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逆度和图的性质

蔡改香1,梅培林1,余桂东1,2

(1.安庆师范大学数理学院,安徽安庆246133;2.合肥幼儿师范高等专科学校公共教学部,安徽合肥230013)

摘要:设G=(V(G),E(G))是n 个顶点m 条边的简单图.无孤立点 的 图 G 的 逆 度 定 义 为ID(G)=

∑
vi∈V(G)

1
d(vi)

,其中,d(vi)表示顶点vi 的度.首先用逆度刻画了连通图分别是k-哈密尔顿、k-边哈密尔顿、

k-路覆盖、哈密尔顿连通、k-连通、2-边连通和β-亏损的充分条件.其次用逆度给出了连通图的独立数小于等
于整数k 的充分条件.最后用逆度给出了连通的平衡二部图是哈密尔顿图的一个充分条件.
关键词:逆度;度序列;图的性质

0 Introduction
LetGbeasimpleconnectedgraphwithvertex

setV(G)={v1,v2,…,vn}andedgesetE(G).
Foranyvi∈V(G),wedenotedG(vi)(orsimply
d(vi))bythedegreeofvertexvi.DenotebyKn

thecompletegraphonnvertices.Fortwovertex-
disjointgraphsGandH,weuseG∨Htodenote
thejoinofGandH;G+Htodenotetheirunion.

AHamiltonianpathofthegraphGofordern
isa path ofordern containedin G,and a
HamiltoniancycleofthegraphGofordernisa

cycleoforderncontainedinG.ThegraphGis
saidtobeHamiltonianifitcontainsaHamiltonian
cycle,issaidtobetraceableifitcontainsa
Hamiltonianpath,andissaidtobe Hamilton-
connectedifeverytwoverticesofGareconnected
by a Hamiltonian path. A graph G is k-
Hamiltonianifforall|X|≤k,thesubgraph
inducedbyV(G)\XisHamiltonian.AgraphGis
k-edge-Hamiltonianifanycollection ofvertex-
disjointpaths withat mostk edgesaltogether
belongtoa HamiltoniancycleinG.Thus0-
Hamiltonianand0-edge-Hamiltonianarethesame



asHamiltonian.Moregenerally,agraphGisk-
path-coverableifV(G)canbecoveredbykor
fewervertex-disjointpaths.Inparticular,1-path-
coverableisthesameastraceable.Aconnected
graphGissaidtobek-connected (ork-vertex
connected)ifithas morethank verticesand
remainsconnectedwheneverfewerthankvertices
areremoved.Similarly,Gisk-edge-connectedifit
hasatleasttwoverticesandremainsconnected
wheneverfewerthank edgesaredeleted.The
deficiencyofagraphG,denotedbydef(G),isthe
numberofverticesunmatchedunderamaximum
matchinginG.WecallGβ-deficientifdef(G)≤β.
Thusaβ-deficientgraph G ofordern hasa
matchingnumbern-2β.Weuseα(G)todenote
theindependencenumberofagraphG.Aninteger
sequenceπ=(d1≤d2≤…≤dn)iscalledgraphical
ifthereexistsagraphG havingπasitsvertex
degreesequence;inthatcase,G iscalled a
realizationofπ.IfPisagraphproperty,suchas
Hamiltonianork-connected,wecallagraphical
sequenceπisforciblyPifeveryrealizationofπ
haspropertyP.

Topologicalindicesarenumbersassociated
with molecular structures which serve for
quantitative relationships between chemical
structuresandproperties.Manyofthemarebased
onthedistance[1],thevertexdegree[2].Relations
betweenthe distance based and degree based
topologicalindicesaregiveninRef.[3].

Theinversedegreeofagraph G isalso
topologicalindexbasedonthevertexdegreeofthe
graph.TheinversedegreeofagraphG withno
isolatedverticesisdefined[4]as

ID(G)= ∑
vi∈V(G)

1
d(vi)

,

where d (vi)is the degree of the vertex
vi∈V(G).

Theinversedegree(alsoknownasthesumof
reciprocalsofdegrees)appearedfirstthrough
conjecturesofthecomputerprogram Graffiti[4].
MotivatedbyaGraffiticonjecture,Zhangetal[5]

establishedupperandlowerboundsonID(T)+
γ(T)foranytreeT,whereγisthenumberof
independentedges.Huetal.[6]determinedthe
extremalgraphswithrespecttoID(G)amongall
connectedgraphsofordernandwithm edges.
Dankelmannetal[7]determinedarelationbetween
ID(G)andedge-connectivity.Inthesamepapera
boundisestablishedonthediameterintermsof
ID(G). Mukwembi[8] further improved this
bound.Inaddition,LiandShi[9]improvedthe
boundfortreesandunicyclicgraphs.Chenand
Fujita[10] obtained a nicerelation betweenthe

diameterandinversedegreeofagraph,which
settledaconjectureinRef.[8].RecentlyXuet
al.[11] determined upperandlower boundson
inversedegreeintermsofchromaticnumber,
cliquenumber,independencenumber,matching
number,edge-connectivity,andnumberofcut
edges.Ref.[12]foundsomelowerandupper
boundsonID(G)andcharacterizedtheextremal
graphs.Moreover,inthesamepaper,theinverse
degree wascompared with other degree-based
graphinvariants. More recent papers on the
inversedegreeshouldrefertoRefs.[13-14].

Ourmaingoalinthispaperis,byutilizingthe
inverseindexanddegreeconditions,toderive
somesufficientconditionsforavarietyofgraph
properties including Hamilton-connected, k-
Hamiltonian, k-edge-Hamiltonian, k-path-
coverable,k-connected,2-edge-connectedandβ-
deficient.Thesegraphpropertiesaretheconcerns
ofplentyofgraphtheorists.

1 Lemmas
Inordertoprovethemaintheoremsinthis

paper,we need thefollowing results as our
lemmas.

Lemma1.1[15] Letπ=(d1≤d2≤…≤dn)be
agraphicaldegreesequenceand0≤k≤n-3.If

di≤i+k ⇒dn-i-k≥n-i,for1≤i<
1
2
(n-k),

thenπisforciblyk-Hamiltonian.
Lemma1.2[16] Letπ=(d1≤d2≤…≤dn)be

agraphicaldegreesequenceand0≤k≤n-3.If

di-k≤i⇒dn-i≥n-i+k,fork+1≤i<
1
2
(n+k),

thenπisforciblyk-edge-Hamiltonian.
Lemma1.3[17] Letπ=(d1≤d2≤…≤dn)be

agraphicaldegreesequenceandk≥1.Ifdi+k≤i⇒

dn-i≥n-i-k,for1≤i<
1
2
(n-k),thenπis

forciblyk-path-coverable.
Lemma1.4[18] LetGbeagraphofordern≥

3withdegreesequence(d1,d2,…,dn),where

d1≤d2≤…≤dn.If2≤k≤
n
2
,dk-1≤k ⇒dn-k≥

n-k+1.ThenGisHamilton-connected.
Lemma1.5[19] LetGbeagraphofordern≥

4withdegreesequence(d1,d2,…,dn),where
d1≤d2≤…≤dn.Ifdi≤i+k-2⇒dn-k+1≥n-

i,for1≤i≤
1
2
(n-k+1),thenGisk-connected.

Lemma1.6[20] Letπ=(d1≤d2≤…≤dn)be
agraphicaldegreesequence.Supposen≥k+1,
andd1≥k≥1.Ifdi-k+1≤i-1anddi≤i+k-2
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⇒dn≥n-i+k-1,for1≤i≤
n
2
,thenπis

forciblyk-edge-connected.Inparticular,ifk≥
n
2
,thenπisforciblyk-edge-connected.

Lemma1.7[21] Letπ=(d1≤d2≤…≤dn)be
agraphicaldegreesequence,andlet0≤β≤nwith
n=β(mod2).Ifdi+1≤i-β ⇒dn+β-i≥n-i-1,

for1≤i≤
1
2
(n+β-2),thenπisforciblyβ-

deficient.
Lemma1.8[22] Letπ=(d1≤d2≤…≤dn)be

agraphicaldegreesequenceandk≥1.Ifdk+1≥
n-k,thenπisforciblyα(G)≤k.

Lemma1.9[23] LetG=(X,Y;E)bea
bipartitegraphsuchthatX={x1,x2,…,xn},
Y={y1,y2,…,yn},n≥2,andd(x1)≤d(x2)≤
…≤d(xn),d(y1)≤d(y2)≤…≤d(yn).If
d(xk)≤k<n⇒d(yn-k)≥n-k+1,thenGis
Hamiltonian.

2 Mainresults
Themainresultsofthispaperareasfollows.

Firstly,weconsiderthek-Hamiltonianandk-
edge-Hamiltonianproperties.Whenk=0,the0-
Hamiltonian and 0-edge-Hamiltonian properties
arebothequivalenttotheHamiltonianproperty.

Theorem2.1 LetGbeaconnectedgraphof
ordern≥9and0≤k≤n-3.

(ⅰ)Fork=0ork=1orn-5≤k≤n-3,if

ID(G)≤1-
2k-2

n+k-1+
n+k-1
2n-2

,

thenGisk-Hamiltonian,unless

G ≌Kn+k-1
2 ∨

n-k+1
2 K1.

  (ⅱ)For2≤k≤n-6,if

ID(G)≤1+
1
1+k-

k
n-2+

1+k
n-1

,

thenGisk-Hamiltonian,unless
G ≌ (K1+Kn-k-2)∨Kk+1.

  Proof LetG beagraphsatisfyingthe
conditionsinthetheorem.SupposethatGisnot
k-Hamiltonian.Then,byLemma1.1,thereexistsan

integer1≤i<
1
2
(n-k)suchthatdi≤i+kanddn-k-i≤n-i-1.Sowehave

ID(G)= ∑
vi∈V(G)

1
d(vi)

=
1
d1

+
1
d2

+…+
1
di

+
1

di+1
+…+

1
dn-k-i

+
1

dn-k-i+1
+…+

1
dn
≥

i
di

+
n-2i-k

dn-k-i
+
i+k
dn

≥
i

i+k+
n-2i-k
n-i-1 +

i+k
n-1=2-

k
i+k-

i+k-1
n-i-1+

i+k
n-1

.

  Letf(x)=-
k

x+k-
x+k-1
n-x-1+

x+k
n-1

,1≤x≤
n-k-1
2

,then

f'(x)=
k

(x+k)2-
n+k-2
(n-x-1)2

+
1

n-1=                  

k(n-1)(n-x-1)2-(n-1)(n+k-2)(x+k)2+(x+k)2(n-x-1)2
(n-1)(x+k)2(n-x-1)2

.

  Let
g(x)=k(n-1)(n-x-1)2-(n-1)(n+k-2)(x+k)2+

(x+k)2(n-x-1)2,
then
g'(x)=4x3+6kx2-6nx2+6x2+2k2x-8knx+8kx+2nx-2x-4k2n+4k2-2kn2+6kn-4k,

g″(x)=12x2-12(n-k-1)x+2k2-8kn+8k+2n-2.

  For1≤x≤
n-k-1
2

,g″(x)≤g″(1)=2k2-8kn+20k-10n+22.Andwhen0≤k≤n-3,g″(1)≤

-10n+22≤0.Sog″(x)≤0.Therefore,
g'(x)≤g'(1)=-4k2n+6k2-2kn2-2kn+10k-4n+8=

-2(2n-3)k2-2(n2+n-5)k-4(n-2)≤0.

  So,for1≤x≤
n-k-1
2

,f(x)≥min{f(1),f(
n-k-1
2

)}.Bycalculation,

f(1)=-
k
1+k-

k
n-2+

1+k
n-1

,f(
n-k-1

2
)=-1-

2k-2
n+k-1+

n+k-1
2n-2

.

  Letf(1)-f(
n-k-1
2

)=
-k3n+2k2n2-7k2n+2k2-kn3+6kn2-11kn+4k+n3-6n2+11n-6

(1+k)(n-2)(n+k-1)(2n-2) =
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0,wegetk=n-3;ork=
n4-12n3+32n2-24n+4-4n+n2+2

2n ∈ (n-6,n-5);ork=

- n4-12n3+32n2-24n+4-4n+n2+2
2n ∈(1,2).

  Case1 k=0ork=1orn-5≤k≤n-3.
Inthiscase,

f(x)≥min{f(1),f(
n-k-1
2

)}=f(
n-k-1

2
).

Therefore,

ID(G)≥1-
2k-2

n+k-1+
n+k-1
2n-2

.

  IfID(G)=1-
2k-2

n+k-1+
n+k-1
2n-2

,all

equalitiesaboveshouldbeattained.Thus,wehave

i=
n-k-1
2

,d1=…=dn-k-i=i+k=
n+k-1
2

,

dn-k-i+1 = … =dn =n-1,soG ≌Kn+k-1
2 ∨

n-k+1
2 K1.Itiseasytocheckthatthegraph

Kn+k-1
2 ∨

n-k+1
2 K1isnotk-Hamiltonian.

Case2 2≤k≤n-6.

Inthiscase,f(x)≥min{f(1),f(
n-k-1
2

)}

=f(1).Therefore

ID(G)≥1+
1
1+k-

k
n-2+

1+k
n-1

.

  IfID(G)=1+
1
1+k-

k
n-2+

1+k
n-1

,all

equalitiesaboveshouldbeattained.Thus,wehave
i=1,d1=1+k,d2=…=dn-k-1=n-2,dn-k=
…=dn=n-1,soG≌(K1+Kn-k-2)∨Kk+1.It
iseasytocheckthatthegraph(K1+Kn-k-2)∨
Kk+1isnotk-Hamiltonian.

Thiscompletestheproof.
Theorem2.2 LetGbeaconnectedgraphof

ordern≥9and0≤k≤n-3.
(ⅰ)Fork=0ork=1orn-5≤k≤n-3,if

ID(G)≤1-
2k-2

n+k-1+
n+k-1
2n-2

,

thenGisk-edge-Hamiltonian,unless

G ≌Kn+k-1
2 ∨

n-k+1
2 K1.

  (ⅱ)For2≤k≤n-6,if

ID(G)≤1+
1
1+k-

k
n-2+

1+k
n-1

,

thenGisk-edge-Hamiltonian,unless
G ≌ (K1+Kn-k-2)∨Kk+1.

  Proof LetG beagraphsatisfyingthe
conditionsinthetheorem.SupposethatGisnot
k-edge-Hamiltonian.Then,byLemma1.2,there

existsanintegerk+1≤i≤
1
2
(n+k-1)suchthat

di-k≤ianddn-i≤n-i+k-1.Sowehave

ID(G)= ∑
vi∈V(G)

1
d(vi)

=
1
d1

+
1
d2

+…+
1

di-k
+

1
di-k+1

+…+
1

dn-i
+

1
dn-i+1

+…+
1
dn
≥     

i-k
di-k

+
n-2i+k

dn-i
+

i
dn
≥
i-k
i +

n-2i+k
n-i+k-1+

i
n-1=2-

k
i -

i-1
n-i+k-1+

i
n-1

.

  Letf(x)=-
k
x-

x-1
n-x+k-1+

x
n-1

,k+1≤x≤
n+k-1
2

,then

f'(x)=
k(n-1)(n-x+k-1)2-(n-1)(n+k-2)x2+x2(n-x+k-1)2

(n-1)x2(n-x+k-1)2
.

  Letg(x)=k(n-1)(n-x+k-1)2-(n-1)(n+k-2)x2+x2(n-x+k-1)2,then
g'(x)=4x3-6kx2-6nx2+6x2+2k2x+4knx-4kx+2nx-2x+4kn-2k2n+2k2-2kn2-2k,

g″(x)=12x2-12kx-12nx+12x+2k2+4kn-4k+2n-2.

  Fork+1≤x≤
n+k-1
2

,g″(x)≤g″(k+1)=2k2-8kn+20k-10n+22.Andwhen0≤k≤n-3,

g″(k+1)≤-10n+22≤0.

So,fork+1≤x≤
n+k-1
2

,f(x)≥min{f(k+1),f(
n+k-1
2

)}.Bycalculation,

f(k+1)=-
k
1+k-

k
n-2+

1+k
n-1

,f(
n+k-1

2
)=-1-

2k-2
n+k-1+

n+k-1
2n-2

.

  Let

f(k+1)-f(
n+k-1
2

)=
-k3n+2k2n2-7k2n+2k2-kn3+6kn2-11kn+4k+n3-6n2+11n-6

(1+k)(n-2)(n+k-1)(2n-2) =0,
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wegetk=n-3;ork=
n4-12n3+32n2-24n+4-4n+n2+2

2n ∈(n-6,n-5);or

k=
- n4-12n3+32n2-24n+4-4n+n2+2

2n ∈ (1,2).

  Case1 k=0ork=1orn-5≤k≤n-3.
Inthiscase,

f(x)≥                  

min{f(k+1),f(
n+k-1

2
)}=f(

n+k-1
2

).

ThereforeID(G)≥1-
2k-2

n+k-1+
n+k-1
2n-2 .

IfID(G)=1-
2k-2

n+k-1+
n+k-1
2n-2

,all

equalitiesaboveshouldbeattained.Thus,wehave

i=
n+k-1
2

,d1=…=dn-i=i=
n+k-1
2

,dn-i+1

=…=dn=n-1,soG≌Kn+k-1
2 ∨

n-k+1
2 K1.It

iseasytocheckthatthegraphKn+k-1
2 ∨

n-k+1
2 K1is

notk-edge-Hamiltonian.
Case2 2≤k≤n-6.
Inthiscase,

f(x)≥min{f(k+1),f(
n-k-1

2
)}=f(1).

ThereforeID(G)≥1+
1
1+k-

k
n-2+

1+k
n-1.

IfID(G)=1+
1
1+k -

k
n-2+

1+k
n-1

,all

equalitiesaboveshouldbeattained.Thus,wehave
i=k+1,d1=1+k,d2=…=dn-k-1=n-2,dn-k

=…=dn=n-1,soG≌(K1+Kn-k-2)∨Kk+1.
Itiseasytocheckthatthegraph(K1+Kn-k-2)∨
Kk+1isnotk-edge-Hamiltonian.

Thiscompletestheproof.
Corollary2.1 LetGbeaconnectedgraphof

ordern≥3.If

ID(G)≤
3
2+

2
n-1

,

thenGisHamiltonian,unless

G ≌Kn-1
2 ∨

n+1
2 K1.

  Ournexttask willbetoconsiderk-path-
coverableproperty.

Theorem2.3 LetGbeaconnectedgraphof
ordern≥3and1≤k≤n-3.If

ID(G)≤1+
2k

n-k-1+
2

n-k-1+
n-k-1
2(n-1)

,

thenGisk-path-coverable,unless

G ≌ (
n+k+1

2
)K1 ∨Kn-k-1

2 .

  Proof LetG beagraphsatisfyingthe
conditionsinthetheorem.SupposethatGisnot
k-path-coverable.Then,byLemma1.3,there

existsaninteger1≤i≤
1
2
(n-k-1)suchthat

di+k≤ianddn-i≤n-i-k-1.Sowehave

ID(G)= ∑
vi∈V(G)

1
d(vi)

=

1
d1

+
1
d2

+…+
1

di+k
+

1
di+k+1

+…+

1
dn-i

+
1

dn-i+1
+…+

1
dn
≥

i+k
di+k

+
n-2i-k

dn-i
+

i
dn
≥

i+k
i +

n-2i-k
n-i-k-1+

i
n-1=

2+
k
i -

i-1
n-i-k-1+

i
n-1

.

  Letf(x)=
k
x-

x-1
n-x-k-1+

x
n-1

,1≤x≤

n-k-1
2

,thenf'(x)=-
k
x2-

n-k-2
(n-x-k-1)2+

1
n-1<-

n-k-2
(n-x-k-1)2+

1
n-1<-

1
n-k-2+

1
n-1<0.

Therefore,f(x)≥f(
n-k-1
2

)= -1+

2k
n-k-1+

2
n-k-1+

n-k-1
2(n-1).Thus

,

ID(G)≥1+
2k

n-k-1+
2

n-k-1+
n-k-1
2(n-1)

.

IfID(G)=1+
2k

n-k-1+
2

n-k-1+
n-k-1
2(n-1)

,all

equalitiesaboveshouldbeattained.Thus,wehave

i=
n-k-1
2

,d1=…=di+k+1=i,di+k+2=…=dn

=n-1,soG≌(
n+k+1
2

)K1∨Kn-k-1
2 .Itiseasy

tocheckthatthegraph(
n+k+1
2

)K1∨Kn-k-1
2 is

notk-path-coverable.
Thiscompletestheproof.
Corollary2.2 LetGbeaconnectedgraphof

ordern≥4.If

ID(G)≤1+
4

n-2+
n-2
2(n-1)

,

thenGistraceable,unlessG≌(
n+2
2
)K1∨Kn-2

2 .

Theorem2.4 LetGbeaconnectedgraphof
ordern≥3.If
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ID(G)≤1+
n

2(n-1)
,

thenGisHamilton-connected,unless

G ≌
n
2K1 ∨Kn

2.

  Proof LetG beagraphsatisfyingthe
conditionsinthetheorem.SupposethatGisnot
Hamilton-connected.Then,byLemma1.4,there

existsaninteger2≤k≤
n
2suchthatdk-1≤kand

dn-k≤n-k.Sowehave

ID(G)= ∑
vi∈V(G)

1
d(vi)

=
1
d1

+
1
d2

+…+   

1
dk-1

+
1
dk

+…+
1

dn-k
+

1
dn-k+1

+…+
1
dn
≥

k-1
dk-1

+
n-2k+1

dn-k
+

k
dn
≥

k-1
k +

n-2k+1
n-k +

k
n-1=

1-
1
k +

n-2k+1
n-k +

k
n-1

.

  Let

f(x)=-
1
x +

n-2x+1
n-x +

x
n-1

,

2≤x≤
n
2
,

then
f'(x)=                  
x4-2nx3+(3n-2)x2-2n(n-1)x+n2(n-1)

(n-1)x2(n-x)2
.

  Let
g(x)=x4-2nx3+(3n-2)x2-2n(n-1)x+n2(n-1),

2≤x≤
n
2
,

then
g'(x)=4x3-6nx2+2(3n-2)x-2n(n-1),

g″(x)=2(6x2-6nx+3n-2).
  Sog″(x)≤g″(2)=2(-9n+22)<0.Thus
g'(x)≤g'(2)=-2n2-10n+24<0.

So,for2≤x≤
n
2
,f(x)≥min{f(2),f(

n
2
)}.

f(2)=
1
2-

1
n-2+

2
n-1

,f(
n
2
)=

n
2(n-1)=

1
2+

1
2(n-1).Sincen≥4,f(2)≥f(

n
2
),thus

f(x)≥f(
n
2
)=

n
2(n-1).

ThereforeID(G)≥1+
n

2(n-1).

IfID(G)=1+
n

2(n-1)
,allequalitiesabove

shouldbeattained.Thus,wehavek=
n
2
,d1=

d2=…=dk-1=k,dk=k,dk+1=…=dn=n-1,

soG≌
n
2K1∨Kn

2.Itiseasytocheckthatthe

graph
n
2K1∨Kn

2isnotHamilton-connected.

Thiscompletestheproof.
Theorem2.5 LetGbeaconnectedgraphof

ordern≥k+1≥2.

(ⅰ)IfID(G)≤
2n

n-2
,thenGis1-connected.

(ⅱ)Ifk≥2,

ID(G)≤
1

k-1+
n-k
n-2+

k-1
n-1

,

thenGisk-connected,unless
G ≌ (K1+Kn-k)∨Kk-1.

  Proof LetG beagraphsatisfyingthe
conditionsinthetheorem.SupposethatGisnot
k-connected.Then,byLemma1.5,thereexists

aninteger1≤i≤
1
2
(n-k+1)suchthatdi≤i+

k-2anddn-k+1≤n-i-1.Obviously,1≤k≤
n-1.Sowehave

ID(G)= ∑
vi∈V(G)

1
d(vi)

=
1
d1

+
1
d2

+…+

1
di

+
1

di+1
+…+

1
dn-k+1

+
1

dn-k+2
+…+

1
dn
≥

i
di

+
n-k-i+1

dn-k+1
+
k-1
dn

≥

i
i+k-2+

n-k-i+1
n-i-1 +

k-1
n-1

.

  Letf(x)=
x

x+k-2+
n-k-x+1
n-x-1

,1≤x≤

n-k+1
2

,then

f'(x)=
(k-2)(n+k-3)(n-k+1-2x)

(x+k-2)2(n-x-1)2
.

  (ⅰ)Ifk=1,1≤x≤
n
2
,so

f'(x)=-
(n-2)(n-2x)

(x-1)2(n-x-1)2
≤0.

  Therefore,f(x)≥f(
n
2
)=

2n
n-2.Thus

,

ID(G)≥
2n

n-2.

IfID (G)=
2n

n-2.So
,allequalitiesabove

shouldbeattained.Thus,wehavei=
n
2
,d1=

d2=…=dn=i-1=
n
2-1.SoGis

n
2-1regular

graph.Itiseasytocheckthatthegraphis1-
connected.

(ⅱ)Ifk≥2,f'(x)≥0.Therefore,f(x)≥

f(1)=
1

k-1+
n-k
n-2.Thus,
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ID(G)≥
1

k-1+
n-k
n-2+

k-1
n-1

.

  IfID(G)=
1

k-1+
n-k
n-2+

k-1
n-1.So

,all

equalitiesaboveshouldbeattained.Thus,wehave
i=1,d1=k-1,d2=…=dn-k+1=n-2,dn-k+2

=…=dn=n-1,soG≌(K1+Kn-k)∨Kk-1.It
isstatedthatthegraph(K1+Kn-k)∨Kk-1isnot
k-connectedinRef.[22].

Thiscompletestheproof.
Sinceeveryk-connectedgraphisalsok-edge-

connected,wehavealsoobtainedthefollowing
sufficientconditionsforagraphtobek-edge-
connected.

Theorem2.6 LetGbeaconnectedgraphof
ordern≥k+1≥2.

(ⅰ)IfID (G)≤
2n

n-2
,thenGis1-edge-

connected.
(ⅱ)Ifk≥2,

ID(G)≤
1

k-1+
n-k
n-2+

k-1
n-1

,

thenGisk-edge-connected,unless
G ≌ (K1+Kn-k)∨Kk-1.

  Especially,whenk=2,wecangetasufficient
conditionwithabiggerupperboundforID(G),
forlargen.

Theorem2.7 LetGbeaconnectedgraphof
ordern≥6.If

ID(G)≤2+
2
n
,

thenGis2-edge-connected.
Proof LetG bea graph satisfyingthe

conditionsinthetheorem.SupposethatGisnot2-
edge-connected.Then,by Lemma1.6,there

existsaninteger3=k+1≤i≤
n
2suchthat

di-2+1≤i-1,di ≤i+2-2,dn ≤n-i+2-2.
  Wehave

ID(G)= ∑
vi∈V(G)

1
d(vi)

=
1
d1

+
1
d2

+…+

1
di-2+1

+
1

di-2+2
+…+

1
di

+
1

di+1
+…+

1
dn
≥

i-2+1
di-2+1

+
2-1
di

+
n-i
dn

≥

i-2+1
i-1 +

2-1
i+2-2+

n-i
n-i+2-2=

2+
1
i ≥2+

2
n.

  IfID(G)=2+
2
n
,allequalitiesaboveshould

beattained.Thus,wehavei=k+1=3,d1=d2

=2,d3=3,d4=…=dn=n-3.Fengetal.[24]

showthatifG hasthisdegreesequence,thenit
mustbek-edge-connected.

Thiscompletestheproof.
Theorem2.8 LetGbeaconnectedgraphof

ordern≥10and0≤β≤n,n=β(mod2).If

ID(G)≤
n+β+2
n-β-2+

n-β-2
2(n-1)

,

thenGisβ-deficient,unless

G ≌ (
n+β+2
2

)K1 ∨Kn-β-2
2 .

  Proof LetG beagraphsatisfyingthe
conditionsinthetheorem.SupposethatGisnotβ-
deficient.Then,byLemma1.7,thereexistsan

integer1≤i≤
1
2
(n+β-2)suchthatdi+1≤i-β

anddn+β-i≤n-i-2.Sowehave

ID(G)= ∑
vi∈V(G)

1
d(vi)

=
1
d1

+
1
d2

+…+

1
di+1

+
1

di+2
+…+

1
dn+β-i

+
1

dn+β-i+1
+…+

1
dn
≥

i+1
di+1

+
n+β-2i-1

dn+β-i
+
i-β
dn

≥

i+1
i-β

+
n+β-2i-1

n-i-2 +
i-β
n-1

.

  Letf(x)=
x+1
x-β

+
n+β-2x-1

n-x-2 +
x-β
n-1

,1≤

x≤
n+β-2
2

,then

f'(x)=- β+1
(x-β)2

-
n-β-3
(n-x-2)2

+
1

n-1≤

- β+1
(n-x-2)2

-
n-β-3
(n-x-2)2

+
1

n-1=

-
n-2

(n-x-2)2
+
1

n-1≤

-
n-2
(n-3)2

+
1

n-1=-
3n-7

(n-1)(n-3)2
<0.

  Therefore,f(x)≥f(
1
2
(n+β-2))=

n+β+2
n-β-2

+
n-β-2
2(n-1).

Thus,ID(G)≥
n+β+2
n-β-2

+
n-β-2
2(n-1).

IfID(G)=
n+β+2
n-β-2

+
n-β-2
2(n-1)

,allequalities

aboveshouldbeattained.Thus,wehavei=
n+β-2
2 .d1=…=di+2=i-β,di+3=…=dn=

n-1,soG≌(
n+β+2
2

)K1∨Kn-β-2
2 .Itiseasyto

checkthatthegraph(
n+β+2
2

)K1∨Kn-β-2
2 isnot

β-deficient.Thiscompletestheproof.
Theorem2.9 LetGbeaconnectedgraphof

ordern.If

ID(G)≤
k+1

n-k-1+
n-k-1
n-1

,
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thenα(G)≤k,unlessG≌(Kk+1)∨Kn-k-1.
Proof LetG bea graph satisfyingthe

conditionsinthetheorem.Supposethatα(G)>
k.Then,byLemma1.8,dk+1≤n-k-1.So
wehave

ID(G)= ∑
vi∈V(G)

1
d(vi)

=
1
d1

+
1
d2

+…+

1
dk+1

+
1

dk+2
+…+

1
dn
≥

k+1
dk+1

+
n-k-1

dn
≥

k+1
n-k-1+

n-k-1
n-1

.

  Thatistosaid,

ID(G)≥
k+1

n-k-1+
n-k-1
n-1

.

  Combiningthisfactwithourassumption,we

getID(G)=
k+1

n-k-1+
n-k-1
n-1

,allequalities

aboveshouldbeattained.Thus,wehaved1=
d2=…=dk+1=n-k-1,dk+2=…=dn=n-1,
soG≌(Kk+1)∨Kn-k-1.Itiseasytocheckthatthe
graph(Kk+1)∨Kn-k-1doesnotsatisfyα(G)≤k.

Thiscompletestheproof.
WedefineBk

n(1≤k≤n-1)asthegraph
obtainedfromKn,nbydeletingalledgesinitsone
subgraphKn-k,k.

Theorem2.10 LetG=(X,Y;E)bea
bipartitegraphsuchthatX={x1,x2,…,xn},Y
={y1,y2,…,yn},n≥2,andd(x1)≤d(x2)≤
…≤d(xn),d(y1)≤d(y2)≤…≤d(yn).If

ID(G)≤3,
thenGisHamiltonian,unlessG≌Bk

n.
Proof LetG bea graph satisfyingthe

conditionsinthetheorem.SupposethatGisnot
Hamiltonian.Then,byLemma1.9,thereexists
anintegerk<nsuchthatd(xk)≤kandd(yn-k)
≤n-k.Obviously,k≥1.Sowehave

ID(G)= ∑
vi∈V(G)

1
d(vi)

=∑
k

i=1

1
d(xi)

+∑
n

i=k+1

1
d(xi)

+

∑
n-k

j=1

1
d(yj)

+ ∑
n

j=n-k+1

1
d(yj)

≥

k
d(xk)

+
n-k

d(yn-k)
+

n
n ≥

k
k +

n-k
n-k+

n
n =3.

  IfID(G)=3,allequalitiesaboveshouldbe
attained.Thus,wehaved(x1)=d(x2)=…=
d(xk)=k,d(xk+1)=…=d(xn)=n,d(y1)=
d(y2)=…=d(yn-k)=n-k,d(yn-k+1)=…=
d(yn)=n,soG≌Bk

n.Itiseasytocheckthatthe
graphBk

nisnotHamiltonian.
Thiscompletestheproof.
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