj +hα
iijhα

kkj +hα
kkijhα

ii  =0.

Thenweget

∑
α,i,j,k

hα
ijhα

kkij =-
1
2∑α,i,j,k3h

α
iikhα

jjk +hα
iihα

jjkk  =

-
3
2∑α,i,j,k hα

iikhα
jjk +hα

iihα
jjkk  + ∑

α,i,j,k
hα

iihα
jjkk(10)

From
1
2Δ
(H2)=∑

α,i,j,k
hα

iikhα
jjk +hα

iihα
jjkk  (11)

andfromEq.(5),wehave

∑
α,i,j,k

hα
iihα

jjkk =∑
α,β
tr(Aα)tr(Aβ)tr(AαAβ)-

n-|T|2  cH2 (12)
  SubstitutingEqs.(8),(9)intoEq.(7),

wehave

∑
α,i,j,k

hα
ijhα

kkij =-
3
4Δ
(H2)+         

∑
α,β
tr(Aα)tr(Aβ)tr(AαAβ)- n-|T|2  cH2

(13)

FromEqs.(1)~(4),(5)and(10),weobtain
1
2ΔS+

3
4Δ
(H2)=∑

α,i,j,k

(hα
ijk)2+      

∑
α,β
tr(Aα)tr(Aβ)tr(AαAβ)- n-|T|2  cH2+

2∑
α,β
trAαAβ  2-tr(A2

βA2
α)  -

∑
α,β
tr(AαAβ)  2+3nc∑

α,i,j
hα

ijHαTiTj -

n2c∑
α
Hαηα  2-2nc∑

α,i,j,k
hα

ijhα
ikTkTj +

nc∑
α,β,i,j

hα
ijhβ

ijηαηβ + n-|T|2  cS-cn2H2+

∑
α,β
trA2

αAβ  tr(Aβ) (14)

FromLemma1.3andEq.(14)wehave
1
2ΔS+

3
4Δ
(H2)≥- n-|T|2  cH2-

3
2S

2+

(n-|T|2)S-HS
3
2 -2cn2H2-

2ncS|T|2+ncS=cH2 - n-|T|2  -2n2  +

S -HS
1
2 +2nc-(1+2n)c|T|2-

3
2S





 




 .

SinceMniscompact,weget

∫Mn 2n2+n-|T|2  H2c+S 32S+HS
1
2 -

2nc+(1+2n)c|T|2  dVMn ≥0.

  Proof ThelastweproveTheorem 0.5.
From Theorem 0.1,weknow Mnis minimal.
SinceMniscompact,fromTheorem0.4,wehave

∫MnS
3
2S-2nc+(1+2n)c|T|2



 




 dVMn ≥0.

Noting

S≤
2
3 2nc-(1+2n)c|T|2  ,

we know Mn is totally geodesic,or S =
2
3 2nc-

(1+2n)c|T|2  .
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