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基于待转区的车道共用交叉口车道分配和信号配时优化研究

周亚平,周巧琪,庄宏斌,郑建新,张妍妍

(中国科学技术大学管理学院,安徽合肥230026)

摘要:针对结合左转弯待转区的车道共用控制方式,建立了一种以车道分配和信号配时最优为目标的综合

优化模型,即混合整数非线性规划模型,并运用可行方向方法优化配时参数.结果发现,改进的控制方式和优

化模型有效提高了交叉口的通行效率,且使交叉口平均延误得以最小化.此外,不仅对待行区结合共用车道

的改进交叉口设计和传统的交叉口配置进行了比较和分析,验证了前者比后者有更好的运行效果,还对改进

方案的平均延误、待转区长度和到达率进行灵敏度分析.综合优化模型的最优结果为带有待行区的信号交叉

口设计的拓展研究提供了有益的参考.



关键词:待转区;共用车道;车道分配;信号配时;延误估计

0 Introduction
NowadaysinChina,left-turnwaitingareais

commonly established in urban signalized
intersectionswiththepurposeofdischargingmore
vehiclesin the green interval.It was first
introducedin Road TrafficSignsand Markings
(GB5768-1999)byMinistryofTransportofthe
People’sRepublicofChina[1]andlaterformally
adoptedintheversion(GB5768.3-2009)bythe
GeneralAdministrationof Quality Supervision,

Inspection and Quarantine of the People’s
RepublicofChinain2009[2].Theleft-turnwaiting
areaisanextensionofthededicatedleftturnlane
enteringtheintersection,andtherearedataof
relatedresearchshowstheproofofoperational
efficiencyandsafetyperformanceoftheleft-turn
waitingstrategy[3-5].Jiangetal.focusedonthe
safetyperformanceofthesignalizedintersections
withleft-turnwaitingareabyadoptingthetraffic
conflicttechniqueandcomparedthediscrepancyof
conflicttypesbetweenintersectionswithleft-turn
waitingareaand without.Resultsdemonstrate
thattheleft-turnvolumeanddrivingoutsidethe
left-turn waitingareasignificantlyincreasethe
severitiesoftrafficconflictsattheleft-turnwaiting
area[5].Andtheotherhandisthattheleft-turn
waitingarealayoutcan effectively reducethe
possibility ofleft-handed vehiclestrandingand
queuingoverflow[6].Inadditiontoemphasizingthe
effectofleft-turnwaitingareatotheoperational
efficiency,Maetal.discussedtheimpactofleft-
turn waiting areas on operation ofsignalized
intersectionfromtheperspectiveofmotorvehicle
efficiency,whichchoseaveragecontroldelayof
approachascriticalcriterion.Andthelayoutof
settingleft-turnwaitingareacanimprovetheleft-
turntrafficflowcapacity[7].Sunetal.studiedthe
effectiveness of left-turn waiting area
implementation by using micro-simulation
VISSIM.Thesimulationresultsofdifferenttypes

ofleft-turnwaitingareashowthatusingleft-turn
waiting area decrease total delay of the
intersection[8].Andthereareonlyafewliterature
focusingontheimpactoftheleft-turnwaitingarea
onvehicleemissionsofsignalizedintersections
withleft-turnwaitingarea[9].

Fig.1presentsatypicalsignalizedintersection
withaleft-turnwaitingareainHefei,China.The
geometricconfigurationisoperatedinprotected
left-turnphasesinceleft-turningmovementsmay
adversely affect the safety and efficiency of
intersections. However, turning flow with
fluctuatingarrivalratesinprotectedphase may
leadtothecapacityreductionanddelayincrease.
Tohandletheimbalancetraffic movementsof
throughflowandleft-turns,anovelapproachto
utilizeleft-turnwaitingareainprotectedphaseis
proposed by incorporating a shared-use lane
geometricdesign.

Fig.1 Currentintersectionwithleft-turnwaitingarea

Asispresentedin Fig.2,thefour-phase
controlbasedondual-ringstructureisadopted
with two fully protected left-turn phases.
Exclusiveleft-turn phase, which providesfor
simultaneousmovementofopposingleftturns,
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followsthroughphaseineachsignalcycle.The
exclusiveleft-turnsshouldwaitintheareauntil
thethroughvehiclesdischargeandprotectedleft-
turn phasestarts.Hencethe potentialofan
intersectionincurrentconfigurationislimited.

Fig.2 Signalphasing

Asis shown in Fig.3,the geometric
configurationisimprovedbyturninganexclusive
left-turnlaneoranexclusivethroughlaneinto
shared-uselane.Meanwhile,severalmodifications
and restrictions are adopted including: (a)

isolating and narrowing the waiting area to
minimizetheconflictbetweenthroughandleft-
turnvehicleflow;(b)movingtheareatotheleft
forsafetyconcernifthe medianstripis wide
enough;(c)left-turnsarerequiredtoenterthe
waiting area to preventthe blockage to the
following through vehiclesin shared-uselane
duringthethroughphase;(d)besides,vehicles
arenotsupposedtochangelanesfreelyastheyget
closetothestoplane.

Whenvehiclesapproachtheintersection,for
theshared-useconfiguration,thewarranttoenter
thewaitingareastartsfromthebeginningofthe
throughphaseandendsaftertheleft-turnphase,

whereasnorestrictionforturningvehiclesexistsin
theleft-turnpocket.Inother words,left-turn
vehiclesenterintothewaitingareawhilethrough
vehiclespassthroughtheintersectionduringthe
through phase. That means no vehicles are
supposedtoremaininleft-turnwaitingareawhen
thefollowingthrough phase begins.Left-turn
vehiclesinthewaitingareawon’tblockthrough
vehicles’way,sincethewaitingareais moved
forwardandleft.However,ifthequeuelengthof
left-turnsexceedsthe waitingarealength,the

Fig.3 Improvedgeometricdesignwithshared-uselane

throughvehicleswillgetstuck.Thefailurefollows
aprobabilisticmechanismthatcanbecapturedin
someformulasbyconsideringthelengthofwaiting
area,thegreentimeandlaneassignment;hence
thecapacityoftheshared-uselaneisexpectedtobe
calculated.Byturningtheexclusiveleft-laneinto
shared-uselaneandutilizingthe waitingarea,

intersectionsshow betterperformancethanthe
conventionalconfigurationinmostcases.

Previousworksmainlyfocusedonthecapacity
of shared-use configuration compared to the
exclusiveoperationindifferentconditions,suchas
theexistenceofleft-turnbayorchannelization[10],

thepermissiveorprotectedsignaloperation[11],

thegapacceptanceinpermissiveconfiguration[12]

andsoon.Lin[13],EasaandAli[14],Zhangand
Tong[15]focusedontheleftturnbayandattempted
toestablishtherelationshipamongthecapacity,

thetrafficdelay,signaltiming and geometric
conditions.ChangandSun[16],Zhaoetal.[17]and
Zhuetal.[18]investigatedthesafetyconcernon
overflowandblockagebetweentheleftlaneand
adjacentlane.KikuciandKronpasert[19]andQiet
al.[20]discussedtheestimationandoptimizationof
theleftturnlength.Asforthesignaltimingin
literature,itmainlyincludesthepre-timedsignal
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control,semi-actuatedsignalcontrol,andfully
actuatedsignalcontrol.Althoughthepre-timed
signalcontrolis focused in the paper,the
researchershaveappliedvariousmethodsforsignal
timing.Thegeneralsignaltimingmethodswere
firstpresentedinthestage-basedmethodandlater
developed into the group-based method[21-23].
Differentsignaltiming optimization algorithms
focusingonvarioustrafficcontextswerethereafter
introduced by researchers. These algorithms
mainlyincludegeneticalgorithm[24-26]whichisused
tosolvethesignaltimingoptimizationmodelfor
single-pointintersections[27]andmulti-intersection
signal control schemes[28],fuzzy optimization
algorithm[29], dynamic programming
algorithm[30-31],bi-levelprogramming modelof
signaltimingoptimizationwiththeGauss-Seidel
iterative solution algorithm[32], platoon-based
traffic signal timing algorithm[33], maximal
progression possibility operation algorithm[34],

multi-objectivejointoptimizationconvertedtoa
single-objectivefunctionsolutionalgorithm[35]and
urbantrafficcontrolsystemalgorithm basedon
deepreinforcementlearning (DRL).Thelatter
twoalgorithmsarerelativelyrecentoptimization
algorithms,especially the urban traffic signal
controlalgorithmbasedonDRLwhichisanurban
trafficcontrolsystembasedondeepreinforcement
learning (DRL) presented to solve traffic
congestion andimprovetrafficflow,and the
methodshowsmorepromisingresultsthanother
methods based on DRL after simulation
experiments and comparative analysis, which
verifythatthemethodcanadapttothecomplex
dynamicallychangingenvironment[36].Thesignal
timingcombinedwiththeoptimallaneassignment
is observed and proposed in an integrated
model[37-39]. They present a lane-based
optimizationmethodfortheintegrateddesignof
lane markingsand signalsettingsforisolated
junctionsandconverttheoptimizationproblems
intoBinary-Mix-Integer-Linear-Programs.However,

thetrafficbehaviorintheshared-uselanewith

waiting area is much complicated than the
conventionalgeometricconfiguration,becausethe
defactolanes utilized bythrough orturning
vehiclesshouldberecalculatedbytheprobability
theory[40-42].

Inthiswork,afeasibledirectionsmethodto
solvethesharedlaneconfigurationoptimization
wasproposed.Thelaneassignmentandsignal
timingoptimizationisintegratedtoinvestigatethe
optimaldesignoflane-useandsignal-phasecontrol
in the new configuration. The optimization
eliminates the potentialinferior performance,

despitethefactthatthedisadvantageonlyexistsin
some extreme situation. The results of the
integratedmodelforoptimaldesignoftheshared-
uselaneassignmentandsignaltimingoptimization
show significant improvement in minimizing
average delay and increasing capacity of the
intersection.

Therestofthepaperisorganizedasfollows.
Constraints,notationsandprocessingstepsare
firstdescribedinthesubsequentsections.Next,

thealgorithmispresentedandnumericalexamples
arediscussedindetail.Thefinalsectionconcludes
thepaperandsuggeststhedirectionforfuture
work.

1 Constraintsforshared-uselane
assignment
The purpose of the new geometric

configurationistoreleasemorethrough(orleft-
turn)vehicleswithoutcompromisingtheefficiency
ofleft-turn(orthrough)vehicles.Foranisolated
intersection,itis assumed that the arriving
vehiclesfromtheupstream ofanapproach will
choosethecorrespondinglanewithshortestqueue
length.Hence,thequeueineachlanewillbe
roughly equal on averagein general.Fig.3
presentscommonconfigurationwiththewaiting
areainfrontoftheshared-uselane.Theshared-
uselaneassignment,alsoknownasshared-use
lanedesignation,isincorporatedinthissection.
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1.1 Labeltransitionofarms
Theconfigurationisbasicallyoperatedinthe

at-gradeintersectionwithfourarmsandthearms
aremarkedbyusingclockwiserotation.Todepict
the label transition relationship among the
approaches,threefunctionsaredefinedbelow.
m1(i)=mod(i+1,4)+4{1-sgn[mod(i+1,4)]}

(1)

m2(i)=mod(i+2,4)+4{1-sgn[mod(i+2,4)]}
(2)

m3(i)=mod(i+3,4)+4{1-sgn[mod(i+3,4)]}
(3)

wheresgn(·)isthesignfunction,sgn(x)=1ifx
>0,sgn(x)=0ifx=0,andsgn(x)=-1ifx<
0.mod(·)isa modulooperationtofindthe
remainderofdivisionofonenumberbyanother.
Armm1(i)isthearmlocatedontheleftsideof
armi,whereasarmm2(i)istheonelocatedatthe
oppositedirectionofarmiandsimilarly,arm
m3(i)istheonelocatedattherightsideofarmi,

wherei =1,2,3,4.Thefirstpartinequations
reflectsthelabeltransitionandthesecondpartis
to prevent zerosin some modulo operation.
Besides,theapproachinonearmsharesthesame
labelwiththecorrespondingarm.
1.2 Shared-uselaneassignmentconstraint

Letγ(i,j,k)bethebinaryvariablefortraffic
movementfromlanekofapproachiflowsintoarm
j,wherei,j=1,2,3,4,j≠i,k=1,2,…,aiand
aiisthenumberoflanesinarmi.γ(i,j,k)=1if
themovementispermittedandγ(i,j,k)=0if
prohibited.Lanesinanapproacharenumbered
frommedianstriptonearside,namelykismarked
frominnertoouteroneacharm.

Foreachapproach,inspiredbyRef.[38],the
followingconstraintsshouldbesatisfiedtoprevent
theconflictbetweenthroughvehiclesandturning
vehicles.Ifleft-turnvehiclesarepermittedtoenter
acertainlane,regardlessofexclusiveorshared-use
operation,alllanesontheleftshouldbethe
exclusiveleft-turnones,whichisequivalentto

γ(i,m1(i),k)≤γ(i,m1(i),k-1) (4)

where

i=1,2,3,4;k=2,3,…,ai.
  Similarly,ifright-turnvehiclesarepermitted
toenteracertainlane,regardlessofexclusiveor
shared-useoperation,alllanesontherightshould
be the exclusive right-turn ones, which is
equivalentto

γ(i,m3(i),k-1)≤γ(i,m3(i),k)

where
i=1,2,3,4;k=2,3,…,ai.

  Obviously,inoneapproach,thereshouldnot
bemorethantwoshared-uselanes;otherwisethe
conflictsamongdifferentmovementsmayhappen.
Theconstrainthenceisgivenby

∑
ai

k=1

(γ(i,m1(i),k)+γ(i,m2(i),k)+

γ(i,m3(i),k))≤ai+2 (6)

 Besides, no lane will be left unused,

whichmeans

∑
4

j=1,j≠i
γ(i,j,k)≥1 (7)

where
i=1,2,3,4;k=2,3,…,ai.

1.3 Laneconstraintforapproachesandexits
Sincethetotallanesinanarmissubjectedby

thelocalgeometriccondition,thenumberoflanes
intotalisaconstant,regardlessthelaneallocation
for approach and exit flow. Therefore,the
constraintisgivenby

ai+ei=Li (8)

whereaiisthenumberoflanesofapproachi,eiis
thenumberoflanesofexiti,andLi =thetotal
laneinonearmi.
1.4 Matchingsaturationflowrate

When traffic movements flow across an
intersectionintotheexits,itiscriticaltomake
surethatthesaturationflowratesofexitsarenot
lessthanthetotalsaturationflowraterequiredby
thetrafficmovementsineachphase;otherwise,

thevehicles willaccumulateintheintersection
which mayresultincongestion.Letμa

ik bethe
saturationflowrateoflanekofapproachi,μe

ikbe
thesaturationflowrateoflaneofexiti ,the
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equationofrelationshipbetweenμa
ikandμe

ikcanbe
expressedasfollowing,

∑
4

i=1,i≠j
∑
ai

k=1
γ(i,j,k)μa

ikδ(i,j,t)≤∑
ej

k=1
μe

jk (9)

wherei,j = 1,2,3,4;δ(i,j,t)is the binary
variable of right-of-way of movement from
approachitoexitjintimetand0≤t ≤ C .
δ(i,j,t)=1indicates that the movement is
allowedtoflow into exitandisforbiddenif
δ(i,j,t)=0.

Fig.4illustratestheintersectionstructureis
presented below. The lane assignment is
predetermined to help the readers better
understandingtheconfiguration.The movement
(i,m1(i),1)representstheflowfromlane1of
armimovingtowardarmm1(i).Therefore,γ(i,

m1(i),1)shalldenotethelaneassignmentand
δ(i,j,t)represent the right-of-way of the
movement(i,m1(i),1).

Fig.4 Anexampleofintersectionstructure,laneassignment,

andnotationscorrespondingtoaleft-turnmovement

2 Approachcapacityofshared-use
configurationwithwaitingarea
Thepaperaimstominimizetheaveragedelay

ofvehiclesinintersections with waitingarea.
Hence,the capacity of shared-use lane with
waiting area should be clarified before the
optimization.Inthefollowing,thepaper will
focuson the shared-use pattern thatthrough
vehiclessharealanewithleft-turnvehicles.

2.1 Relevantparametersthatdeterminethecapacity
ofshared-uselane
Thewaitingareaisoperatedinfrontofthe

shared-uselane;hencethelengthofwaitingarea
hastobeconsideredinthecalculationofcapacity.
Besides,thelengthofgreenphasewillaffectthe
actualnumberofvehiclesdischargedinonecycle;

thereforethesignaltimingshouldbeincorporated
inthecapacityanalysis.Sincethenumberof
vehiclesdischargedinexclusivethroughorleft-
turnlaneinonecycleisthesameasthatofthe
conventionaldesign,thenumberofvehiclesdischarged
inshared-uselaneistakenintoconsideration.

Itisimportanttorealizethatifthelengthof
waitingareaistooshort,throughvehiclesmaybe
blockedbytheexcessiveleft-turnvehicles,which
willresultintrafficjam.However,thepossibility
thatblockageoccursisdeterminedbytherelevant
parameters.Inthissection,thesignalphasewill
beconsideredasaparameterratherthanvariable
toinvestigatethecapacity.

Inthefollows,subscriptsf andlindicate
throughandleft-turnvehiclerespectively,whereas
right-turnsareneglectedinthepaper.Nisthe
maximumnumberofvehiclesdischargedinshared-
uselaneduringthethroughphaseregardlessof
vehicletype,andMisthemaximumnumberof
vehiclesdischargedinshared-uselaneduringthe
left-turnphaseregardlessofvehicletype.Bshall
denotethelengthofwaitingarea,whichrepresents
the maximum numberofvehiclesthatcan be
accommodatedinthewaitingarea.Theprobability
ofvehiclesbeingthroughorleft-turnintheshared
lane,whichisdenotedbypfandplrespectively,

canbedeterminedbytheproportionofleft-turn
andthroughvolumeintheapproach.probishall
denotetheprobabilitythativehicles,whether
throughorleft-turn,bedischargedintheshared-
lane.Thecapacityofsharedlaneisdeducedbythe
comparisonofrelevantparametersB,M andN,

whichispresentedbelow.Thedifferentconditions
arecategorizedintotwocasesforthroughvehicles
andthreecasesforleft-turnsinthesharedlane.
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2.2 Throughvehiclesdischargedinsharedlane
Toutilizetheleft-turn waitingareainthe

sharelane,itassumethattheleft-turn phase
followsthroughphase,asispresentedinFig.2.
Thusthenumberofthroughvehiclesdischargedis
correlatedtothelengthofwaitingareaBandthe
maximum numberofvehiclesdischargedatthe
saturationflowrateduringthroughphase,denoted
by N .Thesituationsarecategorizedin the
followingtwocases:

IfB ≥ N ,thenumberofthroughvehicles
dischargedshallfollowabinomialdistributionand
theprobabilitythatithroughvehiclesdischarged
incaseB ≥Ncanbesummarizedas

probi=Ci
Npi

fpN-i
l (10)

wherei = 1,2,…,N ,Ci
N equals to

N
i  =

N!
i! (N -i)! andpi

f representstheprobability

thatithroughvehiclesaredischargedandpN-i
l is

theprobabilitythatN -ileft-turnvehiclesare
discharged.

IfB <N ,sincewaitingareaisinadequateto
accommodate all the through vehicles, the
blockage may happeninsomesituations.The
probabilitythatithroughvehiclesdischargedin
caseB <Ninonecycleisgivenby

probi=
Ci

B+ipi
fpB+1

l ,ifi≤N -B-1;

Ci
Npi

fpN-i
l ,ifN -B ≤i≤N (11)

  Bysummarizing Case1and Case2,the
expectationofthroughvehiclesdischargedinone
signalcycleis
Ef =                   

∑
N-B-1

i=0
Ci

B+ipi
fpB+1

l i+ ∑
N

i=N-B
Ci

Npi
fpN-i

l i,ifB <N;

∑
N

i=0
Ci

Npi
fpN-i

l i,ifB ≥N











(12)

  AdetailedformuladerivationofEqs.(10)~
(12)canbefoundandseeninRef.[30],andit
wouldn’tbepresentedindetailinthepaper.
2.3 Left-turnvehiclesdischargedinsharedlane

Because left-turn phase follows through

phase,thenumberofleft-turnsdischargedinthe
shared-laneiscorrelatedtoB ,MandN ,andthe
discussioniscategorizedintothreecasesbythe
comparisonamongB ,MandN .

IfM ≤min{B,N},theprobabilitythatileft
turnvehiclesdischargedinthecaseofM ≤min{B,

N}is

probi=
∑
i

j=0
Cj

Npi
lpN-j+1

f ,ifi<M;

∑
i

j=0
Cj

Npi
lpN-j

f ,ifi=M








 (13)

wherejisthenumberofleft-turnvehiclesentering
thewaitingareaduringthroughphase.

IfB<min{M,N},theprobabilitythatileft
turnvehiclesdischargedinthecaseofB<min{M,

N}is

probi=

∑
i

j=0
Cj

Npi
lpN-j+1

f ,ifi≤B;

∑
B-1

j=0
Cj

Npi
lpN-j+1

f +∑
N

z=B
∑
N-z

k=0
CB-1

z-1pi
lpz-B+k+1

f ,

    ifB <i<M;

∑
B-1

j=0
Cj

Npi
lpN-j

f +∑
N

z=B
∑
N-z

k=0
CB-1

z-1pi
lpz-B+k

f ,

    ifi=M


















(4)

wherevehiclezisthelastleft-turnonethatcan
enterthewaitingareaandkisthenumberof
continuousthroughvehiclesaftervehiclez.

IfN <MandN ≤B ,theprobabilitythati
leftturnvehiclesdischargedsubjectedtoN < M
andN ≤Bis

probi=

∑
i

j=0
Cj

Npi
lpN-j+1

f ,ifi≤N;

∑
N

j=0
Cj

Npi
lpN-j+1

f ,ifN <i<M;

∑
N

j=0
Cj

Npi
lpN-j

f ,ifi=M















(15)

  Bysummarizing Cases4,5 and6,the
expectationofleft-turnsdischargedinonesignal
cycleisgivenby

El =∑
M

i=0
probii (16)

622 中国科学技术大学学报 第50卷



withprobideterminedbyEqs.(13)~(15)inthree
differentcases.Adetailedformuladerivationof
Eqs.(13)~(16)canbeseeninRef.[30]forbetter
understanding.

3 Relationshipbetweenthecapacity
oflanegroupsandsignaltiming
Inthecapacityanalysisabove,N andMare

integers,which are proportionaltothe green
length gi,m2(i) and gi,m1(i). Without loss of
generality,letthelanekofarmibetheshared-use
lane,thenumberofvehiclesthatcanbedischarged
inthesaturationflowduringthethroughphaseis
N
︿
ik =gi,m2(i)μ

a
ik ,wherei=1,2,3,4,k=1,2,…,

ai .Similarly,thenumberofvehiclesthatcanbe
dischargedinthesaturationflowduringtheleft-
turnphaseisM

︿
ik =gi,m1(i)μ

a
ik .Itisobviousthat

N
︿
ikandM

︿
ikarecontinuousvariables,whichcannot

beusedin (10)to (16),becauseintegersare
requiredinthecalculation.

Thenumberofvehiclesdischargedinthe
saturation flow during the through phase,

however,isastochasticvariableandthevaluecan
beeitherNik = [N

︿
ik]orNik = [N

︿
ik]+1.The

probabilityisprob{Nik=[N
︿
ik]}=[N

︿
ik]+1-N

︿
ik

orprob{Nik=[N
︿
ik]+1}=N

︿
ik-[N

︿
ik],whichare

conciselydenotedbyPN
ikandPN

ikrespectively.
Similarly,thenumberofvehiclesdischarged

insaturationflowduringtheleft-turnphaseisa
stochasticvariableandthevaluecanbeMik =
[M
︿
ik]orMik = [M

︿
ik]+1.Theprobabilityis

prob{Mik =[M
︿
ik]}=[M

︿
ik]+1-M

︿
ikor

prob{Mik =[M
︿
ik]+1}=M

︿
ik -[M

︿
ik],

whichareconcisely denoted by PM
ik and PM

ik

respectively.
Basedontheanalysisabove,itiseasyto

provethattheexpectationofstochasticvariable
NikandMikareE(Nik)=N

︿
ikandE(Mik)=M

︿
ik

respectively.Forexample,ifg=14sandμ=0.46
veh/s,then the accurate number ofvehicles
dischargedis6.44,whichcannotbeusedinEqs.
(10)~(16).Howeverbasedontheassumptions

above,thenumbercanbeconsideredtobe7with
theprobability0.44and6withtheprobability
0.56.Hencethenumberofvehiclesdischargedis6
or7,whichcanbeusedinEqs.(10)~(16).To
obtaintheexpectationofthroughandleft-turn
vehicles,thefollowingstepsarepresented.

Step1 LetN =[N
︿
ik]=[μa

ikgim2(i)
]andM =

[M
︿
ik]=[μa

ikgim1(i)
],andputN ,M ,BintoEqs.

(10)~(16),henceEfandElwithlowervalueN
andM areshown,andEf

ik(N,M)= Ef and
El

ik(N,M)=Elaredefinedinthiscase.

Step2 LetN =[N
︿
ik]+1andM =[M

︿
ik],

andputN ,M ,BintoEqs.(10)~(16),henceEf

andEl withhighervalueN andlowerM are
shown,andEf

ik(N,M)=EfandEl
ik(N,M)=El

aredefinedinthiscase.
Step3 LetN=[N

︿
ik]andM=[M

︿
ik]+1,and

putN ,M ,BintoEqs.(10)~(16),henceEfand
El withlowerN andhigherM areshown,and
Ef

ik(N,M)=EfandEl
ik(N,M)=Elaredefinedin

thiscase.
Step4 LetN=[N

︿
ik]+1andM=[M

︿
ik]+1,

andputN ,M ,BintoEqs.(10)~(16),henceEf

andElwithbothhighervalueNandMareshown,
andEf

ik(N,M)=Ef andEl
ik(N,M)=El are

definedinthiscase.
Step5 WiththeprobabilityPN

ik ,PN
ik ,PM

ik ,

PM
ik ,theequationscanbeexpressedasfollowing,

prob{N =[N
︿
ik],M =[M

︿
ik]}=PN

ikPM
ik (17)

prob{N =[N
︿
ik]+1,M =[M

︿
ik]}=PN

ikPM
ik

(18)

prob{N =[N
︿
ik],M =[M

︿
ik]+1}=PN

ikPM
ik

(19)

prob{N =[N
︿
ik]+1,M =[M

︿
ik]+1}=PN

ikPM
ik

(20)

Hence the expectation of through vehicles
dischargedinsharedlaneishencegivenby

E
︿f
ik =PN

ikPM
ikEf

ik(N,M)+PN
ikPM

ikEf
ik(N,M)+

PN
ikPM

ikEf
ik(N,M)+PN

ikPM
ikEf

ik(N,M) (21)
  Similarly,theexpectationofleft-turnvehicles
dischargedinsharedlaneequals

E
︿l
ik =PN

ikPM
ikEl

ik(N,M)+PN
ikPM

ikEl
ik(N,M)+
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PN
ikPM

ikEl
ik(N,M)+PN

ikPM
ikEl

ik(N,M) (22)
  Step6 ByusingEqs.(21)and(22),the
number of through and left-turn vehicles
discharged in the shared lane are obtained.
Therefore,thecapacityofthroughlanegroupsis
modified,whichisgivenby

μi,m2(i)=∑
ai

h=k+1
μa

ih +
E
︿f
ik

gf
(23)

Andthe capacity ofleft-turn lane groupsis
givenby

μi,m1(i)=∑
k-1

h=1
μa

ih +
E
︿l
ik

gl
(24)

4 Objectivefunctionsandaveragedelay
estimation
TheWebster’sdelayformula[43]ispresented

to calculate the average delay that vehicles
experiencedinintersections.Thesaturationflow
rateofthroughlanesandleft-turnlanes,however,
arereplacedbyusing(23)and(24)respectively.
Theaveragedelayofvehiclesfromarmitoarmj
isgivenby

d(i,j)=
r2ij

2C[1-(λij/μij)]
+        

R2
ij

2λij(1-Rij)
-0.65

C
λ2ij  

1/3

R(2+5gij/C) (25)

wheregij = greenlengththatallowsmovement
fromapproachimovingintoexitj.rij=effective
redtimefromapproachitoexitjandrij=C-gij ,

i=1,2,3,4,j=1,2,3,4.λi=averagearrivalrate
oftrafficflowinapproachi.λij =averagearrival
rateofmovementfromapproachitoexitj,where
λij =λiαijandαijistheproportionofvehiclesin
approachimovingintoexitj.Rij = degreeof
saturation,whereRij =λij/(μijgij/C)andμijis
obtainedfrom (23)or(24).C = cyclelength.
Hencetheaveragedelayofanintersectionis

aveD=∑
4

i=1
λi∑

4
αijd(i,j)/∑

4

i=1
λi (26)

whereαijistheproportionofvehiclefromarmito
armj.

Therefore,the objective function of the
optimallaneassignmentandsignaltiminginthe
new configurationisto minimize (26).The

constraint(4)to(9)ensurevehiclescanorderly
and safely discharge from intersections. The
variablesarethegreenlengthgij ,thebinary
variablesγ(i,j,k)andδ(i,j,t).Theparameters
includethesaturationflowrateμa

ikandμe
ik ,the

numberoflanesinapproachandexitaiandei ,the
arrivalrateλi andturningproportionαij .The
signalcycleisthesumofallphasesplusthelost
time.Bysolvingthenon-linearprogramming,
withtheparametersgiven,theoptimalresultsfor
theshared-uselaneassignmentandsignaltiming
areexpectedtobeobtained.Theproblemishence
converted to a mixed integer non-linear
programming and the algorithm is presented
below.

Thenon-linearprogrammingwithcontinuous
andbinaryvariablesisdifficulttobesolvedsince
the computational complexity increases
exponentiallywiththenumberoflaneassignment
variables.However,thenumberoflanesinone
approachislimited,hencethenumberoflane
assignmentcanbesimplifiedastheouterloopof
theoptimization.Thegeneralalgorithmsuchas
BranchandBoundorBrute-forcesearchcandeal
withthesearchofoptimaldiscretelaneassignment
plan.Inthiswork,thelaneassignmentplansare
enumerated based on the local geometric
configuration.Forexample,iftherearefivelanes
inanapproach,thenumberofvariablesγ(i,j,k)
oftheintersectionislessthan94sincethereare
only9feasibleassignmentsavailable.Therefore,
the problem is converted to a non-linear
programmingwithgivenvalueofbinaryvariables.

5 Algorithmforthenon-linear
programming
Afeasibledirectionsmethodisintroducedin

thisworktosolvethenon-linearprogramming.
Thestepsarepresentedasfollows:

Step1 LetKmbethetotalnumberofshared-
use lane assignment plans and aveDmin be
minimizedaveragedelay withtheinitialvalue
aveDmin=+∞ ,andassignK =1.

Step 2  Given the K shared-use lane
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assignment,computethecapacityofthroughor
left-turnlanegroupsby(23)and(24).

Step3 DefineG=(g13,g12,g24,g23,g31,g34,

g42,g41)asacontinuousvariablesetandthe
averagedelayfunctionaveD(G)=f(G),s.t.
g13+g34=g12+g31,g24+g41=g23+g42.

Step3.1 Predeterminetwosufficientsmall
ε1 >0andε2 >0,andchooseaninitialvalue
G(0)∈Rwhileletk=0.

Step3.2 Judgethestateoftheconstraint
indicatorsetJ(G(k))={j|gj(G(k))=0,1≤j≤
l},wherelisthe numberofconstraints.If
J(G(k))≠Ø ,gotoStep3.3.IfJ(G(k))=Øand
‖∇f(G(k))‖2 ≤ε1,theiterationishaltedand
thefinalvalueG(k)isobtained.IfJ(G(k))=Øand
‖∇f(G(k))‖2 >ε1,choosethedirectionvector
d(k)=-∇f(G(k))andjumptoStep3.5.

Step3.3  Solve the following linear
programmingtoattaintheoptimald(k)andηk .

minηk

s.t.
∇f(G(k))Τd≤ηk,

-∇gj(G(k))Τd≤ηk,j∈J(G(k)),

-1≤di ≤1,i=1,2,…,n









whered=(d1,d2,…,dn).
Step3.4 If ηk ≤ε2satisfied,theiteration

ishaltedandG(k)isgot,elsegotonextstep.
Step3.5 Solvethefollowingone-dimensional

optimization problem λk:min
0≤λ≤λ

f(G(k) + λd(k))

whereλ=max{λ|gj(G(k)+λd(k))≥0,j=1,2,
…,l}.

Step3.6 LetG(k+1)=G(k)+λkd(k)and
k:=k+1,andjumptoStep3.2.

Step4 CompareaveDwithaveDmin.IfaveD
<aveDmin,thenupdateaveDmin withaveD and
savetheoptimallaneassignmentK* andsignal
timingG* .Ifelse,gotonextstep.

Step5 IfK <Km ,updateK:=K +1and
jumptoStep2.

Step6 SaveminimalaveragedelayaveDmin,

optimallaneassignmentK*andsignaltimingG*.

6 Numericalexamples
Anat-gradeintersection withfourarmsis

considered in the paper to demonstrate the
advantageofshared-useassignmentwithwaiting
area.Theoptimalshared-uselaneassignmentand
signaltimingarepresentedandthesensitivitiesof
the optimized average delays are thereafter
investigated,whichincludethelengthofwaiting
areaandarrivalrates.Thecomparisonbetween
theproposed shared-useconfiguration andthe
conventionalconfigurationis presented below.
Both the optimized results ofshared-use and
conventionalconfigurationareobtainedfromthe
algorithm above. The difference lies in the
recalculationofthecapacityoflanegroups,which
isrelevanttothegreenlengthandwillhenceaffect
theoptimalresults.Besides,onlyexclusivelane
assignmentis considered in the conventional
configuration,otherwisethesaturationflowrateof
ashared-uselaneinpermissivesignalphasehasto
bedetermined,whichmaynotbeavailableinthe
absence of local condition. The iteration of
conventionalconfigurationisthereforelessthan
thatoftheshared-useconfiguration sincethe
formerhasfewerlaneassignmentplans.The
geometric layout and the value of relevant
parametersareasfollows.

Tab.1 presentsthreecases with different
inputparameters.Therearefourarmsinallthree
casesandthreelanesinApproach1orApproach
3,whereasfourlanesinApproach2orApproach
4.InCaseⅠ,eachapproachhasthesamelength
ofwaitingareaandtherearefourconditionswhich
thelengthofwaitingareaisthree,four,fiveand
sixrespectively.AndinCaseⅡ,eachapproach
hasthedifferentlengthofwaitingarea,which
Condition1ishightrafficvolumeandlargewaiting
areawhileCondition2ishightrafficvolumeand
smallwaitingarea.IncaseⅢ,itisdiscussedthat
thearrivalrateofthroughandleft-turnvehiclesin
Approach3aredifferentformCaseⅠonly.Besides,

thesaturationflowrateis1650vehiclesperhourper
lane,theminimumgreentimeis10s,andthelost
timeinonecycleis12sforallcases.
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Tab.1 Geometriclayoutandthevalueofrelevantparameters

arm
number

numberoflanes
intheapproach

arrivalrate
ofthrough

vehicles(veh/h)

arrivalrate
ofleft-turn

vehicles(veh/h)

lengthofwaiting
area(veh)

fourconditions

lengthofwaiting
area(veh)

Condition1Condition2

CaseⅠ

1 4 732 600 3 4 5 6

2 3 726 390 3 4 5 6

3 4 937 575 3 4 5 6

4 3 540 360 3 4 5 6

CaseⅡ

1 4 732 600 5 4

2 3 726 390 4 5

3 4 937 575 6 3

4 3 540 360 3 6



CaseⅢ

1 4 732 600 3 4 5 6

2 3 726 390 3 4 5 6

3 4 1350 162 3 4 5 6

4 3 540 360 3 4 5 6



[Note]The“fourconditions”indicatesthateachapproachhasthesamelengthofwaitingareaandtherearefourconditionswhichthelengthof

waitingareaisthree,four,fiveandsixrespectively.

  Tab.2givesacomparisonofcontroleffectsin
CaseⅠ betweentheconventionalcontrolmethod
andthecontrolmethodproposedinthispaper.For
theconventionalcontrol,the minimum average
delayis107.5687s,andthenumberofvehicles
passingthroughintersectiontotallyare5385veh/

h.Whiletheaveragedelayofshared-usecontrol
proposedinthepaperis61.1061swhenthelength
ofwaitingareasof4armsare3,andthereare5654
vehiclespassingthroughintersectionperhour.
Whenthelengthofwaitingareasof4armsare4,

theaveragedelayis55.0284s,andthetotalcars
passing through intersection are 5836 veh/h.
Whenthelengthofwaitingareasof4armsare5,

theaveragedelayis51.5351s,andthetotalcars
passing through intersection are 5964 veh/h.
Whenthelengthofwaitingareasof4armsare6,

theaveragedelayis49.4022s,andthetotalcars
passingthroughintersectionare6054veh/h.It
findsthattheshared-usecontrolmethodproposed
inthepaperhasobviousadvantagescomparedwith
theconventionalcontrolmethod.

Tab.2 Comparisonsbetweentheconventionalconfigurationandshared-useconfigurationwithwaitingarea:CaseI

configuration
signalphase(greentime/s)

g13 g31 g12 g34 g24 g42 g23 g41

optimized
average
delay/s

capacity/
(veh·h-1)

conventional 53.3561 58.0274 37.4578 42.129 45.1882 37.3358 52.6658 44.8135 107.5687 5385

shared-use
(lengthof
waitingarea)

3 28.1051 32.1159 26.5604 30.5712 29.3576 25.2903 22.2100 18.1427 61.1061 5654

4 28.2305 31.5258 26.0505 29.3458 30.0213 25.8074 21.693 17.4791 55.0284 5836

5 27.9180 30.4640 25.1123 27.6583 30.4829 26.2778 21.2226 17.0175 51.5351 5964

6 27.9604 29.9712 24.6051 26.6158 30.7323 26.5941 20.9063 16.768 49.4022 6054

[Note]The“shared-use(lengthofwaitingarea)3,4,5,6”indicatesthateachapproachhasthesamelengthofwaitingareaandtherearefour

conditionswhichthelengthofwaitingareaisthree,four,fiveandsixrespectively.
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  Tab.3givesacomparisonofcontroleffectsin
CaseⅡ betweentheconventionalcontrolandthe
controlmethodproposedinthispaper.Becausethe
arrivalratesof8trafficstreamsin4armsinCase
ⅠaresameasCaseⅡ,whilethelengthofwaiting
areasaredifferent.Andtheconventionalcontrolis
uncorrelatedtothelengthofwaitingareas,sothe
optimallane and green time allocations are
identicaltothoseinCaseⅠ.FortheCondition1
ofCaseⅡ,wherethelengthofwaitingareasis

positivelycorrelatedwiththearrivalrateofthe
arm,theminimumaveragedelayis51.7567s,and
thetotalcarspassingthroughintersectionare5955
veh/h.Andifthelength of waitingareasis
negativelycorrelatedwiththearrivalrateinthat
arm, the minimum average delay of the
intersectionis56.1096s,whichisconsistentwith
ourintuitive prediction. And there are 5842
vehiclespassingthroughintersectionperhourin
thiscondition.

Tab.3 Comparisonsbetweentheconventionalconfigurationandshared-useconfigurationwithwaitingarea:CaseⅡ

configuration
signalphase(greentime/s)

g13 g31 g12 g34 g24 g42 g23 g41

optimized
average
delay/s

capacity/
(veh·h-1)

conventional 53.356158.027437.457842.129045.188237.335852.665844.8135 107.5687 5385

shared-use
Condition1 27.649329.146024.430325.927029.282225.992321.508018.2182 51.7567 5955

Condition2 28.737933.543227.033131.838430.752626.249921.250416.7477 56.1096 5842



  Tab.4givesacomparisonofcontroleffectsin
CaseⅢ betweentheconventionalcontrolandthe
controlmethodproposedinthispaper.Forthe
conventionalcontrol,theminimumaveragedelay
is93.2933s,andthereare5582vehiclespassing
throughintersectionperhour.Whiletheaverage
delayofshared-usecontrolis56.0410swhenthe
lengthofwaitingareasof4armsare3,andthe
totalcarspassingthroughintersectionare5745
veh/h.Whenthelengthofwaitingareasof4arms
are4,theaveragedelayis50.5402s,andthetotal
carspassingthroughintersectionare6063veh/h.
Whenthelengthofwaitingareasof4armsare5,

theaveragedelayis47.6802s,andthereare6308
vehiclespassingthroughintersectionperhour.
Whenthelengthofwaitingareasof4armsare6,

theaveragedelayis46.1541s,andthereare6434
vehiclespassingthroughintersectionperhour.
Comparedwiththeconventionalcontrolmethod,

theshared-usecontrol methodproposedinthe
paperhasobviousadvantages.Inaddition,the
effectofthecontrolmethodproposedinthepaper
toreducetheaveragedelayoftheintersectionis
moreobviouswiththeincreaseofthelengthof
waitingareas.

Tab.4 Comparisonsbetweentheconventionalconfigurationandshared-useconfigurationwithwaitingarea:CaseⅢ

configuration
signalphase(greentime/s)

g13 g31 g12 g34 g24 g42 g23 g41

optimized
average
delay/s

capacity/
(veh·h-1)

conventional 60.3727 50.2764 33.7820 23.6857 40.7765 33.7034 47.5096 40.4365 93.2933 5582

shared-use
(lengthof
waitingarea)

3 29.4878 30.0260 25.7503 26.2885 29.3175 25.2937 22.2066 18.1829 56.0410 5745

4 32.9776 29.4791 25.1972 21.6987 29.9978 25.8214 21.6790 17.5025 50.5402 6063

5 35.7172 29.0331 24.5431 17.8590 30.4826 26.2966 21.2038 17.0178 47.6802 6308

6 36.6162 28.8682 24.0081 16.2601 30.7401 26.6151 20.8852 16.7603 46.1541 6434



[Note]The“shared-use(lengthofwaitingarea)3,4,5,6”indicatesthateachapproachhasthesamelengthofwaitingareaandtherearefour

conditionswhichthelengthofwaitingareaisthree,four,fiveandsixrespectively.

  Theoptimallaneassignmentandmarkingsof
threecasesarepresentedinTab.5.Forthefour

conditionsofthelengthofwaitingareasinCaseⅠ
andthetwoconditionsinCaseⅡ,theoptimallane
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allocationineachapproachisconsistent,because
thelaneallocationmainlydependsonthearrival
rateofthrough andleft-turn vehiclesin the
approach.Thearrivalratesofthroughandleft-

turnvehiclesofApproach3incase Ⅲ bothare
differentfromthoseofCaseⅠandCaseⅡ,sothe
laneallocationofCaseⅢisalsodifferent.

Tab.5 Optimallaneassignmentandmarkingsofcases

configuration
lanesofArm1

1 2 3 4

lanesofArm2

1 2 3

lanesofArm3

1 2 3 4

lanesofArm4

1 2 3

CaseⅠ
shared-use E.L. S. E.T.E.T. E.L S. E.T.E.L. S. E.T.E.T.E.L. S. E.T.

conventional E.L.E.L.E.T.E.T.E.L.E.T.E.T.E.L.E.L.E.T.E.T.E.L.E.T.E.T.

CaseⅡ
shared-use E.L. S. E.T.E.T. E.L S. E.T.E.L. S. E.T.E.T. E.L S. E.T.

conventional E.L.E.L.E.T.E.T.E.L.E.T.E.T.E.L.E.L.E.T.E.T.E.L.E.T.E.T.



CaseⅢ
shared-use E.L. S. E.T.E.T.E.L. S. E.T. S. E.T.E.T.E.T.E.L. S. E.T.

conventional E.L.E.L.E.T.E.T.E.L.E.T.E.T.E.L.E.T.E.T.E.T.E.L.E.T.E.T.



[Note]E.L.isshortforexclusiveleftlane;E.T.isshortforexclusivethroughlane;S.isshortforshared-uselane.

  Fig.5plotstheeffectoflengthofwaitingarea
ontheaveragedelaygiventhelaneassignment.
Theaveragedelayishighwhenthewaitingareais
smallbecausetheblockagebetweenthethrough
vehiclesandleft-turnvehiclesdominates.Asthe
lengthofwaitingareaincrease,thepositiveeffect
ofshared-use configuration increases and the
averagedelaydecreasessharplyandlevelsoffifthe
waitingareaislargeenough.Thetrendindicates
thatthewaitingareashouldnotbetoosmallorbe
unnecessarilylargeinintersections.Therefore,

consideringthelocalgeometriclayout,theshared-
useconfigurationmaynotberecommendedifthe
sizeofanintersectionisnotabletosupportthe
waitingarea.Ifthearrivalrateisfixed,theleft-
turnratehasloweffectontheaveragedelaysince
theresultsoftheoptimizationwillprovidemore
greenlengthand morelanesfortheleft-turn
vehicles.However,iftheleft-turnarrivalrate(or
theleft-turnproportion)issohighthatevenwith
maximumgreenlengthandlanesgiven,left-turn
movementmaintainshighdegreeofsaturation,the
curvewillriseearlier.Fig.6indicatesthatthe
optimizedaveragedelayofthenewconfiguration
increasewiththeincreaseofarrivalrate.Itis
similartotheconventionalconfiguration,whilethe
growthrateisexpectedtobeslowerthanthe
latter.However,ifthearrivalratesurpassesthe

capacityofintersections,theaveragedelay will
increasesharply,whichistheresultofthehigh
degreeofsaturation.Theresultrevealsthatifthe
arrivalrateinurbanintersectionissohighthat
eventheshared-uselanecombinedwiththewaiting
areacannothandlethesituation,othermethods
suchasgradeseparationshouldbeusedbutnotthe
shared-usemethod.Therefore,theincreaseofthe
performance by using the methodis actually
limited.

7 Conclusion
Theapplicationofthewaitingareacombined

withtheshared-useoperationis meaningfulin
urbanintersection.Sincetheshared-uselanecan
automaticallyadjustthedegreeofsaturationof
through and left-turn vehicles,the potential
capacityishenceexplored.Byproviding more
capacityforthe movementwithhighdegreeof
saturation, the total performance of the
intersectionwillbeimproved.

Anintegratedmodelisproposedtoobtainthe
optimaldesignofshared-uselaneassignmentand
signaltimingoftheconfiguration.Theconstraints
fortheshared-laneassignmentareproposedand
thecapacity oflanegroupsisrecalculated by
consideringthefunctionofshared-uselanewith
waitingarea.Andit’spresentedthecalculation
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formulatoshow therelationship betweenthe
capacityofshared-uselaneandB,N,M (the
formulaEqs.(12)~(16)).Amongthem,N and
Marerespectivelycorrelatedtothegreenlengthof
throughvehiclesinthisdirectionandthegreen
lengthofleft-turnvehicles.

Thecontinuousfunctionrelationshipbetween
thecapacityoflanegroupsandsignaltimingis
discussedandtheaveragedelayastheobjective
function is presented.In order to get the
continuousfunctionrelationshipofthecapacityof
shared-uselaneonthegreentimelengthofthe
throughvehicle,thegreentimelengthoftheleft-
turnvehicle,theprobabilitymodelofN andthe
throughvehiclegreenduration,M andtheleft-
turnvehiclegreendurationisshowninSection3
(especiallytheSteps1~5,Eqs.(17)~(22)).A
non-linear programming with continuous and
binaryvariablesishenceformulatedandafeasible
directionsmethodtogetherwithenumerationof
shared-uselaneassignmentisintroducedtoobtain
theoptimalresults.Theresultsshowthatthe
shared-uselane assignmenttogether with the
optimizedsignaltiminginintersectionswiththe
waiting area outperforms the conventional
configuration.

Thesensitivities ofthe optimized average
delayareinvestigated,whichincludethelengthof
waitingareaandthearrivalrates.Asthelengthof
waitingareaincrease,thepositiveeffectofshared-
useconfigurationincreasesandtheaveragedelay
decreasessharplyandlevelsoffifthewaitingarea
islargeenough.However,thetrendindicatesthat
thewaitingareashouldnotbetoosmallorbe
unnecessarilylargeinintersections.Anditisalso
limited by the local geometric layout of
intersection,whichthesizeisornotableto
supportthewaitingarea.Theoptimizedaverage
delayofthenewconfigurationincreasewiththe
increaseofarrivalrate,butnotsurpassesthe
capacityofintersections.Therefore,theincrease
oftheperformancebyusingthemethodisactually
limited.

Furtherstudy mayfocusonthestochastic
caseswithdifferentarrivalprocessesandempirical
performancedata.Besides,theadaptability of
driverstothenew operationandsomespecific
conditions,suchasexistenceofemergencyvehicles
andbuses,areworthfurtherinvestigating.
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