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含指数增长非线性项的椭圆方程的多解性

薛益民,陈守婷

(徐州工程学院数学与物理科学学院,江苏徐州221018)

摘要:利用Li的一个奇异Trudinger-Moser不等式、没有Palais-Smale条件的山路引理和Ekeland的变分

原理,借鉴文献[11,15]的方法证明了一类含指数增长非线性项的椭圆形方程的多解性.
关键词:奇异Trudinger-Moser不等式;山路引理;指数增长;多解

0 Introductionandmainresults
LetΩ beasmoothboundeddomaininRR N

(N≥2),W1,p
0 (Ω)(p≥1)betheusualSobolev

space,acompletionofC1
0(Ω)underthenorm

‖u‖W1,p0 (Ω)=∫Ω
|∇u|pdx  1

/p
.

ThentheSobolevembeddinggives

W1,p
0 (Ω)

L
Np

N-p(Ω),when1≤p<N,

C1-
N
p(Ω),whenp>N. 

  Whenp=N,itisknownastheTrudinger-
Moserembedding[1-5],namely

supu∈W1,N0 (Ω),‖u‖W1,N0 (Ω)≤1∫Ω
eα|u|

N
N-1dx< ∞,

∀α≤αN =Nω1/(N-1)
N-1 (1)



whereωN-1denotestheareaoftheunitsphereinRR
N.Moreover,αNisthebestconstantinthesense
thatifα>αN,allintegralsinEq.(1)arestill
finite,butthesupremumisinfinite.InRef.[6],Eq.
(1)wasextendedbyAdimurthiandSandeeptoa
singularTrudinger-Moserinequality,namely

sup
u∈W1,N0 (Ω),‖u‖W1,N0 (Ω)≤1

∫Ω

eαN(1-β)|u|
N

N-1

|x|Nβ dx< ∞,

∀0≤β<1 (2)

Forunboundeddomain,inparticularforRR N,it
wasprovedbyRefs.[7-10]

sup
u∈W1,N(RRN),∫RRN (|∇u|N+|u|N)dx≤1∫RRN

eαN|u|
N

N-1 -∑
N-2

k=0

αk
N |u|

kN
N-1

k!  dx< ∞ (3)

  AnanalogofEq.(2)inRRNwasduetoAdimurthiandYang[11],namelyforanyβwith0≤β<N,

sup
u∈W1,N(RRN),∫RRN (|∇u|N+|u|N)dx≤1∫RRN

eαN(1-β)|u|
N

N-1 -∑
N-2

k=0

αk
N(1-β)k|u|

kN
N-1

k!  1
|x|βdx< ∞ (4)

  ObviouslyEq.(4)isreducedtoEq.(3)inthe
caseβ=0.InRefs.[8,11-16],Eqs.(3)and(4)

wereappliedtoobtaintheexistenceresultsfor
quasi-linearequationsoftheform

-div|∇u|N-2∇u  +V(x)|u|N-2u=
f(x,u)
|x|β

(5)

forcertainpotentialV:RR N→RRandexponential
nonlinearity f:RR N× RR → RR. For similar
problems,wereferthereaderstoRefs.[17-18].

LetEbethefunctionspacedefinedby

E= u∈W1,N(RRN):∫RRN
V(x)|u|Ndx< ∞  .

  MotivatedbyrecentworksofRefs.[19-21],

weconsidertheequation
-div|∇u|N-2∇u  +           
V(x)|u|N-2u-α‖u‖N-pN

Lp(RR)|u|p-2u=
f(x,u)
|x|β +􀆠h(x) (6)

wherep≥N,0<β<N,􀆠isapositivereal
constant,h:RRN→RRisafunctioninE*,thedual
ofE,VhaspositivelowerboundinRRN,f(x,u)

hasexponentialgrowthlikeeαuN/(N-1)
as|u|→∞,

andαissomepositiveconstant.Forconvenience,

wedenoteafunctionζ:NN×RR→RRas

ζ(N,s)=es -∑
N-2

k=0

sk

k! =∑
∞

k=N-1

sk

k!
(7)

  Throughoutthispaper,V(x)andf(x,s)are
assumedtosatisfy

(H1)V(x)≥V0>0inRRNforsomeconstant

V0>0.

(H2)
1

V(x)∈L
1

N-1(RRN).

(H3)Thereexistpositiverealconstantsα0,

a1,a2suchthat

|f(x,s)|≤a1sN-1+a2ζ N,α0s
N

N-1  ,

∀(x,s)∈RRN×RR+.
(H4)Thereexistμ>Nsuchthat

0<μF(x,s)≡μ∫
s

0
f(x,t)dt≤sf(x,s).

(H5)ThereexistpositiverealconstantsR0,M0

suchthat
F(x,s)≤M0f(x,s),∀x∈RRN,s≥R0.

  AccordingtoRefs.[11,14-15],weassume
throughoutthispaper

f(x,s)≡0,∀(x,s)∈RRN×(-∞,0)(8)

  Itfollowsfrom (H1)thatEisareflexive
Banachspaceendowedwithanorm
‖u‖E,α =                  

∫RRN
|∇u|N +V|u|N  dx-α‖u‖N

Lp(RR)
N  

1
N

(9)

wherep≥Nandαsatisfies
0≤α<λN,p:=           

inf
u∈E,u≢0

∫RRN
|∇u|N +V0|u|N  dx

∫RRN
|u|pdx  N/p

(10)

  AccordingtoRef.[21],undertheassumptionsof
(H1)andEq.(10),thereholdsananalogofEq.(4),
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sup
u∈E,‖u‖E,α≤1∫RRN

eαN(1-β)|u|
N

N-1 -∑
N-2

k=0

αk
N(1-β)k|u|

kN
N-1

k!  1
|x|βdx< ∞ (11)

  Nowforanyβ,0<β<N,wedefine

λβ = inf
u∈E,u≢0

‖u‖N
E,α

∫RRN

|u|N

|x|βdx
(12)

  Itisclearthatλβ>0.DenoteK(r)=sup
|x|≤r

V(x)

and

M =inf
r>0

(N -β)N

αN-1
0 rN-1e

(N-β)
(N-2)!

NN K(r)rN (13)

whereα0isgivenby (H3).OwingtoV(x)∈
C(RRN,RR)and(H1),onecanobtainthatK(r)>0
iscontinuousandMcanbeattainedbysomer>0.

Now our main results can be stated as
follows:

Theorem0.1 Let0<β<NbefixedandMbe
givenasinEq.(13).SupposethatV∈C(RRN,RR)

andf∈C(RR N×RR,RR)satisfy(H1)~(H5),h
belongstoE* and0≤h ≢0.Moreover,the
followingtwohypothesesaresatisfied:

(H6 ) limsup
s→0+

N|F(x,s)|
sN < λβ holds

uniformlyforx∈RRN;
(H7)liminf

s→+∞
sf(x,s)eα0s

N/(N-1)
=β0 >M

holdsuniformlyforx∈RRN.
ThenforanyαsatisfyingEq.(10),there

exists􀆠0>0suchthatif0<􀆠<􀆠0,thentheEq.(6)

hastwodistinctpositiveweaksolutions.
Toprove Theorem 0.1,weemploythe

singularTrudinger-Moserinequality (11)instead
ofEq.(4).Thisistheessentialdifferencebetween
our main results and that of Yang[15]. The
remaining part ofthis paperis organized as
follows:InSection1,wegiveseveraltechnical
lemmas.InSection2,thevariationalframeworks
relatedtoequations(6)isestablished.Finally,we
proveTheorem0.1inSection3.

1 Preliminaries
Inthissection,wegivesomepreliminary

analysisforouruselater.OneisaLions’type

lemma,theotherisanembeddingofthespaceE.
Let0<β<Nbefixed.

Lemma1.1 Letasequence{wk}⊂E,such
that‖wk‖E,α=1,wk⇀w0weaklyinE,wk(x)→
w0(x)and∇wk(x)→∇w0(x)foralmosteveryx∈
RRN.Then,forany0<p<1/(1-‖w0‖N

E,α)1/(N-1),

wehave

sup
k∫RRN

ζ N,αN 1-β/N  p|wk|
N

N-1  
|x|β dx< ∞.

Proof Firstly,for any􀆠 > 0,the Young
inequalityyields

|wk|
N

N-1=|wk -w0+w0|
N

N-1 ≤     

(1+􀆠)|wk -w0|
N

N-1+c(􀆠)|w0|
N

N-1 (14)

  Foranypositiverealconstantsμ,υwith1/μ+
1/υ=1,inview ofEq.(14)and (Ref.[15],

Lemma2.2),wehave

ζ N,αN 1-β/N  p|wk|
N

N-1  ≤        
1
μζ

N,μ(1+􀆠)αN 1-β
N  p|wk -w0|

N
N-1  +

1
υζ N,υc(􀆠)αN 1-β

N  p|w0|
N

N-1  ≤
ζ(N,μ(1+􀆠)αN 1-β

N  p‖wk -w0‖
N

N-1
E,α·

|wk -w0|
‖wk -w0‖E,α  

N
N-1
)+

ζ N,υc(􀆠)αN 1-β
N  p|w0|

N
N-1  .

  ByusingEq.(9)and(Ref.[22],Theorem0.1),

onegets
lim
k→∞
‖wk‖N

E,α -‖wk -w0‖N
E,α =‖w0‖N

E,α.

  Since‖wk‖E,α=1,itiseasytoseethat
‖wk -w0‖N

E,α =1-‖w0‖N
E,α +ok(1),

whereok(1)→0ask→∞.Thereforeforany0<
p<1/(1-‖w0‖N

E,α)1/(N-1),wecanfixasmall
positiverealnumber􀆠andapositiverealnumberμ
closeenoughto1suchthat

0<p<
1

μ(1+􀆠)1-‖w0‖N
E,α +ok(1)  1/{(N-1)}
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andthat

μ(1+􀆠)αN 1-β/N  p‖wk -w0‖E,α <
αN 1-β/N  .

  ThistogetherwithEq.(11)givesthedesired
result.

Lemma1.2 SupposethatV(x)∈C(RR N,

RR)and(H1),(H2)hold.Then,foranyq≥1the

embeddingE Lq(RRN)iscompact.
Proof Firstly,weprovethattheembedding

E Lq(RR N)iscontinuous.By (H1)andthe
Sobolevembeddingtheorem,onecanobtainthat

theembeddingE W1,N (RR N) Lq(RR N)is
continuousforanyN≤q<∞.FromtheHölder
inequality,(H2)andEq.(10),wehave

∫RRN
|u|dx≤                

∫RRN

1
(V(x))1/(N-1)dx  

1-
1
N

∫RRN
V(x)|u|Ndx  

1
N
≤

∫RRN

1
(V(x))1/(N-1)dx  

1-
1
N
·

∫RRN
|∇u|N +V(x)|u|N  dx  

1
N
≤

∫RRN

1
(V(x))1/(N-1)dx  

1-
1
N

CN,p‖u‖E,α.

  HereandthroughoutthispaperCN,p=(λN,p/
(λN,p-α))1/N andλN,pisdefinedbyEq.(10).
Similarly,forany1<γ<N,wecanalsoobtain

∫RRN
|u|γdx≤∫RRN

|u|+|u|N  dx=

∫RRN
|u|dx+∫RRN

1
V(x)V

(x)|u|Ndx≤

∫RRN

1
(V(x))1/(N-1)dx  

1-
1
N

CN,p‖u‖E,α +

1
V0∫RRN

V(x)|u|Ndx≤

∫RRN

1
(V(x))1/(N-1)dx  

1-
1
N

CN,p‖u‖E,α +

1
V0∫RRN

|∇u|N +V(x)|u|N  dx≤

∫RRN

1
(V(x))1/(N-1)dx  

1-
1
N

CN,p‖u‖E,α +

1
V0

CN,p
N‖u‖N

E,α,

whereV0isgivenby (H1).Consequently,we

concludethattheembeddingE Lq (RR N)is
continuous.

Secondly,wewillshowthattheembedding

E Lq(RRN)isalsocompact.Chooseasequence
offunctions{un}⊂E with‖un‖E,α≤Cforany
n,uptoasubsequenceof{un}whichwedenote
againby{un},weneedtoshowthatthereexists
u∈Esuchthatun→ustronglyinLq(RRN)forany
q≥1.Withoutlossofgenerality,wesuppose

un⇀uweaklyinE
un →ustronglyinLq

loc(RRN),∀q≥1
un →ualmosteverywhereinRRN

􀮦

􀮨
􀮧

􀪁􀪁
􀪁􀪁 (15)

  Applying(H2),forany􀆠>0,thereexists
R>0suchthat

∫|x|>R

1
(V(x))1/(N-1)dx  

1-
1
N

<􀆠.

  Therefore,bythe Hölderinequalityand
Eq.(10),weget

∫|x|>R
|un -u|dx≤       

∫|x|>R

1
(V(x))1/(N-1)dx  

1-
1
N
·

∫RRN
V(x)|un -u|Ndx  

1
N
≤

􀆠CN,p‖un -u‖E,α ≤C􀆠 (16)

  Hereandinthefollowing,weoftendenote
variousconstantsbythesameC.Ontheother
hand,byEq.(15),wehavethatun→ustronglyin
L1(BB R),whereBB RistheballwithradiusR.
CombiningthiswithEq.(16),weobtain

limsup
n→∞∫RRN

|un -u|dx≤C􀆠.

  Notethat􀆠isarbitrary,weget

lim
n→∞∫RRN

|un -u|dx=0.

  Foranyq>1,inviewoftheHölderinequality

andthecontinuousoftheembeddingE Ls(RRN)
(s≥1),onehas

∫RRN
|un -u|qdx=           

∫RRN
|un -u|

1
2|un -u|q-

1
2dx≤
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∫RRN
|un -u|dx  

1
2∫RRN

|un -u|2q-1dx  
1
2
≤

C∫RRN
|un -u|dx  

1
2
→0asn→ ∞.

  Thisconcludesthedesiredresult.

2 Variationalframework
Inordertousethecriticalpointtheory,in

this section our main focus is variational
frameworkoftheEq.(6).Now,Letusdefinea
functionalfromEtoRRassociatedtotheEq.(6)as

Jα,􀆠(u)=
1
N∫RRN

|∇u|N +V(x)|u|N  dx-

α
N∫RRN

|u|pdx  
N
p
-

∫RRN

F(x,u)
|x|β dx-􀆠∫RRN

hudx (17)

whereF(x,s)=∫
s

0
f(x,t)dtisaprimitiveoff(x,

s).ItiseasytoseethatJα,􀆠(0)=0.Moreover,by
Proposition1inRef.[14]andstandardarguments
inRef.[23],wededucethatJα,􀆠(u)∈C1(E,RR).
Asimplecalculationgives
<J'α􀆠(u),φ>=               

∫RRN
|∇u|N-2∇u∇φ+V(x)|u|N-2uφ  dx-

α‖u‖N-pN
Lp(RR)∫RRN

|u|p-2uφdx-

∫RRN

f(x,u)
|x|β φdx-􀆠∫RRN

hφdx (18)

foranyφ∈E.Henceu∈Eisacriticalpointofthe
functionalJα,􀆠(u)ifandonlyifuisapositive
weaksolutionoftheequation(6).Therefore,to
findtheexistenceofpositiveweaksolutionsforthe
equation (6),wejustfocusonstudyingthe
existenceofcriticalpointsofthefunctionalJα,􀆠(u)
onE.Now,wegiveseveralnecessarylemmason
functionalJα,􀆠(u),whichareneededintheproof
ofourmainresult.

Lemma2.1 Supposethattheconditions
(H1),(H3)~(H6)aresatisfied.Then,wehave

(Ⅰ1)Jα,􀆠(tu)→-∞ast→+∞forevery
compactlysupportedfunctionu∈W1,N(RRN)\{0};

(Ⅰ2)thereexists􀆠1>0suchthatforany􀆠∈
0,􀆠1  ,wecanfindsomer􀆠,ϑ􀆠>0suchthatJα,􀆠

(u)≥ϑ􀆠foranyuwith‖u‖E,α=r􀆠,wherer􀆠can
betakensuchthatr􀆠→0as􀆠→0;

(Ⅰ3)suppose􀆠>0,h≢0,thereexistsareal
constantτ>0suchthat inf

‖u‖E,α≤t
Jα,􀆠(u)<0forany

t∈ 0,τ  .
Proof Accordingto(H4)and(H5),there

existsapositiverealconstantR0suchthatforany
(x,s)∈RRN×[R0,∞),F(x,s)>0andμF(x,s)≤

s
􀆟F(x,s)

􀆟s
,whichshows

􀆟lnF(x,s)
􀆟s ≤μ

s.

  Nowweintegratetheaboveinequalityfrom
R0toμ onbothsidesonstogetF(x,s)≥
F(x,R0)

Rμ
0

sμ.Supposeuissupportedinabounded

domainΩ.Therefore,forany(x,s)∈Ω×[R0,

∞),thereexistsapositiverealconstantb1such
thatF(x,s)≥b1sμ.Accordingto(H4),also
noticethatf(x,s)isacontinuousfunction,for
any(x,s)∈Ω×[0,R0],thereexistsapositive
realconstantb2suchthatF(x,s)≥-b2.Thus,

forany(x,s)∈Ω×[0,∞),weknowthatF(x,

s)≥b1sμ-b2,whichimplies

Jα,􀆠(tu)=
1
N∫Ω

|∇tu|N +V(x)|tu|N  dx-

α
N∫Ω

|tu|pdx  
N
p
-∫Ω

F(x,tu)
|x|β dx-􀆠∫Ω

htudx≤

tN

N‖u‖
N
E,α -b1tμ∫Ω

|μ|N

|x|βdx+

b2∫Ω

1
|x|βdx-􀆠t∫Ω

hudx.

  Observingthatμ>N≥2andb1>0,wehave
Jα,􀆠 (tu)→ - ∞ ast → + ∞.From the
aforementioneddiscussion,itisobviousthatthe
conclusionisalsosuitableforJα (u).Hence,

property(Ⅰ1)holds.
Now,applying(H6),wededucethatthere

aretwopositiverealconstantsτandδsuchthat
for|s|≤δ,x∈RRN,then

|F(x,s)|≤
(λβ -τ)|s|N

N .

  Ontheotherhand,owingto (H3),when
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|s|≥δ,wehave

F(x,s)≤∫
|s|

0
a1tN-1+a2ζ(N,α0t

N
N-1)  dt≤

a1|s|N

N +a2ζ(N,α0s
N

N-1)|s|≤

cδ,N ζ(N,α0s
N

N-1)  |s|N+1,

wherecδ,N≥
a1

δNζ N,α0sN/(N-1)  +
a2

δN.Thenfor

any(x,s)∈RR N×RRandbyapplyingtheabove
mentionedtwoinequalities,onecanwritethat

F(x,s)≤
(λβ -τ)|s|N

N +

Cζ(N,α0s
N

N-1)  |s|N+1 (19)

  Nextwewillshowthat

∫RRN

|u|N+1ζ(N,α0|u|
N

N-1)
|x|β dx≤C‖u‖N+1

E,α

(20)

  Therefore,wesupposeu* istheSchwarz
rearrangementof|u|.ItfollowsfromTheorem2.1
inRef.[11](Hardy-Littlewoodinequality)that

∫RRN

|u|N+1ζ N,α0|u|
N

N-1  
|x|β dx≤

∫RRN

|u*|N+1ζ N,α0|u*|
N

N-1  
|x|β dx (21)

  Letapositiverealnumber

γ>2
N

ωN-1  
1/N

‖u‖LN(RRN) (22)

  Foranypositiverealconstantc,c',d,d'
withc>1,1<d<N/β,1/c+1/c'=1,1/d+
1/d'=1,bytheHölderinequality,wehave

∫|x|≤γ

|u*|N+1ζ N,α0|u*|
N

N-1  
|x|β dx≤

∫|x|≤γ

|u*|N+1eα0|u
*|

N
N-1

|x|β dx≤

∫|x|≤γ

ecα0|u
*|

N
N-1

|x|β dx  
1
c

∫|x|≤γ

1
|x|βddx  

1
c'd
·

∫|x|≤γ
|u*|(N+1)c'd'dx  

1
c'd'
≤

C∫RRN
ζ N,cα0|u*|

N
N-1  

|x|β dx  
1
c
·

∫RRN
|u*|(N+1)c'd'dx  

1
c'd'

.

  Adding Eq.(11)and the continuous

embeddingE Lq(RR N)(N≤q<∞)inLemma
1.2andchoosing‖u‖E,αsmallenoughsuchthat

cα0‖u‖
N

N-1
E,α ≤αN,weobtain

∫|x|≤γ

|u*|N+1ζ N,α0|u*|
N

N-1  
|x|β dx≤

C‖u‖N+1
E,α (23)

whereCdependsonlyonN,γ,β.ByEq.(22),

theradiallemmaandthecontinuousembedding

E LN+1(RRN)(seeLemma1.2),wecandeduce
thatforsomepositiverealconstantC

∫|x|≥γ

|u*|N+1ζ N,α0|u*|
N

N-1  
|x|β dx≤

ζ N,α0|u*(γ)|
N

N-1  
|γ|β ∫|x|≥γ

|u*|N+1dx≤

ζ N,α0
1
2  

N
N-1  

|γ|β ‖u*‖
N+1

LN+1(RRN)≤C‖u‖N+1
E,α

(24)

  ItfollowsfromEqs.(21),(23)and(24)that
Eq.(20)holds.Infact,Eq.(12)impliesforall
u∈E,u≢0,0≤β<N

λβ∫RRN

|u|N

|x|βdx≤ ‖u‖E,α (25)

  Alsoby(H1),wehave

‖u‖LN(RRN)=∫RRN

1
V(x)V

(x)|u|Ndx  
1
N

≤

1
V1/N
0 ∫RRN

V(x)|u|Ndx  
1
N
≤

1
V1/N
0 ∫RRN

|∇u|N +V(x)|u|N  dx  
1
N
≤

CN,p

V1/N
0
‖u‖E,α.

  ThistogetherwithEqs.(19),(20),(25)and
theHölderinequalityleadsto

Jα,􀆠(u)=
1
N‖u‖

N
E,α -        

∫RRN

F(x,u)
|x|β dx-􀆠∫RRN

hudx≥

1
N‖u‖

N
E,α -

λβ -τ
N∫RRN

|u|N

|x|βdx-

C‖u‖N+1
E,α -􀆠‖h‖L

N
N-1(RRN)‖u‖LN(RRN)≥
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τ
Nλβ

‖u‖N
E,α -C‖u‖N+1

E,α -

􀆠CN,p

V1/N
0
‖u‖E,α‖h‖L

N
N-1(RRN)=

‖u‖E,α(
τ

Nλβ
‖u‖N-1

E,α -C‖u‖N
E,α -

􀆠CN,p

V1/N
0
‖h‖L

N
N-1(RRN)) (26)

  Noticethatτ>0,thenthereexistsasmall
enoughrealconstantr>0suchthat

τ
Nλβ

rN-1-CrN ≥
τ
2Nλβ

rN-1 (27)

  Alsonoticethath≢0,forsmallenough􀆠>0,

firstofallwechooser􀆠suchthat

τ
2Nλβ

r􀆠
N-1=

2􀆠CN,p

V1/N
0

‖h‖L
N

N-1(RRN),

thenwelet

ϑ􀆠=
􀆠CN,p

V1/N
0
‖u‖L

N
N-1(RRN).

  FromEq.(26)andtheabovetwoequalities,

wederiveJα,􀆠(u)≥ϑ􀆠foranyuwith‖u‖E,α=r􀆠

andr􀆠→0as􀆠→0.Thus,property(Ⅰ2)istrue.
Bythestandardmethodbasesonvariation,

wemaysupposethatυisaweaksolutionof

-div|∇υ|N-2∇υ  +V(x)|υ|N-2υ-
α‖υ‖N-p

Lp
(RRN )|υ|p-2υ=􀆠hinRRN .

  Letusobservethath≢0,then􀆠∫RRNhυdx=

‖υ‖N
E,α>0.Foranyt>0,weknowthat

d
dtJα,􀆠(tυ)=tN-1‖υ‖N

E,α -

∫RRN

f(x,tυ)
|x|β υdx-􀆠∫RRN

hυdx.

  Thistogetherwithf(x,0)=0,weobtain
d
dtJα,􀆠(tυ)|t=0<0.Usingcontinuityyieldsthereis

τ>0suchthat
d
dtJα,􀆠(tυ)<0foranyt∈ 0,τ  .

SinceJα,􀆠=0,wehaveJα,􀆠(tυ)<0foranyt∈
0,τ  ,whichendstheproofofproperty(Ⅰ3).
Inordertoobtainthemin-maxlevelofthe

functionalJα,􀆠(u),werecallthefunctionsequence
ofMoser

M􀮨n(x,r)=
1

ω1/N
N-1

(logn)1-1/N,if|x|≤
r
n
,

log
r

|x|
(logn)1/N

,if
r
n ≤|x|≤r,

0,if|x|>r,

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁􀪁

􀪁
􀪁
􀪁􀪁

whereωN-1isgivenbyEq.(1).LetMn(x,r)=

M􀮨n(x,r)/‖M􀮨n‖E,α.Obviously,‖Mn‖E,α=1
andMn∈E withitssupportinBR(0).

Lemma2.2 SupposethatV(x)∈C(RRN,RR)

andthecondition(H1)holds.Thenwehave

‖M􀮨n(x,r)‖N
E,α ≤             

1+
m(r)
logn

(N -1)!
NN rN +on(1)  -

α‖M􀮨n(x,r)‖N
Lp
(RRN )
,

wherem(r)=max|x|≤rV(x)andon(1)→0as
n→∞.

Proof Byasimplecalculation,wehave

∫RRN
|∇M􀮨n(x,r)|N  dx=

1
ωN-1logn∫RRN

1
|x|Ndx=1

and

∫RRN
|M􀮨n(x,r)|N  dx=

∫|x|≤
r
n

logn  N-1

ωN-1
dx+

∫r
n≤|x|≤r

log
r

|x|  
N

ωN-1logn
dx=

r
n  

N logn  N-1

N +
1
logn

(N -1)!
NN rN +on(1)  =

1
logn

(N -1)!
NN rN +on(1)  .

  Herewehaveusedtheintegrationbyparts.
Consequently,weget

‖M􀮨n(x,r)‖N
E,α =              

∫RRN
|∇M􀮨n(x,r)|N +V(x)|M􀮨n(x,r)|N  dx-

α‖M􀮨n(x,r)‖N
Lp
(RRN )≤

1+
m(r)
logn

(N -1)!
NN rN +on(1)  -

α‖M􀮨n(x,r)‖N
Lp
(RRN ).

Lemma2.3 Supposethattheconditions(H1),
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(H3),(H4),(H5)and(H7)aresatisfied.Then
thereexistsapositiveintegernsuchthat

max
t≥0

Jα(tMn)<
1
N

N -β
N

αN

α0  
N-1

.

  Alsofortheaforementionedn,thereexist
tworealconstants􀆠*andδ*suchthat,forany􀆠∈
[0,􀆠*),wehave

max
t≥0

Jα,􀆠(tMn)<
1
N

N -β
N

αN

α0  
N-1

-δ*.

  Proof SincethefunctionalsJα(u)andJα,􀆠(u)
are smaller than those in Ref.[15],the
inequalitiesinthelemmaaretrivial.

Next,wewillproveananalogof(Ref.[15],

Lemma2.4)asfollows:

Lemma2.4 Supposethat{un}⊂Eandthe
conditions(H1)~(H5)aresatisfied.if{un}isa
Palais-SmalesequenceofJα,􀆠,thatis

lim
n→∞

Jα,􀆠(un)=cinE (28)

and
lim
n→∞

J'α􀆠(un)=0inE* (29)

  Then,thereexistsasubsequenceof{un}
(stilldenotedby{un})andu∈Esuchthatun⇀u
weaklyinE,un→ustronglyinLq(RRN)forany
q≥1,and
f(x,un)
|x|β →

f(x,u)
|x|β stronglyinL1(RRN),

F(x,un)
|x|β →

F(x,u)
|x|β stronglyinL1(RRN),

∇un(x)→ ∇u(x)almosteverywhereinRRN .

􀮦

􀮨

􀮧

􀪁
􀪁
􀪁
􀪁
􀪁
􀪁

Inaddition,uisaweaksolutionofEq.(6).
Proof Observing (H4)andEq.(8),we

obtainforsomeμ>N
0≤μF(x,un)≤unf(x,un) (30)

  Next,wesupposethat{un}isaPalais-Smale
sequenceofJα,􀆠.Then,fromEqs.(17)and(28)

itfollowsthat

Jα,􀆠(un)=
1
N∫RRN

|∇un|N +V(x)|un|N  dx-

α
N∫RRN

|un|pdx  
N
p
-

∫RRN

F(x,un)
|x|β dx-􀆠∫RRN

hundx=

1
N‖un‖N

E,α -∫RRN

F(x,un)
|x|β dx-

􀆠∫RRN
hundx→casn→ ∞.

  Multiplyingbothsidesofthelastequationby
μ,wehave

μ
N‖un‖N

E,α -∫RRN
μF(x,un)

|x|β dx-

μ􀆠∫RRN
hundx=μc+on(1) (31)

whereon(1)→0asn→∞.AlsofromEqs.(18)
and(19),wegetforanyφ∈E

<J'α􀆠(un),φ>=∫RRN
(|∇un|N-2∇un∇φ+

V(x)|un|N-2unφ)dx-

α‖un‖N-p
Lp
(RRN )∫RRN

|u|p-2unφdx-

∫RRN

f(x,un)
|x|β φdx-􀆠∫RRN

hφdx→0asn→ ∞

(32)

thistogetherwithEq.(18)gives
|<J'α􀆠(un),φ>|≤an‖φ‖E,α,∀φ∈E

(33)

wherean→0asn→∞.Choosingφ=uninthelast
inequality,wecanconcludethat

-(∫RRN
|∇un|N +V(x)|un|N  dx-

α‖un‖N-p
Lp
(RRN )∫RRN

|un|pdx)+

∫RRN

unf(x,un)
|x|β dx+􀆠∫RRN

hundx≤an‖un‖E,α

(34)

  WehavebycombiningEqs.(30),(31)and
(34),

μ
N -1  ‖un‖N

E,α ≤ μ
N -1  ‖un‖N

E,α +

∫RRN

unf(x,un)-μF(x,un)
|x|β dx≤

μ|c|+an‖un‖E,α +
􀆠μ-1  ‖h‖Lp'(RRN)‖un‖Lp(RR)N,

whereμ>N,p≥N,N≥2and1/p+1/p'=1.
Hence‖un‖E,αisbounded,whichtogetherwith
Eq.(31)yields

∫RRN

F(x,un)
|x|β dx≤C (35)

forsomeconstantC.ThusEq.(34)yields

∫RRN

unf(x,un)
|x|β dx≤C (36)
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  ByLemma1.2,uptoasubsequence,un→u
stronglyinLq(RRN)forsomeu∈Eandanyq≥1,

whichmeansthatun →u almosteverywherein
RRN .Sinceu,f(x,u)/|x|β∈L1(RR N),it
followsthat

lim
ρ→+∞∫|u|>ρ

f(x,u)
|x|β dx=0.

  LetC betheconstantgiveninEq.(36).
Againby(H4)andEq.(8),wehave

f(x,u)≥0,uf(x,u)=|u|f(x,|u|).
  Then,foranygiven􀆠>0thereexistsK>C/􀆠
suchthat

∫|u|≥K

f(x,u)
|x|β dx≤            

1
K∫|u|≥K

uf(x,u)
|x|β dx≤

C
K <􀆠 (37)

  Similarlywehave

∫|un|≥K

f(x,un)
|x|β dx≤            

1
K∫|un|≥K

unf(x,un)
|x|β dx≤

C
K <􀆠 (38)

  Foranyx∈RRNand|un(x)|<K,according
to(H3),thereisaconstantC0dependingonlyon
Ksuchthat|f(x,un)|≤C0|un|N-1.Since
|un|N-1/|x|β→|u|N-1/|x|βstronglyinL1(RRN)

andun→ualmosteverywhereinRR N,itfollows
from the generalized Lebesgue’s dominated
convergencetheoremthat

lim
n→∞∫|un|<K

f(x,un)
|x|β dx=∫|u|<K

f(x,u)
|x|β dx,

thatis,foranygiven􀆠>0onecantakesome
positiveintegern0suchthatwhenn>n0

|∫|un|<K

f(x,un)
|x|β dx-∫|un|<K

f(x,u)
|x|β dx|<􀆠.

  ThistogetherwithEqs.(37),(38)andf(x,

u)≥0leadsto

|∫RRN

f(x,un)
|x|β dx-∫RRN

f(x,u)
|x|β dx|≤

|∫|un|≥K

f(x,un)
|x|β dx-∫|un|≥K

f(x,u)
|x|β dx|+

|∫|un|<K

f(x,un)
|x|β dx-∫|un|<K

f(x,u)
|x|β dx|≤

|∫|un|≥K

f(x,un)
|x|β dx+∫|un|≥K

f(x,u)
|x|β dx+

|∫|un|<K

f(x,un)
|x|β dx-∫|un|<K

f(x,u)
|x|β dx|<3􀆠,

whichyields

lim
n→∞∫RRN

f(x,un)
|x|β dx=∫RRN

f(x,u)
|x|β dx.

  Notingalsothatf(x,un)≥0,weobtain

lim
n→∞∫RRN

|f(x,un)-f(x,u)|
|x|β dx=0 (39)

  Thanksto(H3)and(H5),thereexisttwo
positiveconstantsc1,c2suchthatF(x,un)≤
c1|un|N+c2f x,un  .Thus,by Eq.(39),

Lemma1.2 andthe generalized Lebesgue’s
dominatedconvergencetheorem,weget

lim
n→∞∫RRN

|F(x,un)-F(x,u)|
|x|β dx=0.

  Nextbyapplyingtheproofof(Ref.[11]Eq.
(4.26)),wederive
∇un(x)→ ∇u(x)almosteverywhereinRRN

and
|∇un|N-2∇un⇀|∇u|N-2∇uweaklyin

L
N

N-1(RRN)  N .
  Lettingn→∞inEq.(32),weget

∫RRN
|∇u|N-2∇u∇φ+V(x)|u|N-2uφ  dx-

α‖u‖N-p
Lp
(RRN )∫RRN

|u|p-2uφdx-

∫RRN

f(x,u)
|x|β φdx-􀆠∫RRN

hφdx=0

foranyφ∈C∞
0 (RRN),whichisdenseinE.Thusu

isaweaksolutionofEq.(6).

3 ProofofTheorem0.1
In this section, we are ready to prove

Theorem 0.1 by applying the mountain-pass
theorem withoutthePalais-Smalecondition.It
sufficestoprovethatthefunctionalJα,􀆠hastwo
distinctcriticalpointsinE.

ProofofTheorem0.1 Firstofall,wewill
provethattheequation(6)hasamountain-pass
typeweaksolution.Supposethat􀆠1isgivenby
(Ⅰ1)ofLemma2.1,and􀆠*,δ* aregivenby
Lemma2.3.Accordingto (Ⅰ1)and (Ⅰ2)of
Lemma2.1,for􀆠∈(0,􀆠1),onecaneasilyfind
thatJα,􀆠(u)∈C1(E,RR),Jα,􀆠(u)≥ϑ􀆠for
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‖u‖E,α=r􀆠andinf‖e‖E,α≤tJα,􀆠(e)<0fort∈
0,τ  .Then,bythe mountain-passtheorem
withoutthePalais-SmaleconditioninRef.[23],

thereexistsasequence{vn}⊂Esuchthat
lim
n→∞

Jα,􀆠(vn)=cminE,lim
n→∞

J'α􀆠(vn)=0inE*

(40)

herecm =infγ∈Γmaxu∈γJα,􀆠 (u)≥ϑ􀆠 >0isa
minimaxvalueofJα,􀆠with
Γ={γ∈C [0,1],E  ,γ0  =0,γ1  =e}.
  Take􀆠2=min{􀆠1,􀆠*}.Thenforany􀆠∈
0,􀆠2  ,byLemmas2.3and2.4,weobtainthat

0<cm <
1
N

N -β
N

αN

α0  
N-1

-δ* (41)

andthatuptoasubsequence,vnconvergesweakly
inEtoaweaksolutionu1ofEq.(6).

Second,wewillshowthattheEq.(6)hasa
localminimumtypeweaksolutionu2.Suppose
thatr􀆠isgivenby(Ⅰ2)ofLemma2.1.Thenit
followsfrom(Ⅰ2)ofLemma2.1thatJα,􀆠(u)≥
ϑ􀆠>0for‖u‖E,α=r􀆠,andthat

lim
n→∞

r􀆠=0 (42)

  Hencethereexistssome􀆠3∈(0,􀆠2)suchthat
for􀆠∈(0,􀆠3)

r􀆠<
N -β
N

αN

α0  
N

N-1
(43)

  From(H3)and(H4),weget
F(x,u)≤a1|u|N +

a2|u|ζ N,α0‖u‖
N

N-1
E,α

|u|
‖u‖E,α  

N
N-1  
(44)

  If‖u‖E,α≤r􀆠,wehave

α0‖u‖
N

N-1
E,α < 1-β

N  αN .

  Then,if‖u‖E,α≤r􀆠,bythelastinequality,

Eq.(11)andRef.[15],Lemma1.1,wegetthat
F(x,u)/|x|βisboundedinLp(RRN)∩L1(RRN).
ThereforeJα,􀆠haslowerboundonBr􀆠={u∈E:

‖u‖E,α≤r􀆠}.ItisobviousthatBr􀆠⊂Eisconvex

andJα,􀆠∈C1(E,RR)haslowerboundonBr􀆠.It
followsfrom Ekeland’svariationalprinciple[24]

thatthereisasequence{un}⊂Br􀆠suchthat
lim
n→∞

Jα,􀆠(un)=c􀆠:= inf
‖u‖E,α≤r􀆠

Jα,􀆠(u)inE,

lim
n→∞

J'α􀆠(un)=0inE* (45)

  Then,bycombining(Ⅰ3)ofLemma2.1,

Eq.(44),Lemma1.4andtheHölderinequality,

wegetthatc􀆠<0,

lim
􀆠→0

sup
‖u‖E,α≤r􀆠∫RRN

F(x,u)
|x|β dx=0,

lim
􀆠→0

sup
‖u‖E,α≤r􀆠∫RRN

hudx=0,

which meansthatlim
􀆠→0

c􀆠 =0.Supposeun ⇀u2

weaklyinE.Letusnowsubstituteφ=un-u2

intoEq.(33)

∫RRN
(|∇un|N-2∇un∇(un -u2)+

V(x)|un|N-2un(un -u2))dx-

α‖un‖N-p
Lp
(RRN )∫RRN

|un|p-2un(un -u2)dx-

∫RRN

f(x,un)
|x|β

(un -u2)dx-

􀆠∫RRN
h(un -u2)dx→0asn→ ∞.

  Thisfact,togetherwithEqs.(43),(11),

Lemma1.2andtheHölderinequalityleadsto

lim
n→∞∫RRN

f(x,un)
|x|β

(un -u2)dx=0,

lim
n→∞

􀆠∫RRN
h(un -u2)dx=0.

Sothat

∫RRN
(|∇un|N-2∇un∇(un -u2)+

V(x)|un|N-2un(un -u2)dx-

α‖un‖N-p
Lp
(RRN )∫RRN

|un|p-2un(un -u2)dx→0

asn→ ∞ (46)

  Itfollowsfromun⇀u2weaklyinEthat

∫RRN
(|∇u2|N-2∇u2∇(un -u2)+

V(x)|u2|N-2u2(un -u2))dx-

α‖u2‖N-p
Lp
(RRN )∫RRN

|u2|p-2u2(un -u2)dx→0

asn→ ∞ (47)

  SubtractingEq.(47)fromEq.(46),applying
(I)inChapter10ofRef.[25],wecandeducethat
‖un-u2‖N

E,α→0asn→∞.Thenun→u2strongly
inE.AlsonoticethatJα,􀆠(u)∈C1(E,RR),one
caneasilyfindthatJα,􀆠(u2)=c􀆠andJ'α􀆠(u2)=0.
Therefore,byLemma2.4,itfollowsthatu2isa
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weaksolutionofEq.(6).
Finally, we will verify that two weak

solutionsu1 andu2 are distinct.Suppose by
contradictionthatu1≡u2.ItfollowsfromLemma
1.5andtheHölderinequalitythat

lim
n→∞∫RRN

hvndx=∫RRN
hu2dx (48)

  ByLemma2.4,wealsohave

lim
n→∞∫RRN

F(x,vn)
|x|β dx=∫RRN

F(x,u2)
|x|β dx (49)

  SubstitutingEqs.(48)and (49)intoEq.
(40),wehave

lim
n→∞

1
N‖vn‖N

E,α =cm +        

∫RRN

F(x,u2)
|x|β dx+􀆠∫RRN

hu2dx (50)

  Similarly,wecanalsoobtain

lim
n→∞

1
N‖un‖N

E,α =c􀆠+       

∫RRN

F(x,u2)
|x|β dx+􀆠∫RRN

hu2dx.

  ThistogetherwithEq.(50)andlim
n→∞
‖un-

u2‖N
E,α=0gives
lim
n→∞

‖vn‖N
E,α -‖u2‖N

E,α  =N cm -c􀆠  

(51)

  ItfollowsfromEqs.(41)and(42)thatthere
exists􀆠0∈(0,􀆠3)suchthatif0<􀆠<􀆠0,then

0<cm -c􀆠<
1
N

N -β
N

αN

α0  
N-1

(52)

  Forconvenience,wedenote

hn =
vn

‖vn‖E,α
,

h0=
u2

‖u2‖N
E,α +N cm -c􀆠    1/N

.

  FromEq.(51)andvn⇀u2weaklyinE,we
havehn⇀h0weaklyinE.Notethat

∫RRN
ζ N,α0|vn|

N
N-1  

|x|β dx=       

∫RRN
ζ N,α0‖vn‖

N
N-1
E,α |hn|

N
N-1  

|x|β dx.

  ThistogetherwithEqs.(51)and(52)yields

lim
n→∞

‖vn‖
N

N-1
E,α 1-‖h0‖N

E,α  
1

N-1 < 1-β
N  αN .

  Thenitfollowsfrom(Ref.[15],Lemma2.1)

andLemma1.1thatζ N,α|u|N/{N-1}  /|x|βis
boundedinLq(RR N)forsomeq>1.By(H3),

wehave

|f(x,vn)|≤a1|vn|N-1+a2ζ N,α0|vn|
N

N-1  .

  MoreoverbythecontinuousembeddingE
Lp(RRN)foranyp≥1,itfollowsthatf(x,vn)/

|x|βisboundedinLq0(RRN)forsomeq0>1.So
by Lemma 1.2 and the Hölderinequality,

weobtain

|∫RRN

f(x,vn)
|x|β

(vn -u2)dx|≤      

‖
f(x,vn)
|x|β ‖Lq0(RRN)‖vn -u2‖Lq'0(RRN),

where1/q0+1/q'0=1.InviewofEq.(48)andthe
lastinequality,bysimilarproofsofEqs.(46)and
(47),weget

∫RRN
(|∇vn|N-2∇vn∇(vn -u2)+

V(x)|vn|N-2vn(vn -u2))dx-

α‖vn‖N-p
Lp
(RRN )∫RRN

|vn|p-2vn(vn -u2)dx→0

asn→ ∞ (53)

and

∫RRN
(|∇u2|N-2∇u2∇(vn -u2)+

V(x)|u2|N-2u2(vn -u2))dx-

α‖u2‖N-p
Lp
(RRN )∫RRN

|u2|p-2u2(vn -u2)dx→0

asn→ ∞ (54)

  SubtractingEq.(54)from Eq.(53)and
applying(I)inChapter10ofRef.[25],wecan
deducethat

lim
n→∞
‖vn -u2‖N

E,α =0,

whichtogetherwithEq.(51)implies
cm =c􀆠.

  Thisyieldsacontradictionsincecm >0and
c􀆠<0.
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