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具有有限总曲率子流形的L2 调和p 形式
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摘要:设M 是n+l维Sn+l 球空间中具有法从平坦n 维完备子流形,则 Hp(L2(M))是 M 上L2 调和p(2≤
p≤n-2)形式空间.首先证明了如果 M 的总曲率小于一个正常数,则 Hp(L2(M))是平凡的;其次证明了

如果 M 的总曲率有限,则 Hp(L2(M))是有限维的.
关键词:总曲率;L2 调和p 形式;子流形

0 Introduction
L2-harmonicformsonsubmanifoldshavebeen

studied extensively in various ambient spaces
during the last two decades. Many results
demonstratedthefactthatthereisacloserelation



betweenthetopologyofthesubmanifoldandthe
curvatureaccordingtothetheoryofL2-harmonic
forms.In Refs.[1-2],it wasshownthata
completeminimalhypersurfaceinEuclideanSpace
withthetotalscalarcurvatureconditionhasonly
oneend.In2008,Seo[3]improvedtheupperbound
ofthetotalscalarcurvaturewhichwasgivenby
Ni[2].LaterSeo[4]provedthatifann-dimensional
complete minimalsubmanifold M inhyperbolic
spacehassufficientlysmalltotalscalarcurvature,

thenM hasonlyoneend.InRef.[5],FuandXu
studied L2-harmonic 1-forms on complete
submanifoldsinspaceformsandprovedthata
completesubmanifoldMn(n≥3)withfinitetotal
curvatureandsomeconditionsonmeancurvature
must have finitely many ends.Furthermore,

Cavalcante,MirandolaandVitório[6]obtainedthat
ifacompletenoncompactsubmanifoldMn(n≥3)

in Cartan-Hadamard manifold has finite total
curvatureandthefirsteigenvaluewithsuitable
lowerbound,thenthespaceoftheL2-harmonic
1-formson Mn hasfinitedimension.Zhuand
Fang[7] investigated complete noncompact
submanifoldsinasphereandobtainedaresult
which wasanimprovementofFuand Xu’s
theorem on submanifoldsin spheres. To be
specific,theyprovedthefollowingtheorem.

TheoremA(Ref.[7])LetMn(n ≥3) bean
n-dimensional complete noncompact oriented
manifoldisometricallyimmersedinan (n+l)-
dimensionalsphereSn+l.Ifthetotalcurvatureis
finite,thenthedimensionofH1(L2(M))isfinite
andtherearefinitelymanynon-parabolicendson
M.In2015,Lin[8]studiedL2-harmonicp-forms
oncompletesubmanifoldsMn (n≥3)withflat
normalbundlesinEuclideanspaceandprovedthat
ifthetotalcurvatureofMnislessthananexplicit
positiveconstant,thenforany2≤p≤n-2,the
spaceoftheL2-harmonicp-formsonMnistrivial.
Recently,Gan,Zhu and Fang[9] studied L2-
harmonic 2-forms on complete noncompact
minimalhypersurfaceinspheresandprovedthe
followingresult.

TheoremB(Ref.[9])LetMn(n ≥3) bean
n-dimensional complete noncompact minimal
hypersurfaceisometricallyimmersedinan(n+1)-
dimensionalsphereSn+1.Thereexistsapositive
constantδ(n)dependingonlyonnsuchthatifthe
totalcurvatureislessthanδ(n),thenthesecond
spaceofreducedL2cohomologyofMistrivial.

InspiredbyLi-Wangwork[10]andtheabove
results,inthispaper,westudythespaceofL2-
harmonicp-formsonsubmanifoldinspheresand
prove the following vanishing and finiteness
theorems.

Theorem0.1 LetM beann-dimensional
(n≥4)completenoncompactsubmanifold with
flatnormalbundleinsphereSn+l.Thereexistsa
positiveconstantc(n)dependingonlyonnsuch
thatifthetotalcurvatureislessthanc(n),then
Hp(L2(M))={0},2≤p≤n-2,whereconstant
c(n)isgivenby(8).

Theorem0.2 LetM beann-dimensional
(n≥4)completenoncompactsubmanifold with
flatnormalbundleinsphereSn+l.Ifthetotal
curvatureisfiniteand2≤p≤n-2,thenthe
dimensionofHp(L2(M))isfinite.

1 Preliminaries
Suppose M is an n-dimensionalcomplete

submanifoldinan (n +l)-dimensionalsphere
Sn+l,AisthesecondfundamentalformandHis
themeancurvaturevectorofM.Thetraceless
secondfundamentalformΦisdefinedby

Φ(X,Y)=A(X,Y)-<X,Y>H,

forallvectorfieldsX andY,where<,>isthe
metricofM.Obviously

|Φ|2=|A|2-n|H|2.
  WesayM hasfinitetotalcurvatureif

‖Φ‖Ln(M)=(∫M
|Φ|n)

1
n < ∞.

Hp(L2(M))denotesthespaceofallL2-harmonic
p-formsonM.Chooselocalorthonormalframes
e1,…,en+lonSn+lsuchthat,restrictedtoM,

e1,…,enaretangenttoM.Letω1,…,ωn+lbethe
dualframes.Wethenhaveωα =0foreachα,
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n+1≤α≤n+l.FromCartan’sLemma,wehave
ωαi=hα

ijωj.ThenormalbundleofMisflatimplies
that there exists an orthonormal frame
diagonalizinghα

ijsimultaneously.
Letusrecallthefollowinglemmas.
Lemma1.1 LetMn beann-dimensional

complete noncompact oriented submanifold in
Sn+l,then

(∫M
|f|

2n
n-2)

n-2
n ≤C􀮨[∫M

|∇f|2+

∫M
(|H|2+1)f2],

foreachf∈C1
0(M),whereC􀮨=n2C0,C0depends

onlyonnandHisthemeancurvaturevectorofM
inSn+l.

Lemma1.2(Ref.[8,11-12]) LetMn bea
completesubmanifoldwithflatnormalbundlesin
Sn+l,ωbeaL2-harmonicp-form (2≤p≤n-2)

onMn,then
|ω|Δ|ω|≥Kp|∇|ω||2+
p(n-p)|ω|2+Qp|ω|2,

whereQp=infi1,…,in(h
α
i1i1+…+h

α
ipip
)(hα

ip+1ip+1+

…+hα
inin
),andKp=

1
n-p

if2≤p≤
n
2
,Kp=

1
p

if
n
2≤p≤n-2.

2 ProofofourmainTheorems
ProofofTheorem0.1 Fromtheassumption,

thereexistsanorthonormalframediagonalizinghα
ij

simultaneously.Directcomputationyields

2∑
n+l

α=n+1

(hα
i1i1 +…+hα

ipip
)(hα

ip+1ip+1 +…+hα
inin
)=

∑
n+l

α=n+1

(hα
i1i1 +…+hα

inin
)2-

∑
n+l

α=n+1

(hα
i1i1 +…+hα

ipip
)2-

∑
n+l

α=n+1

(hα
ip+1ip+1 +…+hα

inin
)2 ≥

n2|H|2-max{p,n-p}|A|2=
min{p,n-p}n|H|2-max{p,n-p}|Φ|2

(1)

SubstitutingEq.(1)intoLemma1.2,wehave
|ω|Δ|ω|≥Kp|∇|ω||2+

p(n-p)|ω|2+

min{p,n-p}
n
2|H|2|ω|2-

1
2max

{p,n-p}|Φ|2|ω|2 (2)

Thistogetherwiththecondition2≤p ≤n-
2yields

|ω|Δ|ω|≥
1

n-2|
∇|ω||2+

2(n-2)|ω|2+n|H|2|ω|2-
n-2
2 |Φ|2|ω|2 (3)

  Settingη∈C∞
0 (M),multiplyingEq.(3)byη2

andintegratingoverM,weobtain
n-2
2∫M

|Φ|2|ω|2η2 ≥
n-1
n-2∫M

|∇|ω||2η2+

2(n-2)∫M
|ω|2η2+n∫M

|H|2|ω|2η2+

2∫M
η|ω|<∇η,∇|ω|> (4)

  CombiningtheHölderinequalitywithLemma
1.1,weget

∫M
|Φ|2|ω|2η2 ≤           

(∫M
|Φ|n)

2
n(∫M

(|ω|η)
2n

n-2)
n-2
n ≤

C􀮨(∫M
|Φ|n)

2
n[∫M

|∇(η|ω|)|2+

∫M
(|H |2+1)|ω|2η2]≤

C􀮨(∫M
|Φ|n)

2
n[∫M

(|∇|ω||2η2+

|ω|2|∇η|2+2|ω|η<∇η,∇|ω|>)+

∫M
(|H |2+1)|ω|2η2] (5)

SettingE=
n-2
2 C􀮨(∫M|Φ|n)

2
n andusingEqs.(4)

and(5)wehave

E∫M
|ω|2|∇η|2+         

2(E-1)∫M
|ω|η<∇η,∇|ω|>≥

(n-1
n-2-E)∫M

|∇|ω||2η2+

[2(n-2)-E]∫M
|ω|2η2+

(n-E)∫M
|H|2|ω|2η2 (6)
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  UsingtheCauchy-SchwarzinequalityinEq.
(6),weget

(E+
|E-1|

ε
)∫M

|ω|2|∇η|2 ≥     

(n-1
n-2-E-|E-1|ε)∫M

|∇|ω||2η2+

[2(n-2)-E]∫M
|ω|2η2+

(n-E)∫M
|H|2|ω|2η2 (7)

If

(∫M
|Φ|n)

1
n <

2
n-2

n-1
2C􀮨

=c(n) (8)

then
n-1
n-2-E >0.

Choosingsufficientsmallε,weobtain
n-1
n-2-E-|E-1|ε>0,

n-E >0,2(n-2)-E >0.
  Letρ(x)bethegeodesicdistanceonMfrom
x0toxandBr(x0)={x∈M:ρ(x)≤r}forsome
fixedpointx0∈M.Chooseη∈C∞

0 (M)as

η=

1,onBr(x0),

0,onM\B2r(x0),

|∇η|≤
2
r
,onB2r(x0)\Br(x0),

􀮠

􀮢

􀮡

􀪁
􀪁􀪁
􀪁
􀪁􀪁

and0≤η≤1.SubstitutingtheaboveηintoEq.
(7),wefinallyhave
4
r2
(E+

|E-1|
ε

)∫B2r(x0)
|ω|2 ≥      

(n-1
n-2-E-|E-1|ε)∫Br(x0)

|∇|ω||2+

[2(n-2)-E]∫Br(x0)
|ω|2+

(n-E)∫Br(x0)
|H|2|ω|2.

  Since∫M|ω|2<∞,bytakingr→∞,wehave
∇|ω|=0andω=0.ThatisHp(L2(M))={0}.
ThiscompletestheproofofTheorem0.1.

ProofofTheorem0.2 Letω∈Hp(L2(M)),

2≤p≤n-2andη∈C∞
0 (M\Br(x0)).Analogous

toEq.(7),usingtheprovingmethodofTheorem
0.1wededucethat

(F+
|F-1|

ε
)∫M\Br(x0)

|ω|2|∇η|2 ≥    

(n-1
n-2-F-|F-1|ε)∫M\Br(x0)

|∇|ω||2η2+

[2(n-2)-F]∫M\Br(x0)
|ω|2η2+

(n-F)∫M\Br(x0)
|H|2|ω|2η2 (9)

whereF=
n-2
2 C􀮨(∫M\Br(x0)|Φ|

n)
2
n .Thecondition

(∫M|Φ|n)
1
n<∞impliesthatthereisadecreasing

positivefunctionε(r)satisfying

lim
r→∞

ε(r)=0,(∫M\Br(x0)
|Φ|n)

2
n <ε(r).

Thuswecanchooser=r0>0suchthat
n-1
n-2-F=

n-1
n-2-          

n-2
2 C􀮨(∫M\Br0

(x0)
|Φ|n)

2
n >0.

  Choosingsufficientsmallε,weget
n-1
n-2-F-|F-1|ε>0.

ThistogetherwithEq.(9)yieldsthat

∫M\Br0
(x0)

|∇|ω||2η2 ≤          

F+
|F-1|

ε
n-1
n-2-F-|F-1|ε

∫M\Br0
(x0)

|ω|2|∇η|2=

C1∫M\Br0
(x0)

|ω|2|∇η|2 (10)

∫M\Br0
(x0)

|ω|2η2 ≤           

F+
|F-1|

ε
2(n-2)-F∫M\Br0

(x0)
|ω|2|∇η|2 ≤

C1∫M\Br0
(x0)

|ω|2|∇η|2 (11)

∫M\Br0
(x0)

|H|2|ω|2η2 ≤      

F+
|F-1|

ε
n-F ∫M\Br0

(x0)
|ω|2|∇η|2 ≤

C1∫M\Br0
(x0)

|ω|2|∇η|2 (12)

wherethepositiveconstantC1dependsonlyonn.
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ApplyingLemma1.1toη|ω|andcombiningEqs.
(10),(11)and(12),weobtain

∫M\Br0
(x0)
(η|ω|)

2n
n-2)

n-2
n ≤        

C􀮨∫M\Br0
(x0)
[|∇|ω||2η2+|ω|2|∇η|2+

2|ω|η<∇η,∇|ω|>+(|H|2+1)|ω|2η2]≤

C􀮨∫M\Br0
(x0)
[2|∇|ω||2η2+2|ω|2|∇η|2+

(|H |2+1)|ω|2η2]≤

C2∫M\Br0
(x0)

|ω|2|∇η|2 (13)

wherepositiveconstantC2dependsonlyonn.
Chooseη∈C∞

0 (M\Br0
(x0))as

η=

0,onBr0
(x0),

ρ(x)-r0,onBr0+1
(x0)\Br0

(x0),

1,onBr(x0)\Br0+1
(x0),

2r-ρ(x)
r

,onB2r(x0)\Br(x0),

0,onM\B2r(x0),

􀮠

􀮢

􀮡

􀪁
􀪁
􀪁
􀪁􀪁
􀪁
􀪁
􀪁
􀪁

whereρ(x)isthegeodesicdistanceonMfromx0

toxandr>r0+1.SubstitutingηintoEq.(13)it
yieldsthat

∫Br(x0)\Br0+1
(x0)
(|ω|

2n
n-2)

n-2
n ≤          

C2∫Br0+1
(x0)\Br0

(x0)
|ω|2+

C2

r2∫B2r(x0)\Br(x0)
|ω|2

(14)

  Since|ω|∈L2(M),lettingr→ ∞,we
concludethat

∫Br(x0)\Br0+1
(x0)
(|ω|

2n
n-2)

n-2
n ≤      

C2∫{
Br0+1

(x0)\Br0
(x0)}|ω|2 (15)

  Ontheotherhand,the Hölderinequality
assertsthat

∫Br0+2
(x0)\Br0+1

(x0)
|ω|2 ≤           

vol(Br0+2
(x0)))

2
n∫Br0+2

(x0)\Br0+1
(x0)
(|ω|

2n
n-2)

n-2
n

(16)

  FromEqs.(15)and(16),weconcludethat
thereexistsaconstantC3 >0 depending on
vol(Br0+2

(x0))andnsuchthat

∫Br0+2
(x0)

|ω|2 ≤C3∫Br0+1
(x0)

|ω|2 (17)

  Fixapointx∈M andtakeτ∈C1
0(B1(x)).

MultiplyingEq.(3)by|ω|q-2τ2 withq>2and
integratingbypartsonB1(x),weobtain

-2∫B1(x)
τ|ω|q-1<∇τ,∇|ω|>+      

n-2
2∫B1(x)

|Φ|2|ω|qτ2 ≥

( 1
n-2+q-1)∫B1(x)

|ω|q-2|∇|ω||2τ2+

2(n-2)∫B1(x)
|ω|qτ2+n∫B1(x)

|H|2|ω|qτ2

(18)

  By usingthe Cauchy-Schwarzinequality,

wehave

-2∫B1(x)
τ|ω|q-1<∇τ,∇|ω|>≤

1
n-2∫B1(x)

|ω|q-2|∇|ω||2τ2+

(n-2)∫B1(x)
|ω|q|∇τ|2 (19)

  ItfollowsfromEqs.(18)and(19)that

(n-2)∫B1(x)
|ω|q|∇τ|2+

n-2
2∫B1(x)

|Φ|2|ω|qτ2 ≥

(q-1)∫B1(x)
|ω|q-2|∇|ω||2τ2+

2(n-2)∫B1(x)
|ω|qτ2+n∫B1(x)

|H|2|ω|qτ2

(20)

  Ontheotherhand,settingf∈C1
0(B1(x)),

similartoLemma1.1,wehave

(∫B1(x)
|f|

2n
n-2)

n-2
n ≤           

C􀮨[∫B1(x)
|∇f|2+∫B1(x)

(|H|2+1)f2]

(21)

  ApplyingEq.(21)toτ|ω|
q
2,weobtain

(∫B1(x)
(τ2|ω|q)

n
n-2)

n-2
n ≤

C􀮨∫B1(x)
|∇(τ|ω|

q
2)|2+

C􀮨∫B1(x)
(|H|2+1)τ2|ω|q ≤
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2C􀮨∫B1(x)
|∇τ|2|ω|q +

q2

2C
􀮨∫B1(x)

τ2|ω|q-2|∇|ω||2+

C􀮨∫B1(x)
(|H|2+1)τ2|ω|q (22)

  Inequalities(22)and(20)implythat

(∫B1(x)
(τ2|ω|q)

n
n-2)

n-2
n ≤      

2C􀮨∫B1(x)
|∇τ|2|ω|q +

q2

2(q-1)
C􀮨∫B1(x)

[(n-2)|∇τ|2+

n-2
2 |Φ|2τ2]|ω|q -

q2

2(q-1)
C􀮨∫B1(x)

[2(n-2)+

n|H|2]|ω|qτ2+

C􀮨∫B1(x)
(|H|2+1)τ2|ω|q ≤

qC4∫B1(x)
(|∇τ|2+|Φ|2τ2)|ω|q (23)

whereC4isapositiveconstantdependingonlyon

n.Letqk =
2nk

(n-2)k andrk =
1
2+

1
2k+1 foran

integerk≥0.Chooseτk∈C∞
0 (Brk

(x))suchthat
τk=1onBrk+1

(x)and|∇τk|≤2k+3.Replacingq
andτin Eq.(23)byqk andτk respectively,

weobtain

(∫{
Brk+1

(x)}|ω|qk+1)
1

qk+1 ≤          

[qkC4(4k+3+\supB1(x)|Φ|2)]
1
qk(∫Brk

(x)
|ω|qk)

1
qk

(24)

  ApplytheMorseinterationto|ω|via(24),

weconcludethat

‖ω‖2L∞(B1
2
(x))≤C5∫B1(x)

|ω|2,

whereC5isapositiveconstantdependingonlyon
n.Obviously

|ω(x)|2 ≤C5∫B1(x)
|ω|2 (25)

  Choosex∈Br0+1
(x0)suchthat

|ω(x)|2=‖ω‖2L∞(Br0+1
(x0)).

  ThistogetherwithEq.(25)yieldsthat
‖ω‖2L∞(Br0+1

(x0))=|ω(x)|2 ≤    

C5∫B1(x)
|ω|2 ≤C5∫Br0+2

(x0)
|ω|2 (26)

  ThistogetherwithEq.(17)impliesthatthere
existsapositiveconstantC6dependingonnand
vol(Br0+2

(x0)),suchthat

sup
Br0+1

(x0)
|ω|2 ≤C6∫Br0+1

(x0)
|ω|2 (27)

  LetφbeafinitedimensionalsubspaceofHp

(L2(M)).Lemma11inRef.[13]impliesthat
thereexitsω∈φsuchthat

dimφ
vol(Br0+1

(x0))∫Br0+1
(x0)

|ω|2 ≤

|{n
p  ,dimφ sup

Br0+1
(x0)

|ω|2.

  Thistogetherwith(27)yields\mathrm{dim}

φ≤C7,whereC7 dependsonn andvol(Br0+1

(x0)).HencedimHp (L2 (M ))< ∞,which
completestheproofofTheorem0.2.
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