#5504 45 3l ¥ B8 #4 2 £ A * & 3 4 Vol. 50, No. 3

2020 /ElE 3 A JOURNAL OF UNIVERSITY OF SCIENCE AND TECHNOLOGY OF CHINA Mar. 2020

W E S :0253-2778(2020)03-0294-06

L*-harmonic p-forms on submanifolds with finite total curvature
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Abstract: Let M be an n-dimensional complete submanifold with flat normal bundle in an (n+1)-
dimensional sphere S"™. Let H? (L* (M)) be the space of all L*-harmonic p-forms (2<p <<
n—2) on M. Firstly, we show that H? (L?(M)) is trivial if the total curvature of M is less than
a positive constant depending only on n. Secondly, we show that the dimension of H* (L*(M))
is finite provided the total curvature of M is finite.
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studied extensively in various ambient spaces

0 Introduction
during the last two decades. Many results

L?-harmonic forms on submanifolds have been demonstrated the fact that there is a close relation
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between the topology of the submanifold and the
curvature according to the theory of L*-harmonic
forms. In Refs. [ 1-2], it was shown that a
complete minimal hypersurface in Euclidean Space
with the total scalar curvature condition has only
one end. In 2008, Seot™ improved the upper bound
of the total scalar curvature which was given by
Ni#. Later Seo™ proved that if an n-dimensional
complete minimal submanifold M in hyperbolic
space has sufficiently small total scalar curvature,
then M has only one end. In Ref.[5], Fu and Xu

studied L*-harmonic 1-forms on complete
submanifolds in space forms and proved that a
complete submanifold M" (n=3) with finite total
curvature and some conditions on mean curvature
must have finitely many ends. Furthermore,
Cavalcante, Mirandola and Vitorio™® obtained that
if a complete noncompact submanifold M" (n=3)
in Cartan-Hadamard manifold has finite total
curvature and the first eigenvalue with suitable
lower bound, then the space of the L*-harmonic

Zhu and

noncompact

1-forms on M" has finite dimension.

Fang!™ investigated complete
submanifolds in a sphere and obtained a result
which was an improvement of Fu and Xu’ s
To be
specific, they proved the following theorem.

Theorem A(Ref. [7]) Let M"(n = 3)

n-dimensional

theorem on submanifolds in spheres.

be an

complete noncompact oriented
manifold isometrically immersed in an (n +/)-
dimensional sphere S""'. If the total curvature is
finite, then the dimension of H'(L*(M)) is finite
and there are finitely many non-parabolic ends on
M. In 2015, Lin™ studied L?-harmonic p-forms
on complete submanifolds M" (n = 3) with flat
normal bundles in Euclidean space and proved that
if the total curvature of M” is less than an explicit
positive constant, then for any 2<<p<<n — 2, the
space of the L?-harmonic p-forms on M" is trivial.
Zhu and Fang™ studied LZ%-

2-forms on

Recently, Gan,

harmonic complete noncompact
minimal hypersurface in spheres and proved the

following result.

be an

Theorem B (Ref. [9]) Let M"(n = 3)

n-dimensional complete noncompact minimal
hypersurface isometrically immersed in an (n+1)-
dimensional sphere S"*'. There exists a positive
constant 6 (n) depending only on n such that if the
total curvature is less than ¢ (n), then the second
space of reduced L? cohomology of M is trivial.
Inspired by Li-Wang work™" and the above
results, in this paper, we study the space of L*-
harmonic p-forms on submanifold in spheres and
prove the following vanishing and finiteness
theorems.
Theorem 0. 1

(n==4) complete noncompact submanifold with

Let M be an n-dimensional
flat normal bundle in sphere S"7'. There exists a
positive constant ¢ (n) depending only on n such
that if the total curvature is less than ¢ (n), then
H?(L*(M))={0}, 2<<p<<n—2, where constant
c(n) is given by (8).
Theorem 0. 2

(n==4) complete noncompact submanifold with

Let M be an n-dimensional
flat normal bundle in sphere S""'. If the total
curvature is finite and 2 <X p <<n — 2, then the
dimension of H” (L*(M)) is finite,

1 Preliminaries

Suppose M is an n-dimensional complete
submanifold in an (n + [ )-dimensional sphere
S**', A is the second fundamental form and H is
the mean curvature vector of M. The traceless
second fundamental form @ is defined by

P(X.Y)=AX.Y) —(X.Y)H,
for all vector fields X and Y, where (,) is the
metric of M. Obviously
|®|*=|A|*—n | H

We say M has finite total curvature if

2

" 1
1@l ran =C| @[ <.

H?(L*(M)) denotes the space of all L*-harmonic
p-forms on M. Choose local orthonormal frames
€1y *se,, on S""" such that, restricted to M,
e1,*se, are tangent to M. Let w;,**,w,:, be the

dual frames. We then have w, = 0 for each a,



296 P EAFHARKFEFR % 50 %

n+1<<a<<n-+[. From Cartan’s Lemma, we have
w,; =h%w;. The normal bundle of M is flat implies
that there exists an orthonormal frame
diagonalizing £, simultaneously.

Let us recall the following lemmas.

Lemma 1.1 Let M" be an n-dimensional

complete noncompact oriented submanifold in

S"', then
J rrw<er] 1vrirs
M M
J (JH|*4+DF],
M

for each fE€CH(M), where C=n’C,, C, depends
only on n and H is the mean curvature vector of M
in "7,

Lemma 1. 2 (Ref. [8,11-12]) Let M" be a
complete submanifold with flat normal bundles in
S"*", w be a L*-harmonic p-form (2<p<n—2)
on M", then

o Alw|ZK, [V ]el||l"+
pin—p)lol"+Q, ol
where Q, =inf; ., (hf; +-+hi; )]

pH1tpt1

+
ke ). and K, = e K, =&

& n—p 2 »
if %<p<n—2.

2 Proof of our main Theorems

Proof of Theorem 0.1 From the assumption,

there exists an orthonormal {rame diagonalizing &

simultaneously. Direct computation yields

ntl

9 2 Chiy, Ao thS DR ARG D =

1

a=n+1
n+i
2 (h’;.]"l Jr o +h7uin )2 -
a=n+1
ntl
Z (h711| +-.‘+h?pi/))2 o
a=n+1

n+l

D b )=

R
n? | H|*—max{p.n—p) | A|*=
min{p.,n—pin | H|* —max{p.n—p} | & |*

(D
Substituting Eq. (1) into Lemma 1. 2, we have
o Alo[ZK, |V ]wl|l"+

pn—p)|w|*+
min{p,n—p}%|H\2 lw [*—

1

This together with the condition 2 << p << n —
2 yields
wlalel> 101V lwll+
2n—2) o |*+n | H|" o |*—
n—2
2
Setting 7€ C; (M), multiplying Eq. (3) by 3*

@7 |w|® (3)

and integrating over M, we obtain

n—ZJ , , n—1
@Z 22>
5 Ml e Py .,

] IV le iyt

. 2.2 2 2.2
200 =D Tw Iy tn] TH I e g+
SR ICIRAZ AR )
M

Combining the Hoélder inequality with LLemma

1.1, we get

2 27

| lereiy<
J 1ot dulp®T <

M M

o re i) 1vGleb s

M

[ amiEdniwiyp)<

?f(J \cb\")%[J 0V iwll*py+

M M

o P [ Vg P +2 o | (V9. V | )+
[ om0l (5)
M

—2,\/ ¢ 2
Setting E:nTC(J v | @177 and using Egs. (4)

and (5) we have

E| Jwltl vyl

2(E—1>J lw [ (V7. V |w|) =
M

n—li
n—=2

( B 1V eyt
M
26—2) —El| lw ity +
M

B> THI* w5y (6)
M
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Using the Cauchy-Schwarz inequality in Eq.
(6), we get

E—1 .
(E+!)J lw [* | Vg |? =
€ M

n—li B - J .
(n—2 E—| E 1\€)M|V\wH7]+
26—2) —El| oty +

M
B> ITHI* w5y <
M
1f
1 2 —1
<J o< —— [P =) ()
M n—=2 26
then
n—1
—F 0.
n—=2 =
Choosing sufficient small e, we obtain
—1
L E—|E—1]e>o0,
n—=2

n—E>0,2n—2)—FE >0.

Let p(x2) be the geodesic distance on M from
xotox and B, (x)={x €M p(x)<r} for some
fixed point x, € M. Choose n&€Cy (M) as

1, on B,(x,),
JO, on M\B., (z,),

2
{ V<=, on B, (x)\B,(x,),
r

and 0<<y=<<1. Substituting the above 7 into Eq.
(7), we finally have

4 E—1
—7(E+g) J |w |2 =
r- € By, (xo)
n—1 )
( —E—|E—1]¢ | Viw|]”+
n—2 B, ()
[z<n—2>—E]J lw |2+
B, ()
<n—E>j H I w2

- (rg

Since |y |w|2<<oo, by taking r—>°°, we have
Vlw =0 and w=0. That is H” (L*(M))={0}.
This completes the proof of Theorem 0. 1.

Proof of Theorem 0.2 Let w € H? (L*(M)),
2<<p<n—2and p€C; (M\B, (x,)) . Analogous
to Eq. (7), using the proving method of Theorem
0.1 we deduce that

F—1
(F—O—%)J

n—1
n—2

o [P Vg |* =

M\B, (x>

(

—F-lF-1lo| [ Vlelly+

M\Br (xg

(260 —2) — F PAE
M\B, (z)

=B HI" ol (O

M\B_ (x>

— 2. . 2
where F:nTC( | M\B, (xy) |@|")%. The condition

[ ! . . . .
(Jyu|®|")7 <<oo implies that there is a decreasing

positive function e (r) satisfying

lime (r) =0, (J | @ [ <er),

M\B ()

Thus we can choose r=r,>>0 such that

n—1 = n—1
n—2 Cn—2
_2 2
. é(J [ @ ") > 0.
2 M\B, (x,)
Choosing sufficient small e, we get
1
L —F—|F—1l¢>o0.

This together with Eq. (9) yields that

| Vel <
‘M\Br'n (,1'0)

F—1
€ 2
| w2 | Vg |2 =
n—1 M\B, (z)
—F—|F—1]|¢ "o

n—=2

¢ lw 2| Vgl (10)

M\B, (xy)

| o 27 <
M\B, o)

F—1
N
€ 9 o
- - 2 <
2(71—2)—FJM\BYO<JO> [w [ V77| -
¢ lw 2| Vgl an
A‘W\BY(] (J'(‘)

[ ey <
NI\BF” (xg)

F—1
pylEol
1S3

2 2
\Y <
n—F JM\BVO(J'O) Lo PT VI <

¢ PRt a2
1\/1\13’0 (1’(7)

where the positive constant C, depends only on n.
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Applying Lemma 1.1 to y|w| and combining Egs.
(10), (11) and (12), we obtain

R
(g lw T <
M\B, ()

fal 2.2 2 2
]y LN L0 1 1 Ty
210 | 1TV [0 D+ H 4D o Pp]<
¢ o IvielltEtzlel | vy ltt

M\B"o ()
(H 4D o] <

¢ lw 2| Vgl (13
AM\BVO (,z'o )

where positive constant C, depends only on n.
Choose n€ Cy (M\B,O (x24)) as

0. on B, (z,),

p(x) —rqg. on B, 4 (xo)\B,O (x0)

_J1, on B,(l‘o)\B,OH (x0) >

2r — -
Zr el B (eO\B. (20

-
0, on M\B,, (x,),

where p(x) is the geodesic distance on M from x,

to x and r=>r, +1. Substituting  into Eq. (13) it
yields that

(Jw |2y« <
ISY(J'O)\BVO 1 ()

C, ‘
c.| w42 o I?
Bro+1 (,ro)\BrO (,z'o) r- BZr'(’TO)\Br(IO)
s
Since |w | € L2 (M), letting r > o0, we

conclude that

JBV(,IO NB,

C2j<Br<J+] (l‘o)\ Br() (Io)} ‘ w ‘Z (15)

o a2
(w5 <
)

(x
oT1 70

On the other hand, the Holder inequality

asserts that

J o] <
B, 42\,

2 a2
(| w |m2)™
)

vol(B, ., <xo>>>%f

B, 4o Crg\B, Gy
(16>

From Egs. (15) and (16), we conclude that
there exists a constant C; > 0 depending on

vol(B, +,(x¢)) and n such that

J ‘w‘2<csj lw |2 A7
B (x,) (x,)

rot2 o Br'[,+1 *o
Fix a point x € M and take r € C{ (B, (x)).
Multiplying Eq. (3) by |w |7 ?z* with ¢ >>2 and

integrating by parts on B, (x), we obtain

—zj o "V, Y o]y +
B, (x)

1

— 2 , )
el el =
2 Jpw
e e I AT R A PRTR S
n—2 B, ()
20— el tal TH el
Bl(.x'> Bl(.x')
(18)
By using the Cauchy-Schwarz inequality,
we have

—2J o |V Y o)<
Bl(.x‘)

1
n—2

| eV e e
o

=] el Vel (19)
BI(J)
It follows from Egs. (18) and (19) that

<n—2>J lw |1 | Ve |? +
T)

1(.'
n—2
2

[ deriee=

Bl(,x')

@=D] el Vel
B, ()

2(71—2)J |w\"z‘2+nJ | H|* | w |%?
B, (o)

B () 1 (x

20)
On the other hand, setting f € C; (B, (x)),

similar to Lemma 1.1, we have

2n n—2
T <
(x)

B (x

édwﬂ|va+jp

B, G

)(| H "+ Df*]
@D
Applying Eq. (21) to 7| w| 7, we obtain

—2
(J (22 | w D))" <
BI(JM

6[ VoD |+
T)

1=

éj (JH P+ D% o | <
Bl(‘z)
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ZC‘J Vel o+
Bl(x)

2
o L
2 Jpw

éj (H "+ Dz || 22)
HI(I)

Vilwll*+

Inequalities (22) and (20) imply that

—2
<J (2w |Dr)T <
B, (x)

zéj | Vel |wl|f+
B, ()

q* )
2(q*1)6jsl<,r>[(n 2) | Ve [*+
e le -
q° wJ‘ .
2((]*1)(/ 131(‘1’)[2(71 2+

n I H ")l +

6[ GHIP 4D o' <
Bl(l)

qC,IJ (| Vo |* 4+ D | |w |7 (23)

Bl(f)

where C, is a positive constant depending only on
2n* 1 1

n. Let qk:m and rk:?JrFfor an

integer k= 0. Choose 7, € Cy (B,, (x)) such that
r,=1lon B, (z)and | Vz, |<<2*"3. Replacing ¢
and ¢ in Eq. (23) by ¢, and z, respectively,

we obtain

(J[B"H (@)} | w \"k“)ﬁ <

1
[w [ )a

Lq,C, (4" +\SuP131<1~> | @ ‘”:li (j

B_ ()
"k

24)
Apply the Morse interation to |w | via (24),
we conclude that

2 ~
L7(B1 () <C5J | w
B, (x)

2

HCU ’

where C; is a positive constant depending only on

n. Obviously

| w |? (25)

By ()

| w(x) |* <C5J

Choose x € B, +1(x,) such that

2

| w(x) =l ?,”m,, p1¢xp))
0

This together with Eq. (25) yields that

o |l ?;%Broﬂp,-o)) =|wx) [* <

cj |w2<C5J w2 (26)
BI(J) B

r0+2(10)

This together with Eq. (17) implies that there
exists a positive constant C; depending on n and
VOI(B,()+2 (x4)) s such that

sup |w\2<C6J | w |? 27

B, Gy

‘" (xy)

rot

Let ¢ be a finite dimensional subspace of H”

(L*(M)). Lemma 11 in Ref. [13] implies that

there exits w € ¢ such that
dimeg

... - r 2 <
Vol(B,OH(IO))JB,OIu o ' <

(J)

o |7,

RED) ,dimgoB sup

i1 o)

This together with (27) yields \mathrm{dim}

¢ < C;, where C; depends on n and vol(B,

(xy)). Hence dimH? (L?* (M)) < c©, which
completes the proof of Theorem 0. 2.
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