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1 Introduction

People want to quantify the risk of a decision, far
beyond the expectation or variance. Even though many
contributions have been made in this area''*’ | no one
ever constructed a perfect risk measure both satisfying
all the desired properties and applicable in economics.
Reference[ 3 | introduced a new measure of riskiness and
proved several desired properties. They defined the risk
of a specific gamble, which yields both positive and
negative outcomes, with the same measurement unit as
gambles. However, the risk, according to them, is
totally based on the distribution of a gamble about which
one may doubt whether others take the gamble as serious
as him.

Almost all the measures of riskiness are objective,
without the interference of decision-makers"*’.
However, a risky asset may be taken as riskless to
someone but, as, at the same time, too risky to be
accepted by others. In this paper, based on the rank-
dependent expected utility (RDEU) model, we propose
a measure of riskiness of “gambles” (risky assets) that is
subjective; it depends on both the gamble and the one
who is considering investing. Even though we have a
huge step up, the subjective measure is still ideal to
use. Meanwhile, the measure is applicable to all the
bounded gambles, making the comparison of different
gambles easier.

The RDEU theory is proposed by References| 5,6 ]
in which the expectation can be defined as rank-

dependent, which permits the analysis of phenomena
associated with the distortion of subjective probability
and applies better in real than simply weighted
expectations, according to References[7,8].

For the discussion of the distortion function, named
after the intuition that the expectation is “distorted” , it
can be concave: this rank-dependent way of modeling
pessimism and optimism was suggested before by
Reference [ 5]. It was described in full by Reference
[6], which can be convex, and even a mixed pattern of
both™*".

In this paper, we apply a new model to the index
of riskiness and obtain desired properties. It is natural
that some of them are no longer satisfied. However,
after assuming the distortion function to be concave,
almost all of the properties still hold. Besides, we
extend the definition of risks to nearly all gambles, even
with no loss, without loss of desired properties.

The rest of the paper is organized as follows. In
Section 2, we introduce some preliminaries, such as the
RDEU model. In Section 3, we introduce the new risk
measure of riskiness based on the RDEU model. Section
4 shows our main results. In Section 5, we present a
simulation to illustrate the results.

2 Preliminaries

2.1 The RDEU model

The rank-dependent expected utility (RDEU) model is
one of classic models in the economical behavior theory
introduced by References[5,6]. A decision decision-
maker behaves in accordance with the RDEU model if
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the decision-maker is characterized by an increasing and
continuous utility function #:R —R and a probability-
perception function h; [0,1] o [0,1], that is, A is
increasing with 2(0)=0 and A(1)=1. Such a decision-
maker prefers the random variable Y to the random
variable X if and only if
V(0 = V,,(X),

where V, ,(Y), also denoted by V, ,(G), is the RDEU
functional or the Quiggin-Yaari functional of Y">**' given
by

Vo= [ un, di(e)) (1)

Here G is the cumulative distribution function (CDF) of
Y. Any decision maker in the REDU model makes
decision according to the RDEU functional V, , is
denoted by a (u,h)-decision-maker.

It is well-known that the RDEU model has the
classic expected utility (EU) model and the Yarri’s dual
theory as its special case. Specifically, if the
probability-perception function A (s)=s, se [0,1],
then the RDEU functional reduces to the classic
expected utility functional.

Throughout the paper, the utility function u is the
von Neumann-Morgenstern utility function for money.
We confine the utility function u in the following set
U= {u . . . . } .

concave, twice continuously differentiable
If the utility function is the linear function

(identical function), that is, u(x)=x, xR , then the
RDEU functional reduces to the Yarri’s dual utility

2,0 = [ (6= [ 6@ @)

u(0)= 0, u'(0)= 1, u strictly increasing,

where G'(s)=inf{xeR : G(x)=s}|, se (0,1), is
the left-continuous inverse function of G. The Choquet
integral E , is also called the distorted expectation and
the probability-perception function is also called the
distortion function. The integral follows the standard
definition of Lebesgue-Stieljes integral. Throughout the
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paper, for an increasing R function g: R —R and a
function f; R — R, the Lebesgue-Stieltjes integral

f f(x)dg(x) is defined (see, for instance, Reference
R

[0 as [ fx)dg, (x) or [ fx)u,(dv) , where g.(x)=

g(x,) and p, is a measure defined by wu,([a, b])=
g(b,)—g(a_) for any a <b. In other words, if an
increasing function g: R —R is not right-continuous,

g(x) in the Lebesgue-Stieltjes integral fR f(x)dg(x) is

treated as its right-continuous copy g(x, ). In this way,
the integral is well defined. That is, the Yarri’ s dual
utility is expected values calculated based on “distorted”
CDFs h(Fy(x)). Hence, the formula (2) provides a
more clear justification of why the Yarri’s dual utility is
considered as (distorted) expectations.

One important property of distorted expectation is
that E ,(aX+b)=daE ,(X)+b holds for real numbers a =0
and beR . However, E ,(X+Y)=E ,(X)+E ,(Y) may
not be true for random variables X and Y, and it will
hold if X and Y are comonotonic. In the bivariate
setting , a random vector (X; Y) is comonotonic if there
exists increasing functions f and g such that X=f(X+Y)
and Y=g (X+Y) almost surely. This fact leads to
problems when dealing with the portfolio investment, a
linear combination of different risky assets. Thus,
additional presumptions are necessary for the distortion
function 4. Throughout the paper, the distortion
function 4 is assumed in the following set

H = {h:[0,1]—[0,1]1 h(0)= 0,h(1)= 1,
h is concave and has no jump at zero}.
We will also denote /' by the left derivative of distortion
function h. There are some examples of distortion
functions, and Figure 1 presents a more intuitive
picture.

(I) Proportional hazard transform function'

with the distortion function

10]
b
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Figure 1. (a) A concave distortion function; (b) A distortion function concave for small probability and convex for moderate and high

probabilities.



18 Measure of riskiness based on RDEU model

67

h(x) = xi, p =1

(II) Dual-power function''", with the distortion

function
h(x)=1-(1-x)",v=1.

(IT) Wang’ s transform weighting function, known
as the WT weighting function''? | it is applied widely
into the pricing of financial derivatives for its fine
properties. It is usually represented by

h(x)= (P '(x) +a),a e R,
where @ (x) is the cumulative distribution function of a
standard normal distribution.
2.2 Comparative risk aversion
Risk aversion is an important concept in the decision
theory. We use the notation Reference[3 ] to describe
the comparative risk aversion. Agents i and j are going
to decide whether to accept or reject such a gamble.

Definition 2.1 (I) A (u,h)-decision maker in the
RDEU model accepts gamble X at the wealth level w if

Voa(w +X) > u(w).

(I) For two agents i and j, we say j is uniformly
no less risk-averse than i if whenever j accepts gamble X
at wealth level w, i accepts X at any wealth level. It’s
denoted by i<j.

(I) For agents i and j, we say j is no less risk-
averse than i if whenever j accepts gamble X at wealth
level w, i accepts X at some wealth level. It"s denoted
by i<1,j.

As we can see from the definitions, the condition
<l is stronger than that of <1, that is, i<{{j| implies

iQH'j'

3 Measure of riskiness based on the
RDEU model

In this section, we will introduce a new measure of
riskiness based on the RDEU model. To this end, we

0.0
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Figure 2. The scale function for (a) with h(x)=

confine the gambles to some subsets of the family of all
gambles.

Definition 3.1 For a given distortion function h
we define

%= {X:Xis bounded and P (X = 0) < 1}
and

Z ={XIE/(X) >0,P(X <0) >0}.

The condition E ,(X) >0 is due to that people will
not hesitate to reject a gamble that they think would be
nonprofitable, while violating the condition P ( X<0) >0
means that the gamble brings no loss at all.

For a utility function u, a distortion function 4 and
a gamble X, we define

forn(@): = fl@)= E,(u(a X))
on [0, |, which is called a scale function throughout
the paper. Then, fe C*[0,% | which means fis second
order continuously differentiable. In the following, we
state some basic properties for the scale function.

Theorem 3.1 Suppose that the utility function
u € 7/ has an upper bound and h e.7. For Xe &, the
scale function f(a)=E ,(u(a X)) is concave on [0,
o ) with f(0)=0. Moreover, there exists a real number
p,.,(X) >0 uniquely determined by

S(p, (X)) = Eu(Xp,,(X)= 0 (3)

Proof 1t is clear that f(0)=E ,[u(0)]=0. Note
that f'(0)=E ,(Xu'(0))=E ,(X) >0 because of X e
%,. Hence, there exists an « small enough such that
f(a)>0. Meanwhile, f"(a)=E ,(Xu"(a X)) <0
means f is concave on the positive axis.

Assuming now that p, =P (X<—-€)>0 and P ( |X|<
M) =1, let X, be a gamble that yields M with
probability 1 —p, and —€ with p,. It is obvious that
Fy,(x) <Fy(x) for all x . Then

Sty = [ uta ' (g)dn(q) <

0.1

0.0

fla

-0.2

-03

04

4
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and (b) with a linear h. The riskiness is 2.79 for (a) and is 1.69 for (b).
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[ uta Fil(a) ) dhta) =

h(py)u(—ae) + (1 =h(p,))ula M).

Thus, the scale function f( «) becomes non-
positive for « large enough since u has an upper bound.
Up to now, we obtain three observations of the function
S

() £(0)=0 and f(0)>0;

(I) fis concave on [0, );

(I) There exists an « large enough such that
fla)<0.

Hence, there exists a unique p,, (X) >0 such that
equation (3) holds.

Here, we set u(x)=1-¢™ for all x e R. Let X
yield 6 with probability 0.2, 2 with probability 0.3 and
—1 with probability 0.5. Checking that it meets all the
requirements, for different 7, we draw its scale function
in Figure 2.

Definition 3.2 For ue 7/ and h .77, the measure
of riskiness based on (u,h)-RDEU model is defined by
a functional p, , : ‘“—[0,+e ] as the following way
0,P(X<0)= 0,
+o, E,(X) <O,
the solution of equation (3), X € %,.

For the case E ,u(X) <0, a decision maker with
distortion function 4 won’ t take it. Thus, we set its
riskiness to be +oo . For another case that P (X<0)=0,
people accepts the gamble violating the condition with
absolutely no loss. For this one, we set its riskiness to
be 0 because nobody would be afraid of it for any
reasons.

Example 1 (I) If 4 is the identical function,

e., h(p)=pforpe[0,1] and u(x)=1-exp(-x) for
xeR . The measure of riskiness p, , reduces to the case
introduced in Reference[ 3 ].

(I) If h is the identical function and u (x) =
log(1+x) for x € R. The measure of riskiness p,,
reduces to the case introduced in Reference[4 ].

(Il) If u(x)=x-1 for xeR , we have p, ,(X)=

E ,(X) for all Xe ¥,.

The third one of the above examples illustrates that
the constraint of u in Theorem 3. 1 is not necessary to
guarantee that equation (3) has an unique solution. For
some feasible utility function u, p, , can be the Yarri’s
dual utility.

4 Main results

It follows directly from the definition that two axiomatic

characterizations are identical to those of Reference[ 3 ].

Hence, the similar results are also obtained for the

distorted riskiness.

4.1 Basic properties for the measure of riskiness
Definition 4. 1 For any two lotteries with

Pu,h(X) =

cumulative distribution functions F and G, respectively.
We say F first—order stochastic dominates G, denoted
by F>, G, if for any increasing function u

Ju(x)dF = fu(x)dG.
Proposition 4.1 For u € 7/ with a upper bound and
h e .7, the measure of riskiness based on RDEU model
has following properties

(I) Monotonicity with respect to the first-order
stochastic dominance: For X,Ye 7, if X<, Y, thenp, ,
(X) Bpu,h( Y).

(I) Positive Homogeneity: p, ,(AX)=A{p, ,(X)
for A>0 and X € &

(Il) Subdilution: p, ,(X") =p,,(X) holds for
pe(0,1] and X € ¥, where X’ is a compound gamble
that yields X with probability p and 0 with probability
1-p;

(V) Continuity on %,: p,,(X,) —p,,(X),
gamble X, —d>X , X e % and X, € ¢, are uniformly
bounded.

Proof We first consider the properties of p,, on
4. For X,Y € %, such that X <, Y, we have 0=
E,u(X/p, (X)) <E ,u(Yp,,(X)). Recall the
properties of scale function in Theorem 3. 1, we obtain
/p,,(Y)=1/p,,(X), and hence, p,,(X) =p,,(Y).
The positive homogeneity is trivial by the definition of
Pun

To prove the subdilution, first note that X € &,
implies X" € 4, for p e (0,1]. We use the third form of
the rank-dependent expectation for this part. i.e.

B, (u(X) = w0 = [ W(FG))dute),

where M is the bound of X. For the diluted gamble X",
one writes the CDF Fy,(x) as pFy(x)+(1-p)1, . (x).
Thus

9

So(la) =E
w(a M) —f” h(pFy(x) +
(1 =p)lg o (%)) du(ar) <
wCa ) = [ ph(Fy(0) +
(1 -P)h(l[om]( x) ) du(ax) =
p < (u(aM) —f B(F(2)) du(ax)) +

Ju(aX’) =

(1 = p) (u(a) —f“_‘whum,w](x))du(ax)) -
pfi(a).
This implies f» $( <0, and hence p, ,(X") =

,0 u,h ( X ) .
For continuity, denote f, (@) =

fla)=E ,u(aX).

E ,u(aX, ) and
d
Since X, —X and X, is uniformly



18 Measure of riskiness based on RDEU model

69

bounded, it then follows from the dominated
convergence theorem that f, (a«) — f(«) pointwisely.
Denote a, =p, ,(X,) and a=p,,(X). Arguing by
contradiction, we assume that there exists €,>0 such that
la,—al>g, for all n. If there is a subsequence {a, |

such that a, >a+e,. Then we have 0=f, (a, ) =f, (a+

€ ) — f(ate,) < 0. This yields a contradiction.
Similarly, we can also get a contradiction if there is a
subsequence {a, | such that a, <a—-¢,. Hence, we
complete the proof of all properties on .2, .

For gambles on %, one can easily verify the
monotonicity, positive homogeneity and subdilution of
P, after classification discussions.

4.2 Measure of riskiness for CARA utility function
The exponential utility function is the only one class of
utility functions such that the Arrow—Pratt coefficient is
constant, that is, the utility function with constant
absolute risk aversion'"’. In this section, we set the
utility function u# (x) to be 1 —exp (—x). For
convenience, we denote by R, the measure of riskiness
in this case, i.e.

R,(X): = p,,(X).
In the following, more properties of R, will be found.
To present the result, we need the following lemma
which is coming from Reference[ 14 ].

Lemma 4.1 For any random variables X and Y,
denote the inverse of their CDFs by F}'(q) and F,'(q).

Let $(q) = Fyy(q) —Fy (q) —-F, (¢) and &(q) =
Fqb( t)dt on [0,1] . Then the following properties hold
0

for ¢p(q). 1

(1) [ a(q)dq=0;

(II') &(q) =0, q € [0,1].

Proposition 4. 2 The following two properties
hold for gambles X, ,X, € &

( I ) Subadditivity; R, (X, +X,) <R, (X, )+
R,(X,), if X,+X, e &

(') Convexity: R, (A X, +(1-1)X,) <
AR (X)) +(1-AM)R,(X,) if A X,+(1-A)X, e &

Proof ( I ) First, assume that X,,X, € %, and
X, +X, € 4,. The scale function of X is denoted by
fx(a)=E ,(1-exp(-aX)). By Theorem 3. 1, to
show the subadditivity R,( - ), we only need to prove

that f} ., (L) =0 where r, =R, (X,) for k=1,2. i.e.
Rt

f:,(l _ exp(_ W))dh(q) = 0.

rnTn
To this end, we turn to prove the next two inequalities

hold
f:)(l B exp(_ F::*:(r@) ) dh(q) =
il _exp(_F;(qr) :fg(q)))dh(q) (4)
oo 50225 v
0 SR

(5)

Note that formula (4) is equivalent to

f ( F);,I+X2(¢I))( (F§,1+X2(q) - Fi'(q) = Fy(q)
e — ] (e

rotr,

r,tr,

) - l)dh(q) = 0.

Since h'(gq) is non-negative and ¢*—1=x for all xe R , to prove formula(4), we only need to show that

fl Filo (o) ; ;
e[ - [ ) = R ) - Bl TG 2o,

r

or, equivalently,
1 F!
feXp(—W)Mq)h’(q)dq =0,
0 r,tr,
where ¢ (g) = Fyl.y, (q) = Fy (q) —Fy, (g). After
F—l
X'”‘Z@)h%q) by S(q), it is

rTr
obvious that S(¢) is non-increasing. We only need to

1
show that [ $(q)(¢)dg = 0. Note that
0

substituting exp (—

['stoo(ardg = stpap(q) =

S @) 1] - [ Dlgaste) == [ dlgase) =0,

where @(q) = f qd)(s) ds and the last part from the fact
0
that @(g) =0 by Lemma 4. 1. For formula (5),

Jl(l —exp(—FXl(q) +F/Y2<q)))dh(q):

r, tr,

_F);]]((]) r

1 r, r,tr,
f I —exp|
0 FXZ(‘I) T,

r, rotr,

[l o))

" (1 - exp(— F“](q)) )dh(q) =

r

dh(q) =
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T X,
E |l —expl-—] |+
rotr, r

SoEeel )

E, 1 —expl—-—]]=0.
rotr, T,
Next assume that X, ,X, € “and X, +X, € & There are
just two kinds of potential violation of R, (X, +X,) <
R,(X)+R,(X,) :

(i) R,(X,+X,)=o but R,(X,) and R,(X,)
are positive and finite;

(ii) R,(X,)=0 and R,(X,+X,)>R,(X,).

Here we define & = {X.X is bounded|. For the
first one, note that the mapping E ,; & —R satisfies
the subadditivity, i.e., E (X, +X,) =E (X, )+
E ,(X,) forall X,,X, e ¢ (seee.g., Theorem 2.2 in
Reference [ 15]. Since R, (X, ) and R, ( X,) are
positive and the finite it follows that E ,(X,) ,E ,(X,)
>0, we have E ,(X,+X,) is finite. The second case
can’ t happen since R, is monotonic with respect to
first-order stochastic dominance.

( I ) The convexity follows immediately from that

R, is positively homogeneous.
4.3 The necessary of concavity of distortion function
As someone doubts whether the presumptions of
distortion function 4 can be revised, we claim that
concavity is necessary for subadditivity property. We
prove it in the following part that there is some violation
of subadditivity unless /4 is concave on [0,1].

Proposition 4. 3  Suppose the distortion function
has no jump at zero, the validity of subadditivity forces
h to be concave.

Proof By reducing absurdity, the violation of
concavity of distortion function 4 implies that there exist

p, and p, such that p,<p, and 2h(p) <h(p,) +h(p,),

P

— p+
where p=sz. Note that we can move p, and p, in a

small scale, which keeps the inequality unchanged but
makes p, >0 and p,<1. Then we construct a gamble X as
follows

~ Xy, Prs
_8,[) _pla
6a p2 _P,
%, 1 =p,y,
where —x,<-6<0<8<x,. Denote f(a)=E ,u(a X) ,
then
E,u(aX)= h(p)u(-oax,) +
(1 _h(P2>)u(ax2) +
(h(p) —h(p,))u(-ad) +

(h(p,) = h(p))u(ad).
Meanwhile, the derivative of f at zero is

f(0)7= - x,h(p,) +x,(1 -h(pz)) -
6(h(p) —h(p,)) +8(h(p,) —h(p)).

Let the summation of the first two terms be zero, that

h(p,) N
1-h(p,) a
One can find /' (0)=8((h(p,) =h(p))-(h(p) -
h(p,)))=6(h(p,)+h(p,)—2h(p))>0. According to
the proof of Theorem 3. 1, gamble X has a finite and
non - zero riskiness r>0. Then we construct a pair
gambles (X,,X,) with joint distribution

(_xl, _x|)5p1’

is, =x,h(p,)+x,(1-h(p,))=0. Then x, =

(=8.8),p~pi
(Xlaxz): 1,
(8, _6),]72 -P,
(x21x2>5 I =p,.

As we can see, the marginal distributions of both
X, and X, are the same as that of X, so they have the
same riskinesses . Noting that
= 2xy, py,

0’ p2 _p]9
2x,, 1 = p,.

X, +X, =

One can calculate the riskiness of X, +X, with the similar
method. The distorted expectation of X, +X, is u(-2x, ).
h(p)+u(2x,) (1-h(p,)). With a useful fact that
u(x)<x for all x on R, we find u(-2x,)h(p,)+
u(2x,) (1=h(p,)) <-2x,h(p,) +2x,(1-h(p,))=0,
which indicates that gamble X, +X, has infinite riskiness.
We can conclude that R, (X, +X,)= o >2r=2R,(X)=
R,(X,)+R,(X,), a violation of subadditivity.

4.4 Application in comparative risk aversion
Mentioned by Reference[3], duality implies that less
risk-averse agents accept riskier gambles. Once they
share the same distortion function, duality holds for the
two agents.

Theorem 4.1(Duality) Given that agents i and j
are two decision-maker in the RDEU model, the utility
functions of i and j are u; and u;, respectively, and they
share the same distortion function h € 7. For X,,X, €
&, if j<li, i accepts X, at w and R,(X,) =R, (X,),
then j accepts X, at w.

To prove Theorem 4. 1, we denote p (w) by the
Arrow-Pratt coefficient of absolute risk aversion for an
agent with the utility function u at wealth level w, i.e. ,
p(w)=—-u"(w)/u’(w). Besides, we need some extra
lemmas, some of which are the direct results in
Reference[ 3 ].

Lemma 4. 2 (Lemma 2 in Reference[3]) For
some 6>0, suppose that p,(w) >p;(w) at each w with
Iwl<8, then u,(w)<u,(w) whenever Iwl<8 and w#0.

From Lemma 4. 2, we can immediately get the
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following corollary.

Corollary 4.1 ( Corollary 3 in Reference[3]) If
p,(w) <p;(w) for all w, then u,(w)=u;(w) for all w.

Given the changes compared with the definitions by
Reference [ 3 ], some lemmas also need to be
generalized.

Lemma 4.3 If p,(0)>p,(0), there is a gamble X
that agent j accepts at 0 but agent i rejects at 0.

Proof By the precondition that utility function is
twice continuously differentiable, p (w) is continuous.
There exists >0 such that p,(w) >p;(w) for all Iwl<
26. For -6=<x=<6,let X, be a gamble yielding x—6 and
x+6 with probability p, € (0,1) and 1-p,, respectively,
where p, satisfies #(p,) € (0,1). By lemma 4.2, we
can get u,(w) <u,;(w) for all Iwl<235, where the
equation is satisfied if and only if w=0. Then denote
E,u(Xx)-u,(0) by g, (x) for k=1i,j. One can
compute for k=i,j that

()= [ulF@)dh(q) =

h(py)u(x =8) + (1 = h(p,))u,(x +8).

Under the condition that u,(w) <u;(w), inequality g,
(x)<g;(x) holds for —6<x<8. Besides, we find g,(5)=
(1-h(p,) ) u,(28)>0 and g,(-8)=h(p,)u,(-28) <O0.
Thus, it follows from the continuity and monotonic of
g, that there exists some x, between —6 and & such that
8:(x,) <0<g;(x,) holds. Gamble X, is the gamble
desired.

Lemma 4.4 If p,(w,) >p;(w;), then there is a
gamble X such that agent j accepts at w; but agent i
rejects at w;.

Simplification: By standardizing u; and u; with u,
WRICORC (W)=, (w,)

ulw,) ulw;)
there is no difference in their decision-makings and
Arrow-Pratt coefficients after substituting u with u” | so
that u,(w,)=0 and #/(w,)=1 hold at any wealth level

and u (w) =

for k=i; j. u; and u; with u; (w)= and

u, (w;)
I/tj< W) _u‘,‘( w; )
u;'(w;)

result by Lemma 4. 3.
Proposition 4.4 ;<] j if and only if for all wealth

u (w) = , we can directly derive the

level w, p,(w) <p,(w).

Proof If i<{ j and there exists w such that p,(w)>
p;(w). Using Lemma 4. 4 above, we find there is a
gamble X that j accepts at w, but i rejects it at w which
contradicts to our assumption that i should accept X at
any wealth level. Suppose that p,(w) <p,(w) holds for
all wealth level w, we need to verify that if j accepts at

E, _O<Ehui(X])SEh

w, then i accepts it at w. Without loss of generality, we
assume w=0. By Corollary 4.1, we have u,(x) =u,(x)
for all xeR . Thus, we obtain E , u,(X) ZE , u;(X),
and this completes the proof.

Proposition 4.5 {<Jj if and only if for all wealth
level w, and w;, p,(w,) <p,(w;).

Proof If i<lj and 3 w,,w; such that p,(w,)>
p;(w;), using Lemma 4 above, we find there is a
gamble X such that j accepts at w;, but i rejects it at w,
which contradicts to our assumption that i should accepts
X at any wealth level. Suppose that p,(w,) <p;(w,)
holds for all wealth level w; and w;. Without loss of
generality, we let w;=0, and assume that E , u;(X) >0.
For w € R, we define u!™ (x)=u,(w+x). By
Proposition 4.4, we have E ,(u,(w+X))=E ,u" (X)=
E ,u;(X)>0. This completes the proof.

Proof of Theorem 4.1 Leti, j, X,, X,, w be
the notations above. With the simplification method,
one can set w to be 0 and u,, u, € 74, and we first

127y
consider the case X, ,X, € ,. Let f(a)=E ,u(a X,)

for k=1,2 with u(x)=l1-exp(-x). We set o, =

1
R,(X,)
for k=1,2, then f,(«,)=f,(«,)=0. By hypothesis,
@, <a, and the condition j<J i implies p,(w,) =p;(w,)
for all w; and w,. Set B, =inf p,(x) and B;=sup p,(x),
so that B, =p,. It can be easily shown that u,(x) <
u(B,x)/B; by Corollary 4. 1, since the Arrow-Pratt
coefficient of the utility function u ( B,x)/B, (to
standardize) is constantly B;,, which is no larger than
p;(x) for all x. Similarly, one can find u, (x) =
u(B;x)/B;.

Now we assume i accepts the gamble X,, then we
need to show that j accepts the gamble X,. By
definition, E ,u,(X,)>0, thus

u(a,X,) _ Si(ay) _ u(BX,)

@, @, B; '
resulting in B, <a,. Then one gets B; <B, <q, S a,.

Hence, B,<a,. The following inequality holds

X
Ehuj(xz) = Ehu<BJ 2) >
B
Ehu(azxz) _ fr(ay) - 0.
a, a,

Thus, the duality axiom is satisfied when X, ,X, € ,.
Suppose now R,(X,)=0, so that X, e Zand P(X,<0)=0.
It is obvious that E,u,(X,)>u;(0)=0. Finally, we will
show that i accepts X, at 0 and R,(X,) =R,(X,) imply
R,(X,) <. Otherwise, we have R, (X, )= o, which
implies X, € & with E ,(X,) <0. However, it follows
from Jessen’s inequality that
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E,u (X)) < u(E, (X)) <O
This means i rejects X, at 0, yielding a contradiction.

5 Simulation

For this part, we first show that it is possible to
substitute the random variable X by its realizations x, ,
X, ,+*+,X, to estimate its riskiness by continuity property ;
then we replace the distortion function f with its estimate
fand draw the same conclusion.

With data of a gamble, we can estimate the
distribution function from the empirical distribution
function. Suppose the data | x,};., iS a sequence
independent and identically distributed as the gamble X.
For simplification, let distortion function be WT
weighting function, with parameter « =0. 25. i. e.,
h(x)=® (®'(x)+0.25), where @(x) stands for the
CDF of Gaussian distribution.

Let I?"(x) be the empirical distribution function of
By Glivenk-Cantelli Theorem, the
convergence I?n—> F holds, which fulfills the condition
for continuity property. By the continuity property, r
the risk under x,, x,,---,x,, converges to the risk of the
real gamble as n— o, even though some r, can be
infinite or zero. Note that r, is the solution of 6 to the

n  samples.

no

equation

jMW w(x/60) dh(F.(x)) = 0,

As for discrete random variables yielding v, with
probability p, for i = 1,2, ---, K, we can simply
summarize the total number of each value by the data.
Suppose that value v, appears n; times for i=1,2,--- K,
where K is the total kinds of values appeared. After

—~

n.
substituting p, by p,=—, one can get the estimated scale
n

function
f6)= Z”(”/@)(h(m "f') -h(,l ”f') ) ,

K
n= Y
j=1

It is fast for computers to find the unique solution

to f(0)= 0 under 0<f< . However, chances are that f
(0) is always under or above zero. Then let it be in
consistent with the extended measure of riskiness. That
is to say setting the riskiness to be 0 or oo, which

depends on fif there is no solution. As long as the
number of samples is sufficient to reflect the real
distribution, the equation has a unique positive solution.
Now consider three discrete gambles X, , X,, X; with
probability mass functions given by
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-1, 0.5,
2, 0.3,
X = 6, 0.15,
10, 0.05,
-4, 0.5,
2, 0.3,
X, = 6, 0.15,
10, 0.05,
1, 0.5,
2, 0.3,
X = 6, 0.15,
10, 0.05.
é;’ WMWW

T T T T
2000 4000 6000 8000

)

number of samples
Figure 3. Estimated riskiness of distribution X, ( wave line)

with real riskiness (beeline).

estimate value
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I I |
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Figure 4. Estimated riskiness of distribution X, ( wave line)

with real riskiness (beeline).

estimate value

00 02 04 06 08 10

T T T
0 2000 4000 6000 8000

number of samples
Figure 5. Estimated riskiness of distribution X;( wave line)

with real riskiness (beeline).

We can check with computer that their risk value
are respectively 2. 77, « and 0. Figures 3,4 and 5 show
how the calculated riskinesses approaches the real
riskinesses.

However, it is computational expensive to solve
such an equation with a large »n in practice for a
continuously distributed random variable. By the
enlightment of the generalized method of moments,
computing the numeric solution can be seen as an
optimization problem.
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Figure 6. Estimated riskiness of normal distribution with mean
1 and standard deviation 1 under a linear distortion function.
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Figure 7. Estimated riskiness of normal distribution with mean
1 and standard deviation 1 under the WT distortion function.

Let m(0)=FE ,u(X/6). We expect to find 6, such
that m (6,) = 0, which is the unique solution by
Theorem 3. 1. After blending the distortion function into
the distribution of X, another distribution, with CDF
G(x)=h(F(x)), replaces the original one, making the
expectation undistorted. That is, m(0)=E ,u(Y/6),
where Y ~ G. But how can we get sample of Y out of
x,?7 We need to compute the quantile, denoted by g, of
F at each x,, k=1,2,---,n. Then calculate y, by the left

inverse of h(F), i.e. h(I?(yk) )=g, for all k=1,2,---,
n. By the law of large numbers, m( )= éu(y/@) isa
fine estimator for m(#) as long as n is large enough,
then by the implementation method, we have to find 0
e argrglei({)la(ﬁ)WnAz(O) ,
where W is the inverse of var(Y), estimated by
W(6)= (R UG/

Note that rﬁ(@) Wimn( 0) ranges from 0 to 1, while nA1(0)
can be extraordinary large with the exponential operator.

Suppose a continuous distribution is a normal
distribution with mean 1 and standard deviation 1, we
can then compute that the riskiness of such an random
varible is 0.5 with a linear distortion function and 1 with
the WT distortion function. Figures 6 and 7 show how
the calculated estimators approach the real riskiness.
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ETF RDEU HREHWNKEES
B R AR R R

1. P EBLEAH AR IR 2 B, LR L 230026
2. PERMFROR R B, LA IE 230026

BE. N EZEE8 A TAN @ K5 R0 1 LT o7 5 3240 RS A i 0 347 % 5% /M ik 35 3% kAL
8 A 4 IR B T VAR K AR B3R R & AR R A LB R A IR KA B, A T A
PR, 5 A R TR I B AT AL AR A ok 8 P T 7 s R R T A RS0 4
A 0 R FVASE A R 72 6 25 BT — HF 8 U 5 7 T R AT I8 AR IR TR 8, BT SR AL B o 1A
HAAFEZL . AT B B A TR % BT 0 256 L ARARIRHA 2 2 (rank dependent expected utility ) AEA! 49
Bk E AR A E AL (RIS ) R R, CHRIGR FHH A LIk Tk 460 AR Bt A
B i TR I A AT R 60 14 s
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