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The state of the black hole horizon will shift after particle radiated in our toy model. Such a black hole will have the memory effect and
the entropy of radiation can reproduce the Page curve. At the same time this horizon shift cannot be measured locally.

Public summary
m Unruh effect of multiparticle is studied in both left and right wedge of Rindler spacetime.

m A toy model of quantum black hole is constructed. The state of black hole horizon will evolve when particles fall in or
emit out.

m This black hole radiation model reproduces the Page curve.
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Abstract: In this study, we investigated the field under the Unruh effect. The energy and entanglement properties of the
single-mode g-particle states were discussed. We found that in the non-inertial reference frame |g,0), states exhibit a simil-
ar energy spectrum to vacuum |0,0),, but with different entanglement properties. With respect to an application, we pro-
posed a black hole radiation model, assuming that states near the horizon are constructed via g-particle states. We calcu-
lated the evolution of the entanglement entropy of radiation and proved that our model can reproduce the Page curve.

Hence, this can be considered as an indication solution of the black hole information paradox.
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1 Introduction

According to the Unruh effect”™ quantum fields in
Minkowski spacetime will have thermal properties when ob-
served by a uniformly accelerated observer. For example, in
the accelerating reference frame, the ground state of an iner-
tial observer is considered as a mixed state in thermodynamic
equilibrium at a temperature of 7 = a/(2m). The Unruh effect
plays an essential role in understanding motion in the pres-
ence of a horizon and, most importantly, in understanding
Hawking radiation” "\, In this study, we discuss the Unruh ef-
fect of the single-mode states |0,q), and |¢,0),. There are g-
excited states in a non-inertial frame with acceleration «. The
lg,0), states represent particles excited in the left Rindler
wedge, which is unreachable for a right Rindler wedge ob-
server. However, we determined that these excited particles
affect the right-wedge spacetime via entanglement. We pro-
pose a black hole radiation model based on the assumption
that the black hole horizon is formed by the {|g,0)} states. The
black hole radiation in our model will not always be a maxim-
ally mixed state, but the entanglement will change over time.
Furthermore, the entropy of radiation is consistent with the
Page curve. Thus, this model can preserve the quantum unit-
arity in the black hole radiation process and this type of in-
formation paradox does not appear.

as 0,¢),. Unruh effect occurs near black hole horizons, when
the surface gravity « plays the role of proper acceleration «,
and the black hole event horizon divides spacetime into un-
reachable wedges. Particle pairs are created near the horizon,
and Hawking radiation occurs. In Section 4, we propose a
black hole radiation model using Unruh effect theory. Our
model maintains the horizon energy spectrum of the tradition-
al black hole model, but the entanglement between radiation
and the black hole changes after the particles fall in the black
hole. This allows the black hole horizon to exhibit a memory
effect. We calculate the evolution of radiation entropy during
the Hawking radiation process. Furthermore, the results show
that our model could reproduce the Page curve. Such these
entangled two-wedge states can be considered as an indica-
tion of a solution to the information paradox.

2 Unruh effect

This section briefly reviews the Unruh effect of a scalar field.
Fermion fields were examined in Refs. [14—17] and were re-
ported to exhibit a similar Unruh effect. A massless real scal-
ar quantum field ¢(x,7) obeys the Klein-Gordon equation
8"0,0,¢ = 0. In the Minkowski metric:

. . . . ds’ = —dr +dx* +dy’ +d7’ 1
The remainder of this paper is organized as follows. In Sec- s Ty e (M
tion 2, Unruh effect and Hawking radiation are reviewed. Un- a free scalar field can be formally solved as:

ruh effect occurs when detecting fields in a non-inertial ?)

frame, where observed fields will be in mixed thermal states
and particles will be emitted. In Section 3, we discuss the g-
excited states |0,g), and |g,0),. In particular, we examine the
energy and entanglement properties. When measuring their
energy, the |g,0), states function similar to (¢+ 1) copies of
vacuum states. Nevertheless, their entanglement is the same

= Z (ayuy + )

where {u”,u} is a complete set of Klein-Gordon solutions of
the free scalar field in Minkowski spacetime. & and a] are
creation and annihilation operators for k-mode. The vacuum
state |0) is defined as follows:
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a0(k)) = 0 ) = > (@ +al b, + ahn+al i) (10)
and n-particle states are defined as follows: !
| where {a,,, a;,} and {a.x, &LR} are the k-mode annihilation
—(@")'|0(k)) = |n(k)) @) and creation operators in the left and right wedges of Rindler
V! space. Furthermore, a Fock space, {|n,),|n,):}, can be gener-

These {|n(k))} states constitute a Fock space of the k-mode.

Fields living in a non-inertial frame have been widely dis-
cussed!*?". If the constant proper acceleration « is along “x”
direction, the new reference frame (7, &, y, z) is Rindler space
(shown in Fig. 1).

Rindler space divides the entire spacetime into four
wedges, and at least two wedges are required to construct a
Cauchy surface. For instance, we considered fields in the left
and right wedges. With respect to the right wedge (x > 0 and
|x] < |¢]), the transformation between Rindler coordinate and
Minkowski coordinates is as follows:

t=a 'e“sinhan (5)
(6)

and for left wedge (x < 0 and |x| < |¢]), the transformation is:

(N

x=a"'e“coshan

t=—a'e“sinhan

x=—a"'e¥coshan

®)

With the transformation formula above, the metric for Rind-
ler space is:

ds* = (=i +dg) + dy? + d2° ©

The Klein-Golden equation can be solved for the left and
right wedges, and thus we obtain two sets of solutions:
{h(x, 1)1, h(x,1);,} for the left wedge and {h(x, 1)z, h(x,1); .} for
the right wedge. These two sets together construct a complete
basis for a scalar field in Rindler space. Typically, a free scal-
ar field can be expanded in Rindler space as follows:

Fig. 1. Rindler space. Spacetime is divided into four wedges, left “L”,
right “R”, future “F”, and past “P”. The black full line represents the tra-
jectory with constant acceleration. The blue long dashed line is an ex-
ample of the Cauchy surface. Both the left and right wedges are required
to cover the entire space.

4-2

ated by these operators.

For an accelerated observer, the Rindler horizon is located
at 1/« in the direction opposite to the acceleration™. When
the acceleration is significant, only a small region can be de-
tected in the direction opposite to the acceleration. By con-
trast, the right wedge can cover a vast space in the opposite
direction when the acceleration is infinitesimal. In this study,
we also divide the entire Minkowski spacetime into four
patches by considering the limit @ — 0 of Rindler space. In
the @ — O limit, the Rindler horizon is located infinitely far
from the observer and the right wedge covers an infinitely
large spacetime around the observer. Under this notion, the
Hilbert space of quantum fields in Minkowski spacetime can
be formally expressed as follows:

HM:HU.L®HO.R (11)

An observer is living in the R region, and [, region can be
considered as the boundary effect. A Minkowski vacuum
state has the form [0),, = [0),,/0)ox. Additionally, the operator
should be expressed as O,, = 1, X O;. For example, the anni-
hilation operator a,,, has the form a,,, = 1, X dg,.

Here, we observe that the same field is expanded in
Minkowski spacetime (Eq. (2)) and Rindler space (Eq. (10)).
These two expressions are equal, which indicates the relation
between the expression of fields in these different frames:

W)e = U)o, (12)

where |¢), denotes the field state ¢ observed in non-inertial
frame with proper acceleration «, and |), denotes the field
state observed in Minkowski spacetime. Here, U(a) denotes
the Bogoliubov transformation, which is a unitary operator
that can be expressed as follows:

Ua) = e—r(a)(aLaR—a*‘Lap

(13)

where r(a) denotes an acceleration-related parameter defined
by tanhr(a) = e ™.

For instance, the single-mode Minkowski vacuum [0),, =
|0,0), is an entangled state in Rindler space!'>**:

10,0), =U()|0,0), =

exp(tanh ra}a)|0),0), =

coshr
1

coshr

> tanh" rin), |n), (14)

The accelerated observer can only detect a field in one of
the wedges, such that only a part of the field can be detected.
For example, the number operator for a right-wedge Rindler
observer is N = 1, X aLa,. Operating on the state above, the
expected particle number of a Minkowski vacuum is as
follows:

(0,0|N|0,0), = sinh’r = (1%5)

eZmu/a _ 1
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A Minkowski vacuum |0,0), is not a ground state in a non-in-
ertial frame. Conversely, a Rindler vacuum is also an excited
state in the inertial frame. This corresponds to the Unruh ef-
fect. Moreover, Eq. (15) agrees with the Bose-Einstein distri-
bution at temperature 7T =a/(2m). Consequently, a
Minkowski vacuum corresponds to a hot bath in an acceler-
ated frame, and particle radiation occurs in the black-body
spectrum.

3 Unruh effect of g-particle states

A g-particle Minkowski state in Hilbert space (Eq. (11)) can
be formally described as follows:

(16)

When g-excitation wave is sharp and located near the acceler-
ated observer, the pulse assumption can be used safely. In any
accelerating frame, the excited particles are located in the
right wedge of Rindler space. These g-excited wave pulses
can be evaluated using the Bogoliubov transformation as
follows:

l2>y =10,9)

10, g), =e™ %0, ), =
exp[tanhra}al]exp[—In coshr(a,a; +agaz))-
exp[—tanhra,a;0),1q); =

1 . (g+n)!
cosh—"”thanh r ey [y n+qyr =
> fig.anhlny,bn + gy, (17)

n

Here, the coefficient function f,(g,tanhr) is defined as fol-
lows:

f.(g,tanhr) = \/(g+n)!/(g'n!) tanh" r/ cosh”"' r (18)

By tracing the left wedge, the density matrix for the right
wedge is as follows:

Pray = ) | f2(g, tanh Mln+q)e(n+ gl (19)

In previous studies, the form |0, ¢) was used to indicate the
Minkowski g-particle states observed in a non-inertial frame.
It can be considered the case that the pulse was near the accel-
erated observer. However, in general, when transforming a
Minkowski creation operator a; to Rindler space, we can state
the following relation™:

al = U (@) (y,a), x Ig+yp 1, x4y )U(a) (20)

where |y, +|yg* = 1. In states |0,g),, parameters y, = 0 and
vx = 1 are selected. In the following, we select another ex-
treme case: the excitations are infinitely far from the observer
and in the opposite orientation of acceleration. In such a situ-
ation, these excitations are all located at the left wedge, and

parameters y, = 1 and y,; = 0 should be chosen, i.e.,
al =U' (), x 1)U(e) (21)

We formally describe these excited g-particle states as
l,0), for Rindler space and |g,0), for Minkowski spacetime,

4-3

indicating that these excitations are always behind the Rind-
ler horizon for any acceleration @. Rindler state |¢,0), can
also be generated by Bogoliubov transformation from
Minkowski state |g, 0),:

7,0}, =U(a)lq,0) =

1 /(q+n)! . B
cosh”™ 1 Z g'n! tanh" rln+ g).In)x =

D £ig,tanhDln+g), Iy,

(22)

For a right-wedge observer, the density matrix is as follows:

Prw= ) Fi(g tanhAln)e(rnl (23)

These formulas exhibit the same coefficient values with |0, g),
but different bases.

As expected, when considering the limit @ — 0 (tanhr —
1), the expressions of [0,g), and |g,0), will decay to
Minkowski [0,¢q), and |g,0),. Moreover, under the limit
a — 0, the right wedge density matrices px,, and pr,, will de-
cay to |g){q| and |0)(0|. Therefore, we consider that the forms
of |¢,0), and |g,0), are valid for discussing field states in a
non-inertial frame under the assumption.

We plotted the coefficient f,(g,tanhr) with different g val-
ues (fixing the acceleration parameter tanhr) in Fig. 2 and
with different tanhr values (fixing ¢) in Fig. 3. The figures
show that the coefficient has one peak, and when ¢ =0, the
peak is always at n=0. For ¢g#0, the peak occurs at
n =cosh’r((g+ 1)tanh’r—1). As the values of ¢ and « in-
crease, the peak moves to the right.

3.1 Energy distribution

Acting as the right wedge number operator on the g-excited
states |g,0), and |0, g),, we obtain the expectation value of the
right wedge particle number:

N, ={q,0|Nlg,0), = (g+ 1) sinh’r (24)
1y, = (0,qIN10,q), =g cosh’ r+sinh’r =
g+(g+1)sinh’r (25)

In the zero-acceleration limit (tanhr — 0), n,, approaches g
and n,, approaches 0. This result is consistent with [0, g), and
lg,0), the g-particle state in Minkowski spacetime.

Moreover, as Minkowski vacuum agrees with the single-
particle Bose-Einstein distribution, n, obeys the (g+1)-
particles Bose-Einstein distribution, with (¢+ 1) times the
particle number of the vacuum |0, 0):

(g+1)
ean/n — 1

Mg = (26)
Additionally, n, functions as g excited particles in a (g+ 1)
thermal vacuum:

(g+1)
emwla — |

@7

Ny, =

If we place a particle detector in the right wedge of |¢,0),,
then, on average, we will obtain the same particle number as
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alue of 1 n
10 I Pe=Trpp=—5 Z tanh™ rin)e(n| (29)
cosh™ r &
- f2(0, tanhr) .
0.8} ) .
- fa(1, tanhrg) The von Neumann entropy is as follows:
06 fn(5, tanhro) Sr=—Trpglnp, =
’ - f»(10, tanhrg) 1
- Z — tanh™ r| =
04, — | cosh’r
Jies, —2 sinh’ rIntanh’ 7 — In cosh’r (30)
o2l .
Teesiltes,, BSOS EETEEEE SN, This is a generally a non-zero value. Therefore, the
test? [seesillisee, IS EIITITIII Minkowski vacuum state is entangled state in the accelerat-
0.0% 10 20 30 0" ing reference frame. In the limit @ — 0, entropy S; — 0 re-

Fig. 2. Coefficient function f,(g,tanhr) for different ¢q. The horizontal axis
represents n, and the vertical axis represents the value of f,(g,tanhr). The
figures show that as ¢ increases, the peak of f,(¢,tanhr) moves to the right,
and the distribution becomes more “even”.

value of f,

1.0f7

« fa(qo, 0.1)
0.8

- fa(qo, 0.5)
08 Talq0, 0.8)
i -, 0.9)
0.4+7 .
02t T .
0.0 ,'33::..::;8:--o....,.........,.........,-n

0 10 20 30 40

Fig. 3. Coefficient function f,(g,tanhr) for different tanhr (different accel-
eration). The horizontal axis represents n, and the vertical axis represents
the value of f,(g,tanhr). The figures show that as tanhr (larger accelera-
tion) increases, the peak of £,(q,tanhr) moves to the right, and the distribu-
tion becomes more “even”.

the state |0,0),]0,0),---
vacua.

|0,0),, which is a system with (g+ 1)

3.2 [Entanglement between left and right wedges

In this section, we discuss entanglement properties. The en-
tanglement in the Unruh effect has exciting features™. An
entangled state is defined as a state that cannot be factored as
the product state of the subsystems. They are not individual
particles but an inseparable state. One measurement of
quantum entanglement corresponds to von Neumann entropy,
which is defined as follows:

S =-Trplnp (28)

It is a useful tool to quantify the entanglement of pure states.
Suppose a pure state is formed by subsystems A and B. The
von Neumann entropy of subsystem A quantifies the quantum
entanglement between A and B. And if S, =0, A and B are
not entangled.

For Rindler states |¢,0), and |0,q),, we can calculate the
right-wedge von Neumann entropy to quantify the entangle-
ment between the left and right wedges.

First, consider the case of ¢ = 0 and the vacuum states. The
right-wedge density matrix of Minkowski vacuum state |0,0),
is:

4-4

turns to the result of Minkowski vacuum that the right wedge
is in a pure state. For the limit @ — oo, entropy S — oo.

Then, we discuss g # 0, the g-excited states |0,q),, and
|g,0),. The right wedge reduces the density matrix p; of
lg,0), as follows:

(g+ .
Pre= COShM Z pm 2 tant” iy (o G1)
The von Neumann entropy is as follows:
(g+n)! 1 N
Sg= Z e coshz‘”z ————tanh™ r-
+n)! 1
in( 4 e tanh” 7 (32)
q'n! cosh™"

With the same ¢,, the right wedge density matrices of
10,40). and |g,,0), exhibit the same eigenvalues, and the en-
tropy is equal.

By considering Eq. (32) to the limit @ — 0, the entropy
goes to zero (S — 0), and the limit @ — oo, the entropy goes
to infinity (S — o0). We plot the subsystem entropy of differ-
ent |¢,0), states in Fig. 4. We directly observe that the |g,0),
state exhibits a larger entropy than |0,0),. However, they sim-
ultaneously have (g+ 1) times the expected particle number
(energy). As previously shown, the energy of the right wedge
lg,0), functions in a (¢ + 1) vacuum state. We normalized the
entanglement § = S/(g+ 1) to compare the entanglement with
the same energy. Furthermore, We numerically plotted the
normalized entropy of |g,0),(shown in Fig. 5). Although the
entropy increases as g increases, and the normalized entropy
decreases and vacuum state |0,0), exhibits the largest value.
In Refs. [30] and [31], it has been proved that |0,0), is a max-
imally entangled state, which is consistent with our results.

4 Application of left wedge excited states

First, we review and conclude the previous discussion on the
lg,0), states. To make this form valid for any acceleration «,
we limit these ¢ excitations to those located at the infinity of
Minkowski spacetime, such as when translating to Rindler
space. These excitations are behind the horizon and located in
the left wedge. Under these assumptions, |g,0), states have
the following properties:

(i) Energy spectrum. For a non-inertial observer (@ = k), as
shown before, the energy spectrum of the |g,0), state is
(g + Dwsinh’r, which is same to (g+ 1) times the vacuum
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states |0,0),. This is the energy distribution for (¢ + 1) Bose-
Einstein particles at temperature 7 = a/(2m). For an inertial
observer (a =0), the particles are at infinity far, so particle
will be observed.

(i1) Excitation particles. For a non-inertial observer (a = k),
the peak of coefficient function f,(g,tanhr) (shown in Fig. 2
and Fig. 3) moves to a larger n when the value of ¢ and accel-
eration « increases. This indicates that when g # 0, a larger ¢
and a are more likely to radiate highly excited particles.
However, when ¢ = 0, the peak of the vacuum state is always
at n=0. For an inertial observer (@ = 0), the only non-zero
value of coefficient function is when n=0 and f,(¢,0) =1,
which implies that the fields are in vacuum states and no
particle is emitted.

(iii) Entanglement. For a non-inertial observer (a = «), al-
though with the same energy, |¢,0), states exhibit less entan-
glement between the left and right wedges than (¢ + 1) vacu-
um states. As ¢ in |g,0), state increases, the entanglement
between the two wedges decreases. For an inertial observer
(@ = 0), the entanglement between the ¢ particles is zero.

Although at classical level, these left-wedge-excited

Entropy
74 ¢ ¢=0
. g=1
6 q=10
. =50
5] q
4_

tanh r

0.0 0.2 0.4 06 08 10
Fig. 4. Right wedge von Neumann entropy for different |g,0), states along
with tanhr. Four curves from bottom to top are ¢ =0,1,10,50. Entropy in-

creases as acceleration increases. Simultaneously, a larger ¢ leads to lar-
ger entropy.

Entropy
51 e g=0
o ¢=1
44 q=10
e g=50
3_
2]
o o
e
1 fﬁ#f.,w.--*""
Mﬁwww
eeet®
spzstiieseeee”
01 QUSRS . i
- - - - - —tanh r
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 5. “Normalized entropy” along with tanhr to compare right wedge
entropy of different ¢ when fixing the energy. Four curves from bottom
to top are ¢ = 50, 10, 1, 0. This shows that vacuum ¢ = 0 leads to the largest
entropy, and a larger ¢ leads to less “normalized entropy”.
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particles are unreachable by a right-wedge observer, they can
affect the right wedge via quantum entanglement. Different
from [0,0),, |g,0), states lead the horizon to emit more ex-
cited particles. Simultaneously, these |g,0), states exhibit the
same energy distribution as |0,0),.

One important application of the Unruh effect is in fields
near the black hole horizon***. The black hole surface grav-
ity « plays the role of proper acceleration a. According to the
Einstein equivalency principle, the black hole horizon is a va-
cuum for a free-falling observer. However, for an infinity ob-
server, the black hole horizon is in the state:

tanh" r
000, = )7 ——=—In)eilnder (33)

By tracing the unreachable left-wedge region, we obtain:

tanhz" r

Pr = In)e(nl (34)
- COS r

which is the horizon state observed by an infinity observer.
Therefore, the black hole emits particles in black-body radi-
ation in temperature T = k/(2m). Moreover, this state indic-
ates that when |n), particles are emitted, |n), particles fall into
the horizon. Given that the radiation particles are maximally
entangled with the infalling particles. The radiation is in a
maximally mixed state.

Hence, an information paradox™~* of black hole radiation
occurs as follows: black body radiation does not carry any in-
formation except temperature; therefore, when the black hole
finally evaporates, all the information of particles falling into
the black hole will lose. And from the infalling matter to radi-
ation particles, quantum state evaluates from a pure state to a
mixed state. This violates the basic quantum mechanical prin-
ciple that the physical processes should be unitary.

We propose a black hole radiation model based on these
|g,0) states. At the beginning, the black hole horizon state is
|0,0),. Then, particle pairs are created. The right-wedge
particles radiate to infinity, and the left-wedge particles will
fall into black hole singularity, and shift the horizon state.
Such that the whole state of horizon and radiation transforms

[36-3!

to:

tanh" r
> = 0)n) (35)
- coshr

If the radiation is measured, then it exhibits a probability of
tanh™r/cosh’r to observe g-emitted particles. After the
measurement, the black hole horizon is in state |g,0),, and the
radiation process continues as follows:

+
0= 2, (q ! ank rin-+ .y, —

(g+n)
Coshw Z prmt tanh’ An+ .00l (36)
After m steps, the entire state changes to:
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l N Ny ny
LS5 S et
DT> s (s tamh ) - e s e
=0 ny =0 m=0 f7_, (n,tanhr) £7(0,tanh r)[n,,, 0),(n,,,0| =
Jn(0,tanhr)in,,, 0),,, I, — 1, 1) -1y (37) T
. . — 1- My 0)(1,,, 0 41
Here, the surface gravity « (and r) changes over time based Z, coshz’"r( cosh™” r) | A ! (1)

on the current black hole mass, i.e. tanhr, <tanhr, <--- <
tanhr,_,. Therefore, the radiation process has a memory ef-
fect and can preserve the information.

Next, we show that this model can reproduce the Page
curve that describes the “average” entropy of a bipartite sys-
tem”*). We consider that the entire system is in a pure
quantum state [i/),5. The Hilbert space dimension of subsys-
tem A is m, and the dimension of subsystem B is n. The cal-
culation of Page tells us that the “average” entropy of subsys-
tem A (or B. For a pure state |y),5, S, = S ;) is (When m < n):

S.=> !

k=n+1

m—1
2n

(38)

It can be concluded from this formula that these two subsys-
tems are nearly maximally entangled when m <« n. The en-
tropy of subsystem A increases before Page time (when
m < n) and decreases after Page time (when m > n). With re-
spect to black-hole radiation, the entropy of radiation in-
creases at an early time and decreases at the later time. The
just radiated particles are maximally entangled with the black
hole at the beginning, and the entanglement decreases during
the radiation process.

In our radiation model, after ¢ particles are emitted, the
black hole horizon shifts from |0,0), to |g,0),. The |g,0), state
is less entangled for a larger ¢ such that the just radiated
particles become less entangled with the horizon during the
radiation process. This result is consistent with the Page
curve. For a black hole horizon state, there should be an up-
per bound on the occupation number N of the horizon states
for indicating the mass of the black hole. After radiating N
particles, the black hole evaporates. Subsequently, the hori-
zon vacuum sate |0, 0), should be expended as follows:

1 N
0.0, =2 )

n

tanh” r|n, n),

coshr (39)

Under this upper-bound assumption, We still can continue the
radiation process (Eq. (37)) as follows:

10,0), —
] N

Z

‘m

T

Z o Z o (1, tanhir,) -

=0 ny_1=0 =0

£, (0,tanhr))|n,,,0),, |n,, — (40)

M) o+ 1)

We firstly consider Eq. (40) when the surface gravity re-
mains unchanged over time such that r=r, =r,_,
This is a simplified situation that is easy to analytically calcu-
late. The horizon density matrix can be obtained by tracing
the radiation part, and in this case, it has a simple form as
follows:

= =7

4-6

Therefore, for more radiation steps m, there is a higher prob-
ability of obtaining a horizon state |n,,,0), which is larger than
n,. Moreover, after infinite steps, the horizon state is |N,0)
with a probability of one.

If the horizon state is observed at a certain time and in a
state |n,,,0), then radiation is now in a pure state:

i n

Z o Z Sy, (y, tanhr) -

M =0 m=0

1
z

Joo-m (my, tanh ) f, (0, tanhr)in,,, 0),, In,, — (42)

Ry == |10)
The density matrix of the just radiated particles can be ob-
tained by tracing the early radiation as follows:

T

ny
2
Z o Z JI— (nnH ,tanh 7).

n1=0

1

Z
-1 =0

fi_, (n,tanhr) f2 (0, tanhr)ln,,, 0),, 1, — 1, X, = 1| =

(1 - tanh’ )" (1 - (1 - tanh’ r)mfl)”mil

N

m,!
Ay =n, )y, ! (1 —(1 - tanh r)m)""'
2(nm—ny—1)
tanh™ """ rln,, — n,,_, }(n,, —n,_,|

(43)

In particular, when m — co, the density matrix of just radi-
ated particles is as follows:

Ny
m,!
' (1 —tanh’ )™

(n, —n,_)'n,_,!

Ap-1=0

(tanh r)* " |n,,

(44)

Now, we can calculate the von Neumann entropy of this
matrix, which has the same entropy as early radiation. For

=1, Y = Py

Entro
25 Py

0.5

0.0 tanh r

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 6. Entropy of the radiation after m steps when considering the simpli-
fication situation that assumes fixed surface gravity and m — c. The ver-
tical axis corresponds to the von Neumann entropy of radiation, and the
horizontal axis is tanhr,_;. This quantifies the surface gravity of the last
radiating process. The results show that the radiation entropy increases
from zero at zero surface gravity and decreases to zero at infinitely large

surface gravity.
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Fig. 7. Entropy of the radiation after m steps when considering surface
gravity changes during the radiation process. In this case, we manually
select certain values of r;. The vertical axis is the von Neumann entropy
of radiation, and the horizontal axis is tanhr,_;, which quantifies the sur-
face gravity of the last radiating process. The results show that the radi-
ation entropy increases from zero at zero surface gravity and decreases to
zero at infinitely large surface gravity.

this simplified situation, The change in entropy with respect
to surface gravity is shown in Fig. 6.

For the varied values of surface gravity situation in Eq.
(40), after setting the values of {r,}, we can perform the simil-
ar calculation to obtain the entropy of early radiation. We
manually select {r;} values for each step except r,_;, and the
entropy evaluated with tanhr,_, is shown in Fig. 7.

Both Fig. 6 and Fig. 7 show that as surface gravity in-
creases, the entropy of early radiation will decrease at a later
time, and the radiation entropy will be zero as surface gravity
becomes infinitely large. As the same before, the black hole
will finally evaporate and be in state |[NV,0) with a probability
of one, and the radiation in our model will finally be in a pure
state and exhibit zero entropy.

5 Conclusions

In this study, we discussed the energy and entropy properties
of the |¢,0), and |0,q), states in the accelerating reference
frame. Furthermore, based on the result, we constructed a
model of black hole radiation, which led to the “memory ef-
fect” in the black hole horizon.

In the accelerating reference frame, the fields exhibit the
Unruh effect. We determined that state |g,0), right wedge
maintains the vacuum thermal property in the inertial refer-
ence frame and accelerating reference frame. However, they
behave differently in terms of entanglement. We proposed a
black-hole radiation model with a horizon described by states
{lg,0),}. After the particles fall in a black hole, the black hole
horizon vacuum shifts to another state in this set, where ¢ in-
dicates the number of infalling particles. These new horizon
states will exhibit a higher probability of emitting more ex-
cited particles, and radiated particles will become less en-
tangled with the black hole.

Moreover, after imposing a cutoff on occupation number to
indicate the size of the black hole Hilbert space, our model re-
produced the Page curve. This implies that the radiation is in
a pure state after the black hole completely evaporates. This
result preserves the quantum unitarity in the black hole radi-
ation process, and the black hole information paradox does

4-7

not occur.

We discuss the possibility that the black hole horizon is not
a trivial vacuum but has a structure. The horizon still exhibits
no hair locally, and when performing a local measurement,
such as counting particle numbers, the different horizon states
are indistinguishable. However, this entanglement structure
has a global effect and can impose the black-hole information
in the quantum state of radiation.
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