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The randomization algorithm is used to construct the test statistics of the model structure.

Public summary
m Study the fluctuation characteristics of eigenvalues in factor models.
m Construct the test statistic using a randomization algorithm.

m Check for breaks in the structure of factor models, involving changes in factor loadings and increases in the number of
factors.
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Abstract: We consider the fluctuation of eigenvalues in factor models and propose a new method for testing the model.
Based on the characteristics of eigenvalues, variables of unknown distribution are transformed into statistics of known dis-
tribution through randomization. The test statistic checks for breaks in the structure of factor models, including changes in
factor loadings and increases in the number of factors. We give the results of simulation experiments and test the factor
structure of the stock return data of China’s and U.S. stock markets from January 1, 2017, to December 31, 2019. Our

method performs well in both simulations and real data.
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1 Introduction

Currently, people can easily obtain higher-dimensional and
larger amounts of data. The factor model, a well-established
technique for dimension reduction, is one of the most com-
monly used methods in high-dimensional research. For the
theory related to factor models, see papers such as Refs. [1,
2]. With the wide application of factor models, related theor-
ies have also been developed, such as articles related to de-
termining the number of factors in the model™*. These meth-
ods often involve the use of covariance matrices. Let N and T
denote the cross-sectional and time series dimensions, re-
spectively. When the dimension N is fixed while 7 tends to
infinity, the eigenvalues of the sample covariance matrix are
good estimates of the eigenvalues of the population covari-
ance matrix. However, when both N and T tend to infinity, the
estimation at this time is biased. For the study of the eigenval-
ues of the sample covariance matrix, there is a substantial
body of work dealing with the limiting behavior of the eigen-
values. It forms an important subset of what is often called
random matrix theory. Related research includes Refs. [5, 6].
In this paper, we consider spiked covariance matrices in the
high-dimensional setting, which arise naturally from factor
models. A special type of spiked covariance matrix whose
nonspiked eigenvalues are equal to 1 is proposed by Ref. [7].
Subsequent studies based on the spiked matrix have been ex-
tended in various directions, including the asymptotic distri-
bution of spiked eigenvalues (e.g., Refs. [8§—12]). Related
studies extend the scope to more generalized matrices, for ex-
ample, by removing the restriction that all nonspiked eigen-
values equal 1. Based on the eigenvalues of the covariance
matrix, Ref. [13] proposes a randomization method and con-
structs a test statistic to determine the number of factors in a
factor model. Applications of this randomization method can
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be traced back to Ref. [14], and Ref. [15] also applies the
method in the financial field. This randomization method is
also the main method used in our article.

In a typical factor model, the whole sample is often used to
construct a model suitable for the whole period. Time invari-
ance of factor loadings is a standard assumption in the analys-
is of large factor models. However, such an assumption is
often too ideal to suit practice. In reality, the factor structure
may constantly change due to the influence of various factors.
This study focuses on two types of changes: the instability of
factor loadings and the fact that new factors emerge after the
change point. Breaks in the factor structure have been ex-
plored in many papers. Refs. [16, 17] focus on structural in-
stability in the loadings. Some articles consider the breaks in
factor models before and after some significant events. Ref.
[18] assesses the evidence for a change in the number of factors
during the Great Recession. However, their approach re-
quires prior knowledge of the breaking point and cannot dis-
tinguish the two change types we just mentioned. Studies also
aim to find the exact time point when a break occurs, which
we call a change point, with Ref. [19] being one example.

The problem is that when there is no structural change in
the process, some detection methods may give a false result.
To avoid such false test results, we need to test whether there
are structural changes before conducting in-depth research,
and when there are no structural changes, additional studies
are unnecessary. In this article, we consider the fluctuation of
the eigenvalues in the factor model and use the randomiza-
tion method to construct a statistic to test whether there is a
structural change in the model within the time range. Employ-
ing a sliding window, our technique is more sensitive to
detecting changes in factor loadings than simply dividing the
sample into two. The test statistic performs well in the
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absence of change points. The presence of a change point is
consistently detected under both types of structural changes
(loading instability and new factors).

Our research always assumes that VTN =o(1). For any
matrix A, ||Al| is the square root of the largest eigenvalue of
ATA. The rest of the paper is organized as follows. In Sec-
tion 2, we introduce the model and basic results, and Section
3 presents the theory on which the method is mainly based.
Section 4 explains how we construct statistics using the ran-
domization method. Then, in Section 5, simulation experi-
ments are carried out to test the effect of the statistic. In addi-
tion, a real data example is reported in Section 6. Finally, we
give our conclusions in Section 7. All technical proofs are
presented in Appendix.

2 The model and basic results

Consider a factor model as follows.

x,= Y aufu+e, 1<i<Nand 1 <r<T. (1)
k=1

We can also write the factor model with matrices.

X=AF+E, ()
where X and E are two N X T matrices, A is an N X r matrix,

T
and F is an rx T matrix. Define 7" Zﬁ, =f.

Assumption 1. Both N and T g'c;]to infinity. ATA=1,.
Moreover, A, >+ > A, < N(1+ NT™") such that

T3 (o= = F) = APAP(Uj= K+ 0,T77), (3)

forany 1 < jk<r.

Let M be a TxT matrix that has elements
M; =1{i=j}—-T". Define A = diag(4,,---,4,), then Eq. (3)
implies that

AT FMF™ = A)A™"|| = 0,(T"). (4)

Remark 1. Eq. (3) holds when f, = (f,,,---, f,) satisfies the
following conditions: f; is strictly stationary and y-mixing
with max, g, E (472 f}) < C < o0, Cov(f)=A and
Zm 1y(f)'"* < oo. If the population covariance matrix is not
diagbnal, it is easy to adjust it by eigendecomposition and a
different A. However, Eq. (3) may still hold in some other
cases even though f; is a nonrandom time trend. Thus, we im-
pose Assumption 1 on the samples, not the populations,
mainly to cover a more extensive range of situations.

Assumption 2. E = X'?YQ. Here, Y has i.i.d. elements Y
with mean 0, variance 1, and a finite fourth moment. X' is an
NxN nonnegative definition matrix. € is a 7 x7T matrix
with T < T. There exists a constant that does not depend on
N and T such that ||X]| < C and ||Q|| < C.

It also implies that [|T7?Y]=0,(1+N"T"?) and
ITE||=0,(1+N'"*T"'?). Let S =T'XMX" be the sample
covariance matrix of X. Let 4, > --- > 4, > 0 be the eigenval-
ues of §.
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Proposition 1. Under Assumptions 1 and 2,
A= 0,(1+NT), ()
and
1+NT!
/l— = 0,,(N7]). (6)

Proposition 1 is a simple result, but it provides spectrum
separation. Let U =(A B) be an NXN orthogonal matrix.
Denote (F+A"E)M as F and B'EM as E.

Theorem 1. Under Assumptions 1 and 2,

A=A, _ _

Tk = 0,7(T 4N ”2), @)
for any 1 <k <r. Moreover, if |[ATEP.||=0,(1+N'*T'"?),
then

A=A - _

T 0,(T?+N"), (8)
forany 1 <k<r.Here, P,= MF (FMF")"'FM.

Theorem 1 shows the fluctuation of A, from A, for
1 <k <r. Note that when F and E are independent, ATEP,
degenerates to a separable model with rank r on both sides.
Thus, |[ATEP|| = O,(1+N"T""*) holds. It can also extend
to other cases where there is only weak dependence between
F and E.

Remark 2. We note that A, only depends on the popula-
tion of F. Egs. (7) and (8) imply that the fluctuation of A, is
small even if we replace E by a different population satisfy-
ing Assumption 2. Thus, A, becomes large only if the popula-
tion of F becomes large.

Assumption 3. N/T - c<oo as N and T go to infinity,
where ¢ is away from 0. Let g, > -+ > u,_, > 0 be the eigen-
values of T"'B"EE" B. There exists a constant C such that

sup |u = Cl = 0,(T™"), ©
1<k<K
where K is any finite integer.

Eq. (9) is a common result for nonspiked eigenvalues in
random matrix theory, and it covers many cases. For ex-
ample, the asymptotic distribution for the first K eigenvalues
of sample covariance matrices with the general population has
been stated under some moment constraints in Ref. [20]. Ref.
[21] also established the Tracy—Widom asymptotic for the K
largest eigenvalues of a general class of random Gram
matrices. In fact, C is the right endpoint of the support for
LSD of T"'B"EE"B. For more details, one can also refer to
Refs. [6, 22, 23].

Theorem 2. Under Assumptions 1-3,

sup |4, = Cl = O,(T™"), (10)
I<k<K
where K is any finite integer.

Theorem 2 demonstrates that excluding the first r largest
eigenvalues, the remaining first K eigenvalues will be loc-
ated within a small border around the right endpoint C. Al-
though Assumption 3 covers the nonspiked cases in random
matrix theory, there are other cases for E with so-called
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“spiked eigenvalues”. Spiked eigenvalues often have a con-
vergence rate of 772, which makes them differ from non-
spiked eigenvalues. Addressing spiked eigenvalues in ran-
dom matrix theory is sometimes easier than nonspiked eigen-
values, but the situation is different in our problems. The
main reason is that the important terms in our proof of Theor-
em 2, such as I—P; and I+ T2EF F (T FF - A'FE",
may change the spiked structure.

We will consider a special case for E with spiked eigenvalues.

Assumption 4. Let F and E be independent. N <T.
Moreover, E can be rewritten as

E=X"Y, (11)

where Y has the i.i.d. elements Y;; with mean 0, variance 1,
and a finite fourth moment. X' is an N X N matrix that is not
negative definite, with eigenvalues co > o > --- > 0, 2 0.
Theorem 3. Under Assumptions 1 and 4, the spectrum of
B"XB and the distributions of Y, satisfy the conditions of
Theorem 3.6 in Ref. [22]. Then, there exist constants

¢, = -+ = ¢k such that
du—c=O0,(NY+O,(T'"), 1<k<K. (12

Here, ¢, > --- > ¢, depend only on X'.

Assumption 4 gives a situation with spiked eigenvalues in
E. In this case, (12) establishes a similar result to Theorem 2.
The eigenvalues A,.,,...,4,.x will still fluctuate in a small
range near the limits.

3 Fluctuation of eigenvalues

Now, we consider x;, with 1 <7< T*. Define the N X T mat-
rix X with elements x, (1<i<N, s<t<s+T-1) and
X9 =AYFY+E®. For each s, we can calculate the r+1
largest eigenvalues of the sample covariance matrix for X.
We use A to represent the kth eigenvalue of X©.

We do not impose any conditions on the correlations
between X for varying s. In contrast, we want to study
whether differences exist between the X structures based on
the eigenvalues of their sample covariance matrices. We
define ¥ and A > --- > A} > 0 by replacing X by X* in S.
Similarly, we can define AY by replacing F by F“ in S. De-
note that

T*-T+1

1 (s)
= — A, 1
L= s Zz (13)

Theorem 4. Suppose that Assumptions 1 and 2 hold for all
X®. Then, from Eq. (7), forany 1 <k<r,
A=
R

=0,(T"+N""). (14)

IfA“Y = A for Vs,,s, with 1<s,,5,<T"—T+1, then

-2
| k /_1 kl — Op(T—l/z_'_N—l/z)’ (15)
k

for any 1 < k <r. Moreover, if

AYTEYPEYTAY = 0,(1+NT™), (16)

1106-3

also holds,

(s)
WA o e N, (17)
A
forany 1 <k<r.

Remark 3. If N is not large enough, we may consider a
faster rate of A”. However, A® and E“ impact A in this
case. Eq. (17) can have a faster rate provided that there are no
differences (in distributions) between (A, E©).

We also consider an alternative hypothesis and result: As-
sume s, and s, exist s.t. A“Y #A“. Then, there may exist
1 <k < r such that the left part of Eq. (17) has a larger order
than 7'+ N7,

Theorem 4 states that for the first r eigenvalues, the left
part of Eq. (15) should be small and not fluctuate greatly
when the structure has not changed. It is a natural conclusion
drawn from Theorem 1.

Theorem 5. Suppose that Assumptions 1-3 hold for all
X, Then, according to Eq. (10),

sup |49, —C¥| = 0,(T™?), (18)
1<k<K
where K is any finite integer. If C“ = C* for Vs,,s, with
1<s,5<T"—T+1,then

/1(5‘) _/_14-
A=Al _ 0,(T™), 1<k<K. (19)

r+k
Theorem 6. Suppose that the conditions of Theorem 3 hold
for all X Then,
A%=¢"=0,(NY+0,(T"), I<k<K.  (20)

r+k

For Vs,,s, with 1 <s,,5, <T*—-T+1, if Z* and X“ have
the same spectrum, then
(s) 3
—I/l”k/_l_ Al =0,N"'"+T7'), 1<k<K 21)
r+k
Remark 4. With an alternative hypothesis, we have the fol-
lowing: If C*” # C* or XV and X2 have different spectra,
then there may exist k such that the left part of (21) has a lar-
ger order than 77>+ N™'.
Following Theorems 2 and 3, it is easy to obtain Theorems
5 and 6. We know that the left part of (21) should not fluctu-
ate greatly for both the nonspiked and spiked cases when
there is no break in the factor structure.

4 Randomization algorithm

In Section 3, we consider only the results of orders. We can
use the randomization algorithm in Ref. [13] to construct a
new test statistic.

Based on Theorems 1-6, we construct the new statistic using

12 - Al
s, k)= —
@(s,k) 1

, = max

1<5<T* =T +1,1 <k<Fmax

e(s.k).  (22)
k
Here, r,,, is a value given in advance. It controls the number
of possible factors in all sliding windows and is predeter-
mined in the algorithm by a simple initial estimate: For X in
each sliding window, compute r, =argmaxd’/AY to

1<k<19
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estimate the number of factors for that window. When corres-
ponding estimates are made for all windows, r,,, is chosen to
be slightly larger than the maximum of {r,}"";"*' so that it can

always include the r+ 1 largest eigenvalues:

Foox = Mmax r,+1. (23)
1<s<T* =T +1
To detect whether there is a change point in 1 <7< 7", the
null hypothesis and the alternative hypothesis can be set as
follows:

Hy:¢=0,T"");
{ H, ¢ =0,1). @4

Here, ¢ is defined as Eq. (22). Then, the new statistic is con-
structed by

@ =exp{l/p). (25)

Since ¢ has an order of 7" under the null hypothesis, then
@ should diverge to infinity at a rate of exp{7"*}. The ran-
domization algorithm follows as in Ref. [24]:

Step 1. For &, generate an i.i.d. sample {.f,}';:l with com-
mon distribution G (the standard normal distribution).

Step 2. For any u drawn from a distribution F(x) with sup-
port U c R/{0}, define

L) =1{&x P <ul. (26)
Step 3. Compute
1 ZR: &) - G(O)

Sy = — 3 WD 27
=Tk & VGOT-GOl @7

Step 4. Compute
0= [ WwPdF). (28)

The considerations in Ref. [24] point toward choosing
u=+v2. A relevant explanation of how the test statistics
work under the null and alternative hypotheses is as follows.
Under the null hypothesis, @ will approach infinity as men-
tioned before; therefore, the i.i.d. sequence {£ /(u)}f:] follows a
Bernoulli distribution with E[Z;(u)] = G(0). Then in Step 3,
P(u) should be N(0,1) because the central limit theorem
should hold when R is large enough. Consequently, @ in Step
4 should follow a chi-square distribution with one degree of
freedom. Under the alternative hypothesis, @ remains finite,
so for any u# 0, E[{(u)]+# G(0). Naturally, a sum of i.i.d.
random variables with nonzero means is obtained in Step 3.
Hence, O also diverges to infinity.

5 Simulation

To verify the effect of the constructed statistic, repeated ex-
periments were carried out under each group of conditions,
where r represents the number of factors under the null hypo-
thesis. Under H,, we simulate data x, with 1 <i<N,1<
t < T* according to the model:

X,=a fi+u,, 1<i<N,1<t<T, (29)
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where 7" means the whole process of data monitoring, and T
is the chosen window width. We fix N =100 and 7" = 800
for the whole process and set the change point 7 = 500. Addi-
tionally, we consider r € {1,2,3,4} factors and sliding win-
dow width T € {150,200,250,300}.

Common factors are allowed to have
dependence:

some time

£=07Lf +e, 1<t<T, (30)

with ¢, & N(0,1,). We simulate each element of a; as

iid. N(0,1). The idiosyncratic components u =DeG with
each element of ¢ i.i.d. N(0,1). D and G are two Toeplitz
matrices of size NXN and T* xT", respectively. The entries
in the kth diagonal place are given by 0.3*' for D and 0.5*"
for G. R=N is always chosen in the randomization step be-
cause the construction of the final statistic is based on the
central limit theorem. The distribution G in Step 1 is set to be
N(0,1), while F in Step 2 is chosen to have nonzero and
equal mass at + V2.

When the factor loadings have changed after the change
point, the factor model can be expressed in the following
form:

I<i<N, I<t<T,

€2))

x,=a f It <tl+a f, It = T] +u,,

~iid.

where each element of ¢ and a '~ N(0,1).

When using the traditional way to look at two samples sep-
arately, the eigenvalues reflect only the information of each
one; they cannot reflect the change in loading. However, put-
ting two samples together and calculating through the sliding
window method can ensure the eigenvalues reflect that
change. One of the examples is that when the common factors
stay constant in (29), but there is such a relationship between
the factor loadings A, = PA,, P is an orthogonal matrix. If
we simply study the eigenvalues of the two covariance
matrices, we find that they have almost the same eigenvalues,
but at this time, the two loading matrices are obviously not
equal. At this point, our sliding window method can identify
such changes very well.

Consider the case where r, new factors appear after the
change point, and the new factors satisfy: g =
0.71,,g,., +v,, 1 <t< T, with v,"¥" N(0,1,). The factor model
at this time can be written as follows:

x,=a fi+bg It >7l+u,, 1<i<N,1<t<T". (32)

Elements of b; are generated as i.i.d. N(0, 1).

To evaluate the performance of our statistic, we repeat the
simulation 300 times under varying conditions and present
the outcomes in Tables 1—4. Table 1 reports the fraction of
false rejections under H, (i.e., when there is no break in the
factor model) at the 1% and 5% significance level. In simula-
tions, the sample size 7" =800, and the window width
T €{150,200,250,300}.

Under the null hypothesis, it can be seen from the data in
Table 1 that the constructed test statistic can reach a good
confidence level when a large window width T is chosen.
Moreover, the performance of the test statistic is not affected
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Table 1. False rejection at 1% and 5% significance (7* = 800).
Fraction of false rejections
T =150 T =200 T =250 T =300
4 1% 5% 1% 5% 1% 5% 1% 5%
1 0.049 0.158 0.022 0.078 0.016 0.062 0.011 0.047
2 0.042 0.204 0.004 0.058 0.009 0.053 0.007 0.036
3 0.029 0.138 0.007 0.069 0.004 0.056 0.009 0.040
4 0.027 0.129 0.011 0.069 0.007 0.027 0.013 0.038
Table 2. Power of the statistic at 1% and 5% significance (7* = 800).
Fraction of true rejections
T =150 T =200 T =250 T =300
" 1% 5% 1% 5% 1% 5% 1% 5%
1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Loadings change 3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
4 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
A new factor appears
3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
4 1.000 1.000 1.000 1.000 1.000 1.000 0.993 1.000
1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Two new factors appear 2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
3 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
4 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Table 3. False rejection at 1% and 5% significance (7* = 200).
Fraction of false rejections
T =100 T =125 T =150
" 1% 5% 1% 5% 1% 5%
1 0.010 0.087 0.017 0.050 0.013 0.063
2 0.020 0.097 0.020 0.057 0.007 0.043
3 0.013 0.070 0.023 0.057 0.023 0.070
4 0.013 0.073 0.003 0.033 0.007 0.057

by increases in the number of factors in the original model.

In Table 2, we show the fraction of detections for three
types of structural changes when a break takes place and
when testing at 1% and 5% significance levels. Under the al-
ternative hypothesis, considering the changes in the factor
loadings and the number of factors, the statistic can reject the
null hypothesis with a probability of 1, which indicates that it
can test the changes in the structure very well. At the same
time, the results in Table 2 show that it can have strong power
under the alternative assumptions of different factor numbers
in the original model and newly added factor numbers.

Considering a smaller sample size 7° =200 with change
point 7 = 100, Table 3 shows the false rejection rate under H,
of selecting the window width 7 € {100, 125,150}. Accord-
ing to the results in the table, even if T~ is reduced to 200, our
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method can still be used when window width 7' = 125. This
suggests that a larger window width can bring a better size of
the test. However, it is not appropriate to select a window
width T that is too large for the whole sample size T*. Table
4 shows the fraction of detections under the alternative hypo-
thesis when testing at 1% and 5% significance levels. Alg-
houth Table 3 shows that it has a better size with window
width T = 150, the power in Table 4 is too low for the test.

6 Real data

Taking the daily returns of the S&P 500 and CSI 300 con-
stituent stocks in China’s and U.S. stock markets, respect-
ively, from January 1, 2017, to December 31, 2019, as the re-
search object, we examine the factor structure of the stock
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Table 4. Power of the statistic at 1% and 5% significance (7* = 200).
Fraction of true rejections
T =100 T =125 T =150
" 1% 5% 1% 5% 1% 5%
1 0.800 0.957 0.153 0.430 0.013 0.063
2 0.860 0.977 0.173 0.483 0.013 0.073
Loadings change
3 0.887 0.980 0.153 0.510 0.007 0.050
4 0.897 0.990 0.133 0.450 0.010 0.057
1 0.943 1.000 0.347 0.597 0.037 0.123
2 0.857 0.983 0.240 0.543 0.033 0.123
A new factor appears
3 0.790 0.977 0.277 0.530 0.027 0.107
4 0.823 0.990 0.193 0.473 0.013 0.060
1 0.990 1.000 0.520 0.840 0.033 0.147
2 0.957 0.997 0.413 0.777 0.053 0.180
Two new factors appear
3 0.953 0.997 0.313 0.683 0.040 0.157
4 0.903 0.993 0.337 0.640 0.027 0.123
markets of the two countries. Stocks that have been suspen-
ded for more than 60 consecutive days are eliminated, and the %
remaining missing stock return data are filled with 0. Aggreg- IS
ating the data according to the same opening date for both s
markets, we obtain the daily returns of 749 stocks for 708 2_o
trading days. =3
We use the randomization algorithm in Section 4 to test the S
factor structure of the above data. The window width is selec- o |
ted as T =200, and the final test statistic value is @ = 58.94, SRR , . i , i
0 100 200 300 400 500

which exceeds the critical value ¢, = 6.635 when the signific-
ance level is @ = 0.01. This suggests that there are changes in
the factor structure during this period. To show the result
more clearly, Fig. | presents the value of 2\ in each sliding
window X©. In the whole process, A changes greatly with
the movement of the window, which also shows that the
factor structure has changed.

The selected data include the period of the U.S.-China
trade war, during which many important trade war events oc-
curred, including multiple mutual taxation and meeting nego-
tiations between China and the United States. The trade rela-
tionship between these two countries has experienced huge
volatility, and stock markets have also fluctuated accordingly.
Hence, the test result is consistent with the actual situation.

7 Conclusions

We study the fluctuation of eigenvalues in factor models and
construct a test statistic of the model structure. One only need
to detect the change points after the test shows the existence
of change points. It reduces unnecessary work. We also ap-
ply our method to simulations and the real data from China’s
and U.S. stock markets. Our method performs well in both
simulations and real data.

At the same time, the sliding window method also avoids
the insensitivity of the method of simply comparing two
samples for eigenvalue research to determine the change in
factor loadings. Our proposed test statistic performs well
under both types of structural changes (the instability of
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S

Fig. 1. The largest eigenvalue 1 in each sliding window (for
1< 5<509).

factor loadings and the fact that new factors emerge after the
change point) and is not affected by the number of factors in
the original model. Accordingly, this novel statistic has good
universality for application in future studies.
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Let the eigenvalues of U'SU be A, > --- > 4, > 0. Note that M*> = M.

U'SU = T"(

A'SA A'SB
B'SA B'SB

)=T-l[ FFTTE ] (AD)
EF™ EE™

Recalling that ||[T7'2E|| = O,(1+N'"*T'7?), HEET” <||E|l’, and Eq. (6), we can find that A.J—TEE" is positive-definite with
probability 1 (as N, and T tends to infinity) for any i < r. Then, for any i < r, 4, is the solution of

det(AA™ =T A" PFF A" =T A" PFE (I - X' T EE"Y ' EFA™") =0, (A2)

with probability 1 (as N and T tend to infinity). Similarly, we can find that ||/1"T’1EET|| = 0,(N™") when 2 is a solution of Eq.
(A2). Then, we can rewrite the last term of the left part of Eq. (A2) as

DT AR BEYEFA +0,(N ) = 0,(N). (A3)

5=0

Now, we consider the second term of the left part in Eq. (A2). We rewrite FF™ as follows:
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FF =FMF " + FME'A+ATEMF"+ ATEME"A. (A4)

Recalling Egs. (3) and (4), ||[FMF"||,,, has order TN(1+ NT™"). This, together with the upper bound of E, implies that,

min

min

|(FMFTY ' ATEMF (FMF)"”|| < |[FMF|[.\” | E||| MF (FMF")"?|| = 0,(N""),
and
|[FMF) "> A"EME" A(FMF") || = 0,(N™).
Then

FF" = FMF'(1+0,(N"")+0,(N")).

This, together with Egs. (4), (A2), and (A3), concludes the proof of Eq. (7).
Moreover, if |[ATEP,|| = O,(1 + N'*T-'?), then

|A"EMF"(FMF'Y""|| = |A"EP,E"A|l"” = 0,(1 + N'"T"),
Thus,

|(FMF)'>A"TEMF (FMF") || <|A"EP,||"”

(FMFT)fl/ZH — OF(T_I/ZN_]/Z),
and
|FMFTY " FME AFMF"Y || < |A"EP, || |(FMF') || = 0,(T7*N "),

Then, FF™ = FMF™(1+0,(T"*N"'2)+0,(N").
This, together with Egs. (4), (A2), and (A3), concludes the proof of Eq. (8).
A.2  Proof of Theorem 2

For any i > r, T"'FF™— A1 is positive-definite with probability 1 (as N and T tend to infinity). Then, for any i > r, A, is the
solution of

det(AM-T"EE" - T?EF (AI-T" FF"y'FE")=0. (A5)
Define P; = F"(FF™)"'F and F, = (T"'FF7)™". It is easy to see that ||F,|| = O,(N7'A™") when A is the solution of Eq. (A5).
M =T'"FF)'=—F,+ AF,(AI-T"'FF)™". (A6)
Then, Eq. (A5) can be rewritten as
det(AI +T2EFF (" FF" - Al FE) - T E(I - PF)E‘T) =0. (A7)

First, let us consider the k largest eigenvalues of T-'E(I- P;)E". Since Wy = =y, = 0 are the eigenvalues of T"'B"EE™B,
we canrun SVD on T-'?BTE. Then we can rewrite 7-'?B"E as

N-r

-12PT 172 T

T BE—Z/J,. uy,.
i=1

Note that
T"'E(I-P:)E"=T'B"EM(I- P;)ME"B,

and M(I - P;)M is not a negative-definite matrix, and the largest eigenvalue of I — P; is 1. Then, the k largest eigenvalues of
T'E(I- P;)E" are not larger than yu,,--- 1, but also not smaller than the first k largest eigenvalues of

K
MI-P)M ) pvy] = M- PYMV ALV}, (A8)
i=1
where Vi = (v, -+ ,vy), Ax = diag{u,, - ,ux}, and K > k+r.
Note that P; is a projection matrix with rank r. Therefore, V; M(I — P;)MV has at least K —r — 1 eigenvalues 1. This, together
with Egs. (9) and (A8), implies that the k largest eigenvalues of T'E(I — P;)E™ are C + O,(T™*").
Similarly, we can repeat the above idea on
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(I+TEFF(T"'FF - AD'FEY'TE(I- P,)E".

We find that I+T?EF F(T'FF -AI'FE™ is positive-definite with probability 1, and the rank of
T2EF F(T'FF - A)'FE" is not larger than r. Moreover,
|I+T2EF F(T"FF -A'FE"|| >1.

min

Thus,
|@+T2EF F(T"FF - A" FE)|| =1,
and it has at least N —2r eigenvalues of 1. This lets us conclude Eq. (10).
A.3 Proof of Theorem 3
Let Ag,., > -+ = Aoy > 0 be the eigenvalues of
T EJ-P)E =T'B 2"*YM(I - P.)MY"X'"B. (A9)

We know that M(I — P,)M is independent of E since F and E are independent. Eq. (A.9) can be considered a separable
sample covariance matrix when we freeze F. M(I — P,)M has at least T —r— 1 eigenvalues 1 and r eigenvalues 0. This, togeth-
er with Assumption 4, satisfies the conditions of Theorem 3.6 in Ref. [22]. Recalling Theorem 3.6 in Ref. [22], the spiked eigen-
values have a rate of 7-'* and the nonspiked eigenvalues have a rate of 7. Since T** = o(T"?), we find that the fluctuations
of the K largest eigenvalues are O,(T"?). Thus, we can prove that there exist constants ¢, > - > ¢, such that

;10“1{ —C = Op(T?l/z)s I<k<K

Here, ¢, > --- > ¢, only depend on X'.
Now, we only need to prove A,,, — Ao, = O,(N'+T77) for 1 <k < K. Recalling Eq. (A7), we need to prove

|T2EF F(T"'FF" - AI'FE"|| = O,(N"' + T™"), (A10)
and
P:=P.(1+0,(N")+0,(T")). (A1)
Eq. (A10) can be proved by combining the orders of (7' FF™ - AI)™' and EE". To prove Eq. (A11), we recall Eq. (A4),

FF =FMF" +FME'A+A"TEMF"+ ATEME’"A.
Recalling Egs. (3) and (4), ||F MFT|| has the order of TN(1 + NT"). Note that F and E are independent, so

ATEMF (FMF")'FME"A =0,(1),

and
ATEME™A = 0,(T).
Then,
FF" = FMF(1+0,(T")+0,(N")),
and
FY(FFY'F=F (FMF )Y F(1+0,(T"")+0,(N")).
Note that

F(FMF)Y'F=MF (FMF")"'FM+ME A(FMF")'FM+ MF (FMF)"'A"EM + ME'A(FMF )" A"EM =
P.(1+0,(N"")+0,(T™)).

Then, FT(FF)"'F = Py(1+0,(N")+0,(T"'?).
This completes the proof.
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