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Abstract:TheErdo″s-So'sConjecturestatesthatifGisagraphwithaveragedegreemorethank-2,

thenGcontainseverytreeonkvertices.Aspidercanbeseenasatreewithatmostonevertexof
degreemorethantwo.Fan,Hong,andLiuprovedthattheconjectureholdsforspiders.Inthis
note,wedefinea2-centerspiderasatreewithatmosttwoadjacentverticesofdegreemorethan
twoandshowthattheErdo″s-So'sConjectureholdsfor2-centerspiderswithlegsoflengthsat
mosttwoadjacentverticesofdegreemorethan2as2-centerspider.WeprovethatifGisagraph
onnverticeswithaveragedegreemorethank-2,thenGcontainsevery2-centerspiderwithk
vertices,wherelengthof2-centerspider'legsisnomorethan2.
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关于2-中心蜘蛛树的Erdo″s-So's猜想

王仕成,侯新民

(中国科学技术大学数学科学学院,安徽合肥230026)

摘要:Erdo″s-So's猜想:如果图G平均度大于k-2,则G包含任一k个顶点的数.蜘蛛树是指最多只有一个

点度超过2的树.范更华、洪艳梅和刘清海证明了该猜想对所有蜘蛛树成立.本文我们定义2中心蜘蛛树为

至多两个相邻点度超过2的树并且证明了Erdo″s-So's猜想对腿长至多为2的2中心蜘蛛树都成立.
关键词:Erdo″s-So's猜想;树;蜘蛛树;2-中心蜘蛛树

0 Introduction
Thegraphsconsideredinthispaperarefinite,

undirected,andsimple (noloopsor multiple
edges).ThesetsofverticesandedgesofagraphG

aredenotedbyV(G)andE(G),respectively,and
e(G)=|E(G)|.Thefollowingconjectureiswell
knownastheErdo″s-So'sconjecture.

Conjecture0.1 (Erdo″s-So'sconjecture[1]).
EverygraphG with|E(G)|>(k-2)|V|/2



containseverytreeoforderkasasubgraph.
Therearemanypartialresultsinthestudyof

theconjecture,especiallyforspecialfamilyoftrees
onkvertices,suchas:

(a)path(Erdo″sandGallai[2]);
(b)spiders(Aspiderisatreewithatmost

onevertexofdegreemorethantwo[3-5];
(c)caterpillars (Acaterpillarisatreein

whichtheverticesofdegreemorethanoneinduce
apath.Perle[6-7]);

(d) trees of diameter at most four
(McLennan[8]),and(e)treeswithavertexjoined

toatleast
k
2 -1verticesofdegreeone

[9].

Inthisnote,weconsideraspecialfamilyof
spider-liketrees:2-centerspider.Aleafofagraph
isavertexofdegreeone,andtheneighborofaleaf
iscalledthesupportvertexofit.LetG bea
graph.WeuseL(G)andS(G)denotethesetof
leavesofGandthesetofsupportverticesofandS
(G)todenotethesetofleavesofGandthesetof
supportverticesofG,respectively.Thediameter
ofGisthelengthofalongestpathinG.Aswe
know,aspiderisatreewithatmostonevertexof
degreeatgreatthantwo.A2-centerspiderisa
treewithatmosttwoadjacentverticesofdegrees
greaterthantwo.LetT bea2-centerspider.If
Δ(T)≤2thenanyvertexofTcanbeseenasthe
center;ifΔ(T)≥3,wecalltheverticesofdegrees
morethantwothecenters.Theshortestpath
joiningaleaftothecentersiscalledalegofT.

Theorem0.1 EverygraphG with|E(G)|>
(k-2)|V|/2containsevery2-centerspiderof
orderkandwithlegsoflengthsnomorethan2.

Hereissomenotationwhichwillbeusedin
theproof.LetGbeagraph.Forv∈V(G),we
writeNG(v)forthesetofneighborsofvinG,

andNi
G(v)forthesetofverticeswithdistancei

fromvinG.ForS,T⊆V(G),writeEG(S,T)

forthesetofedgeswithoneendinSandtheother
inT,writeG[S]bethesubgraphinducedbyS.
WegivetheproofofTheorem0.1inthenext
section.Section2 willgivesomeremarksand

discussions.

1 ProofofTheorem0.1
Wefirstgivetwousefulobservations.
Lemma1.1 LetT beatreeandG bea

graph.Supposev1,v2,w1∈L(T)andv,w∈
S(T)suchthatv1v,v2v,w1w ∈E(T).Let
T'=T-vv1+v1v2.IfTcanbeembeddedinG
andthereisaperfectmatchingbetween{v1,v2}

and{w,w1}inG,thenGcontainsacopyofT'as
asubgraph.

Proof LetM beamatchingbetween {v1,

v2}and{w,w1}.IfM={v1w,v2w1},thenT-
{vv1,ww1}+{wv1,v2w1}isasubgraphofG
isomorphictoT'.IfM={v1w1,v2w}thenT-
{vv2,ww1}+{wv2,v1w1}isasubgraphofG
isomorphictoT'.

Lemma1.2 SupposeGisagraph.LetX=
{x1,x2}⊆V(G)andY=∪m

i=1{yi,zi}⊆V(G).If
|EG(X,Y)|>2m,thenthereexistsapair{yi,

zi}suchthatthereisaperfectmatchingbetween
Xand{yi,zi}inG.

Proof Since|EG(X,Y)|>2m,theremust
beapairYi={yi,zi}sothat|EG(X,Yi)|≥3.
ThusthebipartitesubgraphwithpartitionsX,Yi

containsaperfectmatching.
Lemma1.3[10] IfGisagraphonnvertices

withe(G)>
n(k-2)
2

,thenthereisasubgraphH

⊂G withe(H)>
|V(H)|(k-2)

2 andδ(H)≥

k
2 .

Now we arereadyto givethe proofof
Theorem0.1.

ProofofTheorem0.1 ByLemma1.3,we

mayassumeδ(G)≥
k
2.BytheresultofErdo

″sand

Gallai(see(a))andtheresultofFan,Hongand
Liu(see(b)),itissufficienttoshowthetheorem
forT withtwoadjacentverticesofdegreesmore
thantwo.DenotebyaandbthetwocentersofT,

respectively.LetLT (a)=NT (a)∩L(T)and
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LT(b)= NT (b)∩L (T). Withoutlossof
generality,assume|LT (a)|≥|LT (b)|.Let
L2

T(a)=N2
T(a)\NT(b)andL2

T(b)=N2
T(b)\

NT(a).LetS(L2
T(a))=NT(a)\(LT(a)∪{b})

andS(L2
T(b))=NT(b)\(LT(b)∪{a}).Sincethe

lengthofeachlegofTisatmost2,wehave
V(T)=L2

T(a)∪L2
T(b)∪S(L2

T(a))∪
S(L2

T(b))∪LT(a)∪LT(b)∪ {a,b}.
  Weuseinductiononthenumberof|L2

T(a)|.
If|L2

T(a)|=0,thenThasdiameteratmost4.So
thebasecasefollowsfromtheresultofMcLennan
(see(d)).Nowsuppose|L2

T(a)|=l≥1andthe
resultholdsforall2-centerspidertreesT'witha
centerchaving|L2

T' (c)|<l.Supposetothe
contrarythatGdoesnotcontainTasasubgraph.
Choosez∈L2

T(a).LetT'=T-z+za.Then
L2

T'(a)=L2
T(a)\{z}andLT'(a)=LT(a)∪{z,

s(z)},wheres(z)isthesupportvertexofzinT.
Then|L2

T'(a)|=l-1.Byinductionhypothesis,

T'canbeembeddedinG.
Claim1.1 (i)LT'(a)isanindependentset

inG;
(ii)NG(LT'(a))⊆V(T).
Proofoftheclaim1.1 (i)Supposetothe

contrarythattherearex,y∈LT'(a)suchthat
xy∈E(G).Withoutlossofgenerality,assume
y≠z.ThenwehaveT≅T'-{ay,az}+xy⊆G,

acontradiction.
(ii)Supposetothecontrarythatthereisaleaf

x∈LT'(a)suchthatxhasaneighborh∉V(T').
Ifx=zthenT≅T'-s(z)a+zhcontainedinG,

otherwiseT≅T'-za+xhisasubgraphofG,a
contradiction.

Letp=|LT(a)|andq=|LT(b)|.Notethat
p≥qand|LT'(a)|=p+2andLT'(b)=LT(b).

Case1.1 p≥2.
Letx,ybetwoleavesinLT'(a).ByClaim1.

1,LT'(a)isanindependentset.LetU=L2
T'(a)∪

L2
T'(b)andWbethesetofsupportverticesofUin

T'.ThenT'[U∪W]isamatchinginT'.Denote
m=|U|.Wehave
m=|U|=|W|=              

|V(T)|-|LT'(a)|-|LT'(b)|-|{a,b}|
2 =

k-p-q-4
2 .

  ByClaim1.1(ii),NG(x),NG(y)⊆V(T').
Case1.1.1 x∈NG(b)∩NG(LT(b)).
Weclaimthaty∉NG(b)∪NG(LT(b)).If

not,thentheremustbealeafb'∈LT(b)suchthat
thereisamatchingM between{x,y}and{b,

b'}.ByLemma1.1,thereisacopyofT'-ax+
xy which can be embedded in G. This is
impossiblesinceT≅T'-ax+xy.Sinceδ(G)≥
k
2
,|EG(x,U∪W)|≥

k
2-2-qand|EG(y,U∪

W)|≥
k
2-1.So

,|EG({x,y},U∪W)|≥k-q-

3>2m.ByLemma1.2,thereisa matching
between{x,y}andapair{u,w}withuw∈E(T'
[U∪W]).ByLemma1.1,Gcontainsacopyof
T,acontradiction.

Case1.1.2 x∈NG(b)butx∉NG(LT(b)).
WithasimilarreasonwithCase1.1.1,we

havey∉NG(LT(b)).Sinceδ(G)≥
k
2
,wehave

|EG(x,U∪W)|≥
k
2-2and|EG(y,U∪W)|≥

k
2-2.Therefore

,|EG({x,y},U∪W)|≥k-4>

2m.ByLemma1.2,thereisamatchingbetween
{x,y}andapair{u,w}withuw∈E(T'[U∪
W]).ByLemma1.1,GcontainsacopyofT,a
contradiction.

Case1.1.3 x∉NG(b)∪NG(LT'(b)).

Sinceδ(G)≥
k
2
,wehave|EG(x,U∪W)|≥

k
2-1and|EG (y,U ∪W )|≥

k
2 -2-q.

Therefore,|EG({x,y},U∪W)|≥k-3-q>
2m.ByLemma1.2,thereisamatchingbetween
{x,y}andapair{u,w}withuw∈E(T'[U∪
W]).ByLemma1.1,GcontainsacopyofT,a
contradiction.

Case1.1.4 x∉NG(b)butx∈NG(LT(b)).
Letx∈NG(b'),whereb'∈LT(b).Weclaim
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thaty∉NG(b).Ifnot,thereisamatchingM
between{x,y}and {b,b'}.ByLemma1.1,

thereisacopyofT≅T'-ay+by+xb'whichcan

beembeddedinG.Sinceδ(G)≥
k
2
,wehave|EG

(x,U∪W)|≥
k
2-1-qand|EG(y,U∪W)|≥

k
2-1-q.Therefore

,|EG({x,y},U∪W)|≥

k-2-2q>2m.By Lemma1.2,thereisa
matchingbetween{x,y}andapair{u,w}with
uw∈E(T'[U∪W]).ByLemma1.1,Gcontains
acopyofT,acontradiction.

Case1.2 p=1.
Case1.2.1 q=0

Then|EG({x,y},U∪W)|≥2·(
k
2-2

)=

k-4>k-5=2m.ByLemma1.2,thereisa
matchingbetween{x,y}andapair{u,w}with
uw∈E(T'[U∪W]).Weagaingetacontradiction
byLemma1.1withthesamereasonasCase1.1.1.

Case1.2.2 q=1
LetLT (b)={b'}.SetU'=U∪{b'}and

W'=W∪{b}.Then|U'|=|W'|=m+1=
k-6
2 +

1=
k-4
2 .Sinceδ(G)≥

k
2
,|EG ({x,y},

U'∪W')|≥2·(
k
2-1

)=k-2>k-4=2(m+1).

ByLemma1.2,thereisamatchingbetween{x,

y}andapair{u,w}withu∈U'andw∈W'.
AgainwegetacontradictionbyLemma1.1with
thesamereasonasCase1.1.1.

Case1.3 p=q=0.
Inthiscase,wemayassume|L2

T (a)|≤
|L2

T(b)|bythesymmetryofaandb(otherwise,

wemaychoosez∈L2
T(b)insteadofz∈L2

T(a)).

Then|L2
T (a)|≤

k-2
4 .Withoutlossof

generality,assumex=z.Thenyisthesupport

vertexofxinT.Sinceδ(G)≥
k
2
,wehave

|EG(x,U∪W)|≥
k
2-2and|EG(y,U∪W)|≥

k
2-2.Weclaimthat|EG(x,U∪W)|=|EG(y,

U∪W)|=
k
2-2.Otherwise

,atleastoneofx,y

hasneighborsmorethan
k
2-2inU∪W,then

|EG({x,y},U∪W)|>2·(
k
2-2

)=k-4=2m.

SimilarasCase1.1.1,byLemmas1.1and1.1,

wegetacontradiction.Theclaimalsoimpliesthat
x,y∈NG(b).

Claim1.2 Foreveryedgee=uw∈E(T'[U
∪W])withu∈L2

T(a),wehaveeitherV(e)∩
NG(x)≠ØorV(e)∩NG(b)≠Ø.

Proofoftheclaim1.2 Ifnot,weclaimthat
uy,wy∈E(G).Otherwise,setU'=U\{u}and

W'=W\{w},then|U'|=m-1=
k-4
2 -1=

k-6
2 .But|EG(x,U'∪W')|=

k
2-2and|EG(y,

U'∪W')|=
k
2-2-1=

k
2-3.So

,|EG({x,y},

U'∪W')|=k-5>2|U'|.Therefore,byLemmas
1.2and1.1,wecangetacontradictionsimilaras
Case1.1.1.NowsetT″=T'-uw+yu.ThenT″
≅T'andLT″(a)={x,w}butwb∉E(G).We
resetU'=U andW'=(W\{w})∪{y}.Then

|U'|=|W'|=m=
k-4
2 .But|EG(x,U'∪W')|=

k
2-2and|EG(w,U'∪W')|≥

k
2-1.So

,|EG

({x,w},U'∪W')|=k-3>2m.Againby
Lemmas1.2and1.1,wecangetacontradiction
similarasCase1.1.1.

NowweclaimthatwecanfindacopyofTin
Gwithcentersxandb.Since|EG(x,U∪W)|≥
k-4
2
,thereareatleast

k-4
4 edgeseofE(T'[U∪

W])suchthatV(e)∩NG(x)≠Ø.Since|L2
T(a)|≤

k-2
4 \

k-4
4

,wecanchoose|L2
T(a)|edgesin

E(T'[U∪W])connectedtox (weprefertochoose
theedgeswithoneendinL2

T' (a)).Notethat
|L2

T'(a)|<|L2
T(a)|,fortherestedgeswithone
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endinL2
T'(a),byClaim1.2andourchoiceof

edgesconnectedtox,thisedgemusthaveoneend
adjacenttob,andsoitcanbeseenasanedgeofa
legoflength2connectedtob.Fortheotheredges
ofE(T'[U ∪W]),eachedgehasoneendin
L2

T(b),itisstillanedgeofalegconnectedtob.
Moreover,thepathyabisalsoalegoflength2
connectedtob.Clearly,theresultingtreeis
isomorphictoT,asdesired.

Thiscompletestheproofofthetheorem.

2 RemarksandDiscussions
InthestudyoftheErdo″s-So'sConjecture,the

spiders have been well studied and verified
completelybyRef.[4]recently,butthefirststep
toattackthespecialfamilyistoshowtheErdo″s-
So'sConjectureholdsforspiderswithlegsoflength
atmosttwo (Woz'niak[11]).Inthisnote,we
initiallystudythe2-centerspiders,ageneralization
ofspider,andprovethattheErdo″s-So'sConjecture
holdsfor2-centerspiderswithlegsoflengthat
mosttwo.WehopethatonecanshowtheErdo″s-
So's Conjecture holds for 2-spiders with no
restrictiononthelengthoflegsinthenearfuture.
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