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复合图的乘权Harary指数

田 静1,彭贵琴1,裴利丹2,潘向峰1

(1.安徽大学数学学院,安徽合肥230601;2.合肥师范学院数学与统计学院,安徽合肥230061)

摘要:分子图的乘权Harary指数 HM(G),被定义为 HM(G)= ∑
{u,v}⊆V(G)

dG(u)dG(v)
dG(u,v)

,其中dG(u)表示图

G 中顶点u 的度,dG(u,v)表示图G 中顶点u 和v 之间的距离.本文主要研究4种图操作下得到的复合图

的乘权 Harary指数,以及在4种图操作下一些特殊复合图的乘权 Harary指数的上下界.
关键词:乘权Harary指数;复合图;图操作;正则图



0 Introduction
Forterminologyand notationsnotdefined

here,werefertoRef.[1].Throughoutthispaper,

weconsiderfiniteandsimpleconnectedgraphs.
WedenotethevertexsetofagraphGbyV(G),

andtheedgesetbyE(G)},theorderofGbynG

andthesizebymG.
Inhistory,graphtheoryiscloselyrelatedto

physics,chemistry and other disciplines.In
chemicalgraphtheory,somesimple molecular
propertiesaredirectlymappedtothecorresponding
topologicalindices. A topologicalindex is a
moleculardescriptorassociatedwiththestructure
ofagraph,whichhasbeenusuallyusedinphysical
chemistry,toxicology,pharmacology,chemical
synthesisandotherfields.Amongvariouskindsof
topologicalindices,thereareseveraltypesofsome
indices,especiallythosebasedonthedistance,

whichareveryimportantinthestructureofthe
graph}.Asisknowntoall,distanceisancrucial
parameteringraphtheory[2].Thisparameternot
onlyaffectsthestructureofthegraph,butalso
derivessomeimportantdistanceparameters,such
asdiameter,radius,averagedistance,distance
matrix,resistancedistance,wienerindex,etc.[3-5]

TheWienerindexisconsideredtobeoneof
the most famous distance-based topological
indices[6],whichisdefinedas

W(G)= ∑
{u,v}⊆V(G)

dG(u,v),

wheredG(u,v)isthedistancefromverticesutov
inG,i.e.thelengthofashortestpathbetween
verticesuandvinG.Theresearcherswhoare
interestedintheWienerindexofthegraphmaybe
referredtoRefs.[7-9].Basedon Wienerindex,

thefirstandthesecondZagrebindicesofagraphG
aredefinedasfollows[10]:

M1(G)= ∑
{uv∈E(G)

(dG(u)+dG(v)),

M2(G)= ∑
uv∈E(G)

dG(u)dG(v).

  Furthermore,thefirstandthesecondZagreb
coindicesofagraphGaredefinedasfollows[11]:

M1(G)= ∑
uv∉E(G)

(dG(u)+dG(v)),

M2(G)= ∑
uv∉E(G)

dG(u)dG(v).

  TheWienerindexvaluesthecontributionsof
distant pairs of vertices far more than the
contributions from close pairs, in direct
contradictionwithchemicalintuition.

Toovercometheabovecontradictioncaused
bythe Wienerindex,someexpertsconsiderthe
sumofreciprocalvaluesofdistancesbetweenpairs
ofdifferentvertices.Hence,theHararyindex,

oneofthedistance-basedtopologicalindices,was
introduced[12-13],wasdefinedas

H(G)= ∑
{u,v}⊆V(G)

1
dG(u,v)

.

  TheWienerindexandHararyindexallcan
reflectthepropertyofgraph,sotheyhavesome
niceinterpretationsandapplicationsinchemical
graphtheory.DevillersandTodeschinishownthe
Hararyindexisbetterthanthe Wienerindexin
characterizingthemolecularstructureofchemical
graphs,respectively[14-15] for details. Hence,

Hararyindex has been of greatinterestand
extensivelystudied.FormoreresultsonHarary
indexonemaybereferredtoRefs.[16,19]andthe
referencestherein.However,theperformanceof
theHararyindexinQSAR/QSPRstudiesturned
out to be quite modest[16]. Hence, the
fundamentalparadoxofthedistance-basedindices
hasnotbeensuccessfullyresolved.AsRef.[20]

suggested,theperformanceofthe Harary-type
indiceswasimprovedbytakingintoconsideration
the contributions of vertex pairs with their
distance.Thispavedthewayfordefininganother
indexcalledadditivelyweightedHararyindexof
G[21],definedas

HA(G)= ∑
{u,v}⊆V(G)

dG(u)+dG(v)
dG(u,v)

.

  AttheendofRef.[21],avariationof
additivelyweightedhararyindexwassuggested,in
whichtheadditiveweightingdG(u)+dG(v)of
pairsisreplacedwiththemultiplicativeonedG(u)

dG (v).The multiplicatively weighted Harary
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index[21]isdefinedas

HM(G)= ∑
{u,v}⊆V(G)

dG(u)dG(v)
dG(u,v)

.

  Theintuitiveideaofpairsofcloseatoms
contributingmorethanthedistantoneshasbeen
difficult to capture in topologicalindices[21].
However,apossiblyusefulapproachcouldbethe
multiplicativelyweightedHarrayindex.Afterthe
concept of multiplicativelyHarary index was
proposed,itwasstudiedbysomeexpertsand
scholars,andalotofprogresswasmade.Deng
andKrishnakumariinRef.[22]firstprovedthat
themultiplicatively weighted Hararyindexofa
graphismonotoniconsometransformations,and
then determined the extremal values of the
multiplicativelyweightedHararyindicesforsome
familiarclassesofgraphsandcharacterizedthe
correspondingextremalgraphs.LiandZhangin
Ref.[23]determinedsharpupperboundsonthe
multiplicatively weighted Hararyindexoftrees
withgivenparameters.Foralistofnewresults
abouttheadditivelyandmultiplicativelyweighted
Hararyindex[24-25].
Inthispaper,wefirstintroducefourgraph

operations[25]andobtainexplicitformulasforthe
valuesofmultiplicativelyweightedHararyindexof
compositegraphsgenerated bythefourgraph
operations.Thendeterminetheextremalvaluesof
themultiplicatively weighted Hararyindicesfor
the four classes of composite graphs and
characterizethecorrespondingextremalgraphs.In
addition,basedonthefourgraphoperationsof
regulargraphs,weobtainexplicitformulasforthe
valuesofmultiplicativelyweighted Hararyindex
anddeterminealowerandanupperboundforthe
multiplicativelyweightedHararyindexforeachof
fourclassesofcompositegraphs.Weadoptthe
maintechniquesinRef.[25]whileobtainingour
results.

Notethatforagiven graph G andu ∈
V(G),let

P(G)= ∑
u,v∈V(G)

1
dG(u,v)+1

,

PG(v)= ∑
u∈V(G)

1
dG(u,v)+1

,

HG(v)= ∑
u∈V(G)\{v}

1
dG(u,v)

.

  Andtheformofsummationthatoccursinthe
articlesatisfies

∑
{u,v}⊆V(G)

f(u,v)= ∑
u∈V(G)

f(u,u)+2 ∑
{u,v}⊆V(G)

f(u,v).

1 Multiplicativelyweighted Harary
indexandoperationsofgraphs
Inthissection,weintroducethefourgraph

operationsofgraphGandH,thenwewillobtain
thatthemultiplicativelyweightedHararyindexof
G{H},GH,(G·H)(x;y),and(G~H)(x;

y)ontheseoperations.
1.1 MultiplicativelyweightedHararyindexofthe

compositegraphG{H}

Definition1.1 LetG beagraphwithnG

verticesandeGedges,Hbearootedgraphwithw
asitsrootandonnHvertices,eHedges.Thenthe
rootedproductG{H}isobtainedbytakingone
copyofGandnGcopiesofarootedgraphH,and
byidentifyingtherootoftheithcopyofH with
theithvertexofG,i=1,2,…,nG.

FortherootedproductG{H},wehave
|V(G{H})|=nGnH,|E(G{H})|=eG +nGeH .
  Anexampleofrootedproductcanbeseenin
Fig.1.

Fig.1 G{H}

Lemma1.1[25] LetGbeasimplegraphand
H bearootedgraphwithwasitsroot.Thenfora
vertexuofG{H}suchthatu∈V(G),wehave
dG{H}(u)=dG(u)+dH(w),andforavertexv
ofG{H}suchthatv ∈V(H)\{w}wehave
dG{H}(v)=dH(v0),wherev0isthecorresponding
vertexinHasvofHi.Also

(Ⅰ)ifu,v∈V(G),thendG{H}(u,v)}=dG(u,v);
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(Ⅱ)ifu∈V(G),v∈V(Hi),wherei=1,2,

3,…,nG,thendG{H}(u,v)=dG(u,wi)+dHi
(wi,

v)=dG(u,wi)+dH(w,v0),wherewiistheroot
ofHiandv0isthecorrespondingvertexinHasv
ofHi;

(Ⅲ)ifu,v∈V(Hi),wherei=1,2,3,…,

nG,thendG{H}(u,v)=dH(u0,v0),whereu0and
v0arethecorrespondingverticesinH asuandv
ofHi;

(Ⅳ)ifu∈V(Hi),v∈V(Hj)and1≤i<j≤
nG,thendG{H}(u,v)=dHi

(u,wi)+dHj
(wj,v)+

dG(wi,wj)=dH(u0,w)+dH(w,v0)+dG(wi,

wj),wherewiistherootofHiandwjistheroot
ofHj.Also,u0 andv0 arethecorresponding
verticesin H as u of Hi and v of Hj,

respectively.
Theorem1.1 LetGbeasimplegraphandH

bearootedgraphwithwasitsroot.Then
HM(G{H})=HM(G)+nGHM(H)+

dH(w)HA(G)+d2
H(w)H(G)+

2eG ∑
v∈V(H)\{w}

dH(v)
dH(w,v)+

2 ∑
{u,t}⊆V(G)

∑
v∈V(H)\{w}

dG(u)dH(v)+dH(w)dH(v)
dG(u,t)+dH(w,v) +

∑
{t,l}⊆V(G)

∑
{u,v}⊆V(H)\{w}

dH(u)dH(v)
dG(t,l)+dH(w,v)+dH(u,w)

.

Proof Fromthedefinitionwehave

HM(G{H})= ∑
{u,v}⊆V(G{H})

dG{H}(u)dG{H}(v)
dG{H}(u,v)

.

  First,wedividetheverticesofthecomposite
graphintofourpartsbyLemma1.1,whichare
denotedasA1,A2,A3,andA4,whereA1={{u,

v}|u,v∈V(G),1≤i≤nG},A2={{u,v}|u∈
V(G),v∈V(Hi)\{wi},1≤i ≤nG},A3=
{{u,v}|u,v∈V(Hi)\{wi},1≤i ≤nG},A4=
{{u,v}|u∈V(Hi)\{wi},v∈V(Hj)\{wj},1≤
i<j≤nG}.

Then,accordingtothepartitionofvertexset,

wepartitionthesumintofoursumsSi(i=1,2,3,

4),where

S1= ∑
{u,v}⊆V(G)

dG{H}(u)dG{H}(v)
dG{H}(u,v) = ∑

{u,v}⊆V(G)

dG(u)dG(v)+dH(w)(dG(u)+dG(v))+d2
H(w)

dG(u,v) =

HM(G)+dH(w)HA(G)+d2
H(w)H(G),

S2=∑
nG

i=1
∑

u∈V(G)
v∈V(Hi)\{wi}

dG{H}(u)dG{H}(v)
dG{H}(u,v) = ∑

{u,t}⊆V(G)
v∈V(H)\{w}

(dG(u)+dH(w))dH(v)
dG(u,t)+dH(w,v) =

2 ∑
{u,t}⊆V(G)

v∈V(H)\{w}

dG(u)dH(v)+dH(w)dH(v)
dG(u,t)+dH(w,v) + ∑

u=t
v∈V(H)\{w}

dG(u)dH(v)+dH(w)dH(v)
dH(w,v) =

2 ∑
v∈V(H)\{w}

∑
{u,t}\V(G)

dG(u)dH(v)+dH(w)dH(v)
dG(u,t)+dH(w,v) +2eG ∑

v∈V(H)\{w}

dH(v)
dH(w,v)+

nG ∑
v∈V(H)\{w}

dH(w)dH(v)
dH(w,v)

,

S3=∑
nG

i=1
∑

{u,v}⊆V(Hi)\{wi}

dG{H}(u)dG{H}(v)
dG{H}(u,v) =∑

nG

i=1
∑

{u,v}⊆V(Hi)\{wi}

dH(u)dH(v)
dH(u,v) =nG ∑

{u,v}⊆V(H)\{w}

dH(u)dH(v)
dH(u,v) =

nGHM(H)-nGdH(w) ∑
v∈V(H)\{w}

dH(v)
dH(w,v)

,

S4= ∑
1≤i<j≤nG

∑
u∈V(Hi)\{wi}

v∈V(Hj
)\{wj

}

dG{H}(u)dG{H}(v)
dG{H}(u,v) =

∑
{t,l}⊆V(G)

∑
{u,v}⊆V(H)\{w}

dH(u)dH(v)
dH(u,w)+dH(v,w)+dG(t,l)

.

  Finally,weaddupthesumofthefourparts
andsimplifyit,theTheorem1.1iscomplete.

BasedonTheorem1.1,weobtainthenext
corollaryimmediately.
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Corollary1.1 LetGbear-regulargraphand
H beak-regularrootedgraph with w asits

root.Then

HM(G{H})=(r+k)2H(G)+nGk2H(H)+nGkrHH(w)+

2k(r+k) ∑
v∈V(H)\{w}

∑
{u,t}⊆V(G)

1
dG(u,t)+dH(w,v)+

k2 ∑
{t,l}⊆V(G)

∑
{u,v}⊆V(H)\{w}

1
dH(u,w)+dH(v,w)+dG(t,l)

.

  WecandeterminealowerandanupperboundforHM(G{H}),whereGisar-regulargraphandHis
ak-regularrootedgraph.

Weknowthat1≤dG(u,v)≤D(G),where{u,v}⊆V(G),u≠vandD(G)isthediameterofG.
Similarly,wehave1≤dH(u,v)≤D(H),where{u,v}⊆V(H),u≠vandD(H)isthediameter

ofH.
Hence,weobtain

HM(G{H})≥ (r+k)2H(G)+nGk2H(H)+nGkrHH(w)+nG(nG -1)(nH -1)
k(r+k)

D(G)+D(H)+

nG(nG -1)(nH -1)
nHk2

4(2D(H)+D(G))
,

HM(G{H})≤ (r+k)2H(G)+nGk2H(H)+nGkrHH(w)+nG(nG -1)(nH -1)
k(r+k)
2 +

nG(nG -1)(nH -1)
nHk2

12 .

1.2 MultiplicativelyweightedHararyindexofthe
compositegraphGH
Definition1.2 LetG beagraphwiththe

orderbynGandthesizebyeG,andH alsobea
graphwiththeorderisnHandthesizeiseH.The
coronaproductGH isobtainedbytakingone
copyofGandnGcopiesofH;andbyjoiningeach
vertexoftheithcopyofHtotheithvertexofG,

i=1,2,…,nG.
ForthecoronaproductGH,wehave

|V(GH)|=nG(nH +1),

|E(GH)|=eG +nG(eH +nH).
  Anexampleofrootedproductcanbeseenin
Fig.2.

Lemma1.2[25] LetGandH betwosimple
connectedgraphs.ForavertexuofGH such
thatu∈V(G),wehavedGH(u)=dG(u)+nH,
andforavertexvofGH suchthatv∈V(H),
wehavedGH(v)=dH(u)+1.Also:

(Ⅰ)ifu,v∈V(G),thendGH(u,v)=dG(u,v);
(Ⅱ)ifu∈V(G),V∈V(Hi),thendGH =

Fig.2 GH

dG(u,wi)+1,wherewiistheithvertexinGand
i=1,2,3,…,nG;

(Ⅲ)ifu,v∈V(Hi),wherei=1,2,3,…,
nG,then

dGH(u,v)=
1,uv∈E(Hi),

2,uv∉E(Hi); 
  (Ⅳ)ifu∈V(Hi),v∈V(Hj)and1≤i<j≤
nG,thendGH(u,v)=dG(wi,wj)+2,wherewi

istheithandwjisthej-thverticesinG.
Lemma1.3[26] LetGbeagraphofordern

andsizee.Then
(Ⅰ M1(G)=2e(n-1)-M1(G),
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(Ⅱ)M2(G)=2e2-M2(G)-
1
2M1(G).

Lemma1.4[25] LetGbeasimplegraphand
K2bethecompletegraphoforder2.Then

H(G{K2})=H(G)+P(G)+

∑
{u,v}⊆V(G)

1
dG(u,v)+2

.

  Theorem1.2 LetGandH betwosimple
graphs.Then

HM(GH)=HM(G)+nHHA(G)+

n2
HH(G)+

1
4nGM1(H)+

1
2nGM2(H)+nGe2H +nG(nH -

1
2
)eH +

(nH -1)nHnG

4 +

(2eH +nH) ∑
{u,v}⊆V(G)

dG(u)
dG(u,v)+1+

nH(2eH +nH)∑
nG

i=1
PG(wi)+

(2eH +nH)2[H(G{K2})-H(G)-P(G)].
Proof Bydefinitionwehave

HM(GH)= ∑
{u,v}⊆V(GH)

dGH(u)dGH(v)
dGH(u,v)

,

  ByLemma1.2,wepartitionthesuminto
foursumsSi(i=1,2,3,4).Weconsiderfour
sumsS1,S2,S3,S4asfollows:

S1= ∑
{u,v}⊆V(G)

dGH(u)dGH(v)
dGH(u,v)

=

∑
{u,v}⊆V(G)

(dG(u)+nH)(dG(v)+nH)
dG(u,v) =

∑
{u,v}⊆V(G)

dG(u)dG(v)+nH(dG(u)+dG(v))+n2
H

dG(u,v) =

HM(G)+nHHA(G)+n2
HH(G).

S2=∑
nG

i=1
∑

u∈V(G)
v∈V(Hi)

dGH(u)dGH(v)
dGH(u,v)

=

∑
nG

i=1
∑

u∈V(G)
v∈V(Hi)

(dG(u)+nH)(dH(v)+1)
dG(u,wi)+1

.

  Nowweconsiderthefollowingrelation

∑
u∈V(G)
v∈V(Hi)

(dG(u)+nH)(dH(v)+1)
dG(u,wi)+1

=

∑
u∈V(G)
v∈V(Hi)

dG(u)dH(v)+dG(u)+nHdH(v)+nH

dG(u,wi)+1
=

∑
u∈V(G)
v∈V(Hi)

dG(u)dH(v)
dG(u,wi)+1

+ ∑
u∈V(G)
v∈V(Hi)

dG(u)
dG(u,wi)+1

+

∑
u∈V(G)
v∈V(Hi)

nHdH(v)
dG(u,wi)+1

+nH ∑
u∈V(G)
v∈V(Hi)

1
dG(u,wi)+1

=

(2eH +nH)∑
u∈V(G)

dG(u)
dG(u,wi)+1

+

nH(2eH +nH)∑
u∈V(G)

1
dG(u,wi)+1

.

  Hence,weget

S2=(2eH +nH) ∑
{u,v}⊆V(G)

dG(u)
dG(u,v)+1+

nH(2eH +nH)∑
nG

i=1
∑

u∈V(G)

1
dG(u,wi)+1

=

(2eH +nH) ∑
{u,v}⊆V(G)

dG(u)
dG(u,v)+1+

nH(2eH +nH)∑
nG

i=1
PG(wi),

S3=∑
nG

i=1
∑

{u,v}⊆V(Hi)

dGH(u)dGH(v)
dGH(u,v)

=

∑
nG

i=1
∑

{u,v}⊆V(Hi)

(dH(u)+1)(dH(v)+1)
dGH(u,v)

.

  Nextweconsiderthefollowingrelation

∑
{u,v}⊆V(Hi)

dH(u)dH(v)+dH(u)+dH(v)+1
dH(u,v) =

∑
uv∈E(H)

(dH(u)dH(v)+dH(u)+dH(v)+1)+

∑
uv∉E(G)

dH(u)dH(v)+dH(u)+dH(v)+1
2 =

M2(H)+M1(H)+eH +
1
2M2(H)+

1
2M1(H)+

1
2
(nH(nH -1)

2 -eH).

So,weobtain

S3=nG[
1
4M1(H)+

1
2M2(H)+

(nH -
1
2
)eH +e2H +

nH(nH -1)
4

],

S4= ∑
1≤i<j≤nG

∑
u∈V(Hi)

v∈V(Hj
)

dGH(u)dGH(v)
dGH(u,v)

=

∑
1≤i<j≤nG

∑
u∈V(Hi)

v∈V(Hj
)

dH(u)dH(v)+dH(u)+dH(v)+1
dG(wi,wj)+2

.

  Finallyweconsiderthefollowingrelation,
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where1≤i<j≤nG

∑
u∈V(Hi)

v∈V(Hj
)

dH(u)dH(v)+dH(u)+dH(v)+1
dG(wi,wj)+2

=

1
dG(wi,wj)+2 ∑u∈V(Hi)

v∈V(Hj
)

dH(u)dH(v)+

1
dG(wi,wj)+2 ∑u∈V(Hi)

v∈V(Hj
)

(dH(u)+dH(v)+1)=

(4e2H +4eHnH +n2
H)

1
dG(wi,wj)+2

.

  Therefore,wehave

S4=(4e2H +4eHnH +n2
H) ∑

{u,v}⊆V(G)

1
dG(u,v)+2

.

  Theresultnowfollowsbyaddingthefour
contributionsandsimplifyingtheexpression.

Basedon Theorem 1.2,wegetthetwo
followingcorollaries.

Corollary1.2 LetG beasimplegraphand
H bear-regulargraph.Then
HM(GH)=HM(G)+nHHA(G)+n2

HH(G)+

nG(r+1)2(
1
2eH +

nH(nH -1)
4

)+

nH(r+1) ∑
{u,v}⊆V(G)

dG(u)
dG(u,v)+1+

(r+1)2n2
H∑

nG

i=1
PG(wi)+

(r+1)2n2
H[H(G{K2})-H(G)-P(G)].

  Corollary1.3 LetGbeak-regulargraphand
H bear-regulargraph.Then

HM(GH)=(k+nH)2H(G)+

nG(r+1)2(
1
2eH +

nH(nH -1)
4

)+

nH(r+1)(k+nH) ∑
{u,v}⊆V(G)

1
dG(u,v)+1+

n2
H(r+1)2[H(G{K2})-H(G)-P(G)].

1.3 MultiplicativelyweightedHararyindexofthe
compositegraph(G·H)(y;z)

Definition1.3 LetGandH betwosimple
graphs.Forgivenverticesy∈V(G),andz∈
V(H),thespliceofGandHbyverticesyandz,

whichisdenotedby(G·H)(y;z),isdefinedby
identifyingtheverticesyandzintheunionofG
andH.

ThenforthespliceofGandH byverticesy
andz,wehave

|V((G·H)(y;z))|=nG +nH -1,

|E((G·H)(y;z))|=eG +eH .
  Anexampleofrootedproductcanbeseenin
Fig3.

Fig.3 G·H

Lemma1.5[25] LetG and H besimple
graphswithdisjointvertexsets.Forgivenvertices
y∈V(G)andz∈V(H),supposethatthesplice
ofGandHbyverticesyandzisdenotedby(G·
H)(y;z)forconvenience.Thenforavertexuof
(G·H)(y;z)suchthatu∈V(G)\{y},wehave
dG·H(u)=dG(u);andforavertexvof(G·H)
(y;z)suchthatv∈V(H)\{z},wehavedG·H(v)=
dG(v),dG·H(y)=dG·H(z)=dG(y)+dH(z).Also:

(Ⅰ)ifu,v∈V(G),thendG·H(u,v)=dG(u,v);
(Ⅱ)ifu,v∈V(H),thendG·H(u,v)=dH(u,v);
(Ⅲ)ifu∈V(G),v∈V(H),thendG·H(u,

v)=dG(u,y)+dH(z,v).
Theorem1.3 LetG andH betwosimple

graphs.Forverticesy∈V(G)andz∈V(H),
consider(G·H)(y;z).Then

HM(G·H)=HM(G)+HM(H)+

dH(z) ∑
u∈V(G)\{y}

dG(v)
dG(y,v)+

dG(y) ∑
u∈V(H)\{z}

dH(v)
dG(z,v)+

∑
u∈V(G)\{y}
v∈V(H)\{z}

dG(u)dH(v)
dG(u,y)+dH(z,v)

.

Proof Forconveniencewedenote(G·H)(y;z)

byG·H.Bydefinitionwehave

HM(G·H)= ∑
{u,v}⊆V(G·H)

dG·H(u)dG·H(v)
dG·H(u,v)

.

  ByLemma1.5,wepartitionthesuminto
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threesumsSi(i=1,2,3).Henceweobtain

S1= ∑
{u,v}⊆V(G)

dG·H(u)dG·H(v)
dG·H(u,v) =

∑
{u,v}⊆V(G)\{y}

dG(u)dG(v)
dG(u,v) +

∑
v∈V(G)\{y}

(dG(y)+dH(z))dG(v)
dG(y,v) =

HM(G)+dH(z) ∑
u∈V(G)\{y}

dG(v)
dG(y,v)

.

  Similarly,wehave

S2=HM(H)+dG(y) ∑
v∈V(H)\{z}

dH(v)
dH(z,v)

,

S3= ∑
u∈V(G)\{y}
v∈V(H)\{z}

dG·H(u)dG·H(v)
dG·H(u,v) =

∑
u∈V(G)\{y}
v∈V(H)\{z}

dG(u)dH(v)
dG(u,y)+dH(z,v)

.

  Theresultnowfollowsbyaddingthethree
sumsSi,i=1,2,3.

Corollary1.4 LetGbear-regulargraphand
Hbeak-regulargraph.Forverticesy∈V(G)and
z∈V(H),consider(G·H)(y;z).Then

HM(G·H)=r2H(G)+k2H(H)+
kr(HG(y)+HH(z))+

kr ∑
u∈V(G)\{y}
v∈V(H)\{z}

1
dG(u,y)+dH(v,z)

.

  Wecandeterminealowerandanupperbound
forHM(G·H),whereGandHarer-regularand
k-regulargraphs,respectively.

Weknowthat1≤dG(u,y)≤D(G),where
u∈V(G)\{y}andD(G)isthediameterofG.
Similarly,weget1≤dH (v,z)≤D(H),where
v∈V(H)\{z}andD(H)isthediameterofH.

Therefore,wehave
HM(G·H)≥r2H(G)+kr(HG(y)+

HH(z))+k2H(H)+

kr
(nG -1)(nH -1)
D(G)+D(H)

,

HM(G·H)≤r2H(G)+kr(HG(y)+HH(z))+

k2H(H)+kr
(nG -1)(nH -1)

2 .

1.4 MultiplicativelyweightedHararyindexofthe
compositegraph(G~H)(y;z)

Definition1.4 LetGandH betwosimple

graphs,andy∈V(G),z∈V(H).AlinkofGandH
byverticesyandz,denotedby(G~H)(y;z),

whichisdefinedasthegraphobtainedbyjoiningy
andzwithanedgeintheunionofthesegraphs.

ForalinkofGandH byverticesyandz,

wehave
|V((G ~H)(y;z))|=nG +nH,

|E((G ~H)(y;z))|=eG +eH +1.
  Anexampleofrootedproductcanbeseenin
Fig4.

Fig.4 G~H

Lemma1.6[25] LetGandH betwosimple
graphswithdisjointvertexsets.Forgivenvertices
y∈V(G)andz∈V(H),supposealinkofGand
H byverticesyandzisdenotedbyG~H for
convenience.ThenforavertexuofG~H such
thatu∈V(G)\{y},wehavedG~H (u)=dG(u)

andforavertexvofG~Hsuchthatv∈V(H)\{z},

wehavedG~H(v)=dG(v);dG~H(y)=dG(y)+1,

dG~H(z)=dH(z)+1.
(Ⅰ)ifu,v∈V(G),thendG~H(u,v)=dG(u,v);
(Ⅱ)ifu,v∈V(H),thendG~H(u,v)=dH(u,v);
(Ⅲ)ifu∈V(G),v∈V(H),thendG~H(u,

v)=dG(u,y)+dH(z,v)+1.
Theorem1.4 LetG andH betwosimple

graphs.Forverticesy∈V(G)andz∈V(H),

consider(G~H)(y;z).Then
HM(G ~H)=HM(G)+HM(H)+
dG(y)dH(z)+dG(y)+dH(z)+1+

∑
v∈V(G)\{y}

dG(v)
dG(y,v)+ ∑

v∈V(H)\{z}

dH(v)
dH(z,v)+

∑
u∈V(G)\{y}
v∈V(H)\{z}

dG(u)dH(v)
dG(u,y)+dH(z,v)+1+

∑
u∈V(G)\{y}

dG(u)dH(z)+dG(u)
dG(u,y)+1 +
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∑
v∈V(H)\{z}

dG(y)dH(v)+dH(v)
dG(z,v)+1

.

  Proof Bydefinitionwehave

HM((G ~H)(y;z))= ∑
{u,v}⊆V(G)

dG~H(u)dG~H(v)
dG~H(u,v)

.

  SimilarlytotheproofofTheorem1.3,we
partitionthesumintothreesumsSi,i=1,2,3.

WeconsiderthreesumsS1,S2,S3asfollows:

S1= ∑
{u,v}⊆V(G)

dG~H(u)dG~H(v)
dG~H(u,v) =

∑
{u,v}⊆V(G)\{y}

dG(u)dG(v)
dG(u,v) +

∑
v∈V(G)\{y}

(dG(y)+1)dG(v)
dG(y,v) =

HM(G)+ ∑
v∈V(G)\{y}

dG(v)
dG(y,v)

.

  Similarly,wehave

S2=HM(H)+ ∑
v∈V(H)\{z}

dH(v)
dH(z,v)

and

S3= ∑
u∈V(G)
v∈V(H)

dG~H(u)dG~H(v)
dG~H(u,v) =

dG(y)dH(z)+dG(y)+dH(z)+1+

∑
u∈V(G)\{y}
v∈V(H)\{z}

dG(u)dH(v)
dG(u,y)+dH(z,v)+1+

∑
u∈V(G)\{y}

dG(u)(dH(z)+1)
dG(u,y)+1 +

∑
v∈V(H)\{z}

(dG(y)+1)dH(v)
dG(z,v)+1

.

  Weobtaintheresultbyaddingthethreesums
Si,i=1,2,3.

Inasimilarway,wehavethetwofollowing
corollaries.

Corollary1.5 LetGbear-regulargraphand
Hbeak-regulargraph.Forverticesy∈V(G)and
z∈V(H),consider(G~H)(y;z).Then
HM(G ~H)=r2H(G)+k2H(H)+rHG(y)+

kHH(z)+r(k+1)PG(y)+1-rk+
k(r+1)PH(z)+

rk ∑
u∈V(G)\{y}
v∈V(H)\{z}

1
dG(u,y)+dH(z,v)+1

.

  Similarly,wecandeterminealowerandan
upperboundforHM(G~H),whereGandHare

r-regularandk-regulargraphs,respectively.
Weseethat1≤dG(u,y)≤D(G),whereu∈

V(G)\{y}andD (G)isthediameterofG.
Similarly,wehave1≤dH(v,z)≤D(H),where
v∈V(H)\{z}andD(H)isthediameterofH.

Hence,weobtain
HM(G ~H)≥r2H(G)+k2H(H)+

rHG(y)+kHH(z)+1-rk+
r(k+1)PG(y)+k(r+1)PH(z)+

rk
(nG -1)(nH -1)
D(G)+D(H)+1

and
HM(G ~H)≤r2H(G)+k2H(H)+

rHG(y)+kHH(z)+1-rk+
r(k+1)PG(y)+k(r+1)PH(z)+

rk
(nG -1)(nH -1)

3 .

Remark1.1 FromthedefinitionofH (G)and
P(G),itisobviousthatthecompletegraphhas
thelargestH(G)andP(G)amongallgraphson
thesamenumberofvertices.So,foranygraphG

onnverticeswehaveH(G)≤
n(n-1)
2

,P(G)≤

n(n-1)
2 +n.Also,fromthefactthataddingan

edge to G will increase its multiplicatively
weighted Hararyindex,itimmediatelyfollows
thatthecompletegraphhasthelargestHM (G)

amongallgraphonthesamenumberofvertices.
Hence,foranygraphG onn verticeswehave

HM(G)≤
n(n-1)3

2 .

Fromtheaboveremark,weobtainthenext
corollariesimmediately.

Corollary1.6 LetGbear-regulargraphand
H beak-regularrootedgraph.Then

HM(G{H})≤ (r+1)[
r(r+k)2

2 +
k3(k+1)

2
]+

r(r+1)k2[1+
r+k
2 +

k(k+1)
12

].

  Corollary1.7 LetGbear-regulargraphand
H beak-regulargraph.Then
HM((G·H)(y;z))≤           

962第3期 OnthemultiplicativelyweightedHararyindexofcompositegraphs



r3(r+1)
2 +

k3(k+1)
2 +kr(k+r+

kr
2
),

HM((G ~H)(y;z))≤         
r2k2

3 +
(r+k)(r+1)(k+1)

2 +

r2(
r(r+1)
2 +1)+k2(

k(k+1)
2 +1).

2 Conclusion
In this paper we have investigated the

multiplicativelyweighted Hararyindexforsome
graphproductssuchassplice,link,coronaand
rootedproduct.Alsowehavedeterminedlower
andupperboundsforsomeofthem.
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