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A normal crossing divisor gives rise to a stratification of a smooth scheme, and a logarithmic connection of a vector bundle along the

divisor induces residue maps along each stratums.

Public summary
m We provide an intrinsic definition of intersection subcomplex via these residues.

m We present its explicit geometric description.
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1 Introduction

Intersection homology theory is a generalization of singular
homology for singular algebraic varieties. In Ref. [1], Sheng
and Zhang established a positive characteristic analog of an
intersection cohomology theory for polarised variations of
Hodge structures and proposed an algebraic definition of the
intersection complex, but with the help of coordinate systems.
Here, we provide an intrinsic definition of the intersection
complex via residues and provide a geometric description of
it.

The remainder of this paper is organized as follows. Sec-
tion 2 establishes notations and presents key definitions. Sec-
tion 3 provides the main theorem and its proof. Finally, in
Section 4, an explicit computation following the spirit of
proof in surface case is made, and a counterexample is
discussed.

2 Intersection complex

Let (X, D) be a smooth scheme over a regular locally Noeth-
erian scheme S with a reduced smooth normal crossing

divisor D = ZD[, where 7 is a finite index set, and € be a
iel

locally free coherent sheaf with an integrable logarithmic A-

connection V along D.

We introduce some natural morphisms of log-differential
sheaves before providing our definitions.

Suppose X is of relative dimension n over S. Owing to
smoothness of X and the definition of simple normal cross-
ing divisors, for any x € X, there exists a neighborhood U of
x such that we can find a coordinate system
(t,, -+ .t ty, -+, 1,) such that DN U is defined by the equa-
tion ¢, -t,---f, = 0. As an immediate result, 2}, (log D) admits

u/s
an O, basis
{w, =dlogt,, - ,w, =dlogt,; w,., =dt,,, - ,w,=dt,}.

Moreover, it induces a free system of generators for
Q;,s(log D).

{w =w, A ANw T =1iy, 1,0}, withl <i) <--- <i, <n}.

For 1 <i,j<r anda > 1, we define

B 2 (logD) — Q4" (log(D—D)|,,),
¢ + ¢ Adlogt, — @ilp,,

where ¢’ lies in span w, with i ¢ 1.

¥ 2 (log(D-D)) — 2 (log(D-D))I,,).

Za,w, + Za,w, — Z awp,.

Jel Jel Jgl

One can consider 3¢ as taking the residual part of a log dif-
ferential form along D;, and ¥+ is the restriction of the D, reg-
ular log differential forms to D,. Obviously, 8; and y{ are sur-
jective and independent of the coordinate system, respect-
ively. For simplicity, we omit the upper symbol a.

Clearly, for any log connection V, the composite map
(B:®1d) oV factors through v,

e 0, ®e— 0),®e¢.

We call the second map the residue map of v along D,, and
denote it as Res; (V).

We can generalize morphisms above to the multi-indices
case as follows. For a subset I ={j,---,j.} €{1,2,---,r} with
Ji < Jo << J, set D, =ND;, and define the residue Res;
of the connection V along D, as follows:

Res;, (V)oRes;, (V)o---oRes;, (V).

We define 3, and v, in a similar manner.
The following diagram naturally commutes.

Vo(inclusion)

8®‘Q(;(/s (IOg(D_Dj)) 8®.Q‘>'(7; (lOg(D)),
L®y; L4 ®p;
(7[d)"®Rele
E®‘QZ//5 (IOg(D_Dj))L)j _— 8®QZ),/S (log(D—D,))|,)/,

(1

where /; : € — &l,, is the canonical restriction map.
Now we can define the intersection complex. Set
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X, ., = UJCI,\.I\:kn/'E.IDja I<s< |—Z-|,

then the following descending chain gives rise to a stratifica-
tion of X:

X  D--

X, =X2X,, DX, n DX, =0.

And let j,:U,:=X-X, » U,_, =X-X,_, bethe natural in-
clusion forn—|7|<s<n-1.

Definition 2.1. Notations as above. We inductively
define res-intersection complex /C, as follows:

“IC (V) = IC: (£, V)],

* Assume IC:(H,V)(U,) is defined. A section Be
J.IC:(H,V)(U,) belongs to IC:(e,V)(U,.,) when the follow-
ing two conditions are satisfied:

@ B has log pole along D|,;_;

@ Res, Belm(Res,,V:&lp, = &lp,)®Q)70, VIl with
[J|=n-s.

Then we provide a geometric description of res-intersec-
tion complex in the sequel of this section. For any subset 7 of
I,let D, =nNgD;, D; =D, -V, (D,ND,) and let D, = X - D.
Set theoretically, we have X = [[,.;D;. Each D; is a locally
closed subspace of X, and thus we can endow D; with re-
duced subscheme structure.

Proposition 2.1. If Res;(V) are bundle morphisms for all
ie{l,2,---,r}, then the res-intersection complex is a complex
of locally free sheaves if it is restricted to each stratum D,
where [ is an index subset of {1,2,---,r} and D; is endowed
with a reduced subscheme structure.

We employ the following lemma to prove Proposition 2.1,
see Ref. [2] for details.

Lemma 2.1. Let X be a reduced Noetherian scheme, and
let ¥ be a coherent sheaf on X. Consider the function

s (x) = dimk())fr ®o, k(x),

where k(x) = O,/m, is the residue field at point x. If ¢ is con-
stant, then 7 is locally free.

Proof of Proposition 2.1. Consider the reduced scheme D;
and its associated coherent sheaf IC; = IC} (X, &), Because
of the assumption the divisors are reduced, Lemma 2.1, the
proposition is proven if we can show that the dimension of
the fibre of sheaf, which is ¢,; (x), is constant over D;.

For each x € D;, IC; (X,&)(x) is an Q; module spanned by
basis

{@,(V)(e)@dlog t,le is the fibre of &£ and J is a subset of I},

where Res, (V) represents the restriction of Res,(V) on fibre.
Due to that Res,(V) are bundle morphisms, ¢, is constant if
we restrict it to each degree i and stratum D;. Therefore,
IC: (X, &)l is a complex of locally free sheaves.

Proof of Lemma 2.1. Itis a local problem, we may as-
sume X = SpecA and ¥ = M, where A is a reduced commut-
ative local ring with maximal ideal  and M is a finite 4-
module.

We only have to show M is a free 4-module. Assume that
k(m) vector space M/mM has dimension n. We use
Nakayama’s lemma to lift the basis for M/mM into a set of

generators m,,m,, --- ,m,. It is sufficient to demonstrate that m;
is linearly independent. Suppose that ) .am, =0, where
a; € A. In addition, @; must lie in m for all i, because the gen-
erators m; form the basis of the fibre M/mM. Choose
q € SpecA arbitrarily; then, the images of m; in M,/qM, gen-
erate vector space. In addition, ¢ is constant, implying that
they are, in fact, a basis, similarly to g, € q for all i.

Therefore, a; lies in the intersection of the prime ideals of
A, which is the nilradical of A, and thus a; = 0 because A is
assumed to be reduced. This completes this proof.

It is interesting to investigate the case where (g,V) comes
from the polarized variation of Hodge structures. Let us con-
sider a quick recall of this (cf. Ref. [3]). If X is a complex
variety, and E is a local system over X — D underlies a polar-
ized variation of Hodge structures, then we obtain a vector
bundle (&, V) equipped with a flat connection via a Riemann-
Hilbert correspondence over X — D. There is a canonical ex-
tension of & to a vector bundle with a logarithmic flat connec-
tion over X, with the residue of the connection along divisor
D, being the log of the monodromy of the divisor (up to a
scalar), which we denote as N.. It can be observed that N, is
topologically defined.

In Refs. [4, 5], the intermediate extension complex can be
fibre-wisely expressed as follows: for x € D; and a set of co-
ordinates z;, the fibre of intermediate extension complex at x

is an &

. dz;
. sub-module generated by the sections ¥A,,— for
§ z

j
veN,e and JcI. The differential map of the complex at
fibre is defined as

d(vedlogs,) = )" (N,(v)@dlogt,) Adlogt,.

Note that the residue of the connection V, is exactly (up to a
scalar) the endomorphism A, if it is restricted to the stratum
D,. It can be easily seen that the res-intersection complex co-
incides with the intermediate extension complex. From this
perspective, we provide an algebraic definition of the inter-
mediate extension complex.

3 Main theorem

In the following, we show that the res-intersection subcom-
plex above coincides with the intersection subcomplex
defined in Ref. [1].

Let X,D, e be as in the previous section. Given a coordin-
ate system

s}

Z V,dt,,

k>r

{tl»tZs"' ohs Ly
of U, locally we can write

V=" Vdiogs+

due to that the set {dlogs;,d|i < r,r+1 <k < n} forms a basis
of the log sheaf. For subset I={j,---,j,}CZ with
Ji<jp<-<j,letV,=V, 0V, o0---0V, We can general-

ize diagram (1) as follows:
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e® 2" (log(D - D))
Vit 4

E® Qr]wlzgl,l‘ (10g (D - Dl)) |m1),
In Ref. [1], the intersection complex is defined as follows:

Definition 3.1. IC"(X,¢) is an ; graded submodule of
Q; (log D) ® & generated by the abelian subsheaf

Z V.ies®w,,

M

where U is an open subset of X, and M ={1, 2, ---

Our main theorem is as as follows:

Theorem 3.1. If Res,(V): gl,, — €|, are bundle morph-
isms for all i € 7, then IC; (X, &) = IC" (X, &).

This proof makes essential use of the weight filtration of
the log complex.

Definition 3.2. Weight filtration W. of the logarithmic com-
plex is defined as follows:

b r}'

0, for m < 0;
W, 2% (logD) = { Q) (logD), for m > p; 3)
oy (log D), for0<m<p.

We establish the following lemma for weight filtration to
prove the theorem.
Lemma 3.1. O One has exact sequence:

B=mP1

0— W, (2 (ogD)) - W, (2,(ogD)) — a,.Q;" =0,
“
where D, is the disjoint union over subset K c ] of cardinal
m of Dy := N D,, and «,, is the natural immersion D,,, — X.
@ The following diagram is commutative.

Viwy

@M e@ W, (logD),
Leyl » L1L®B (5)
&lp, ®Q7);|1‘ M_’ &lp, ®-Q;;,l,

where /; : € — &, is the canonical restriction map. And if Res,
is a bundle morphism, then

®B) o (V,w)(e® Qﬂ') = (Res;(V))(elp, ) ® Ly 5. (6)

Proof. It is a basic fact of weight filtration, for a rigorous
proof of this lemma the reader is referred to Refs. [6, 7] .

Firstly, one have to verify that the upper arrow is well
defined. That is, one have to show V,w,(e®25") is con-
tained in W"Q% (logD)®e. 1t is straightforward because the
source the map £® ;" is weight zero and the map V,w; is of
weight |1].

Note that we have 5,(W,,2: (logD)) = 2;", hence the ver-
tical arrow on the right is well-defined. The commutativity of
the diagram follows from restricting diagram (1) on sub-
bundle e® Q" C e®Q,,;5(10g(D— Y., D)lp,). It remains to
show Eq. (6). It is easy to see the sheaf on right side is con-
tained in left side. By the commutativity of diagram (1) again,
one has the left side of Eq. (6) is contained in

(Res,(V)(el,) ® 2,5 (log((D = D" D)ly,).
i€l
Therefore, Eq. (6) follows from the following claim.
Claim. If Res, is a bundle morphism, then we have the

Viwr

(—idy" MgResp,

3-3

e® 2 (log(D)),
Bil 2
e (log(D— D))y,

following equation:

(Res,(V)(el,) ® 25, (log((D = " D)l O (&l ) @ 25k =

iel

(Res,(V)(eln,) ® 2 k.

For the ” 2 direction, it is obvious. For the other direc-
tion, the sheaf Res,(V)(el,,) is locally free due to the assump-
tion that Res, is a bundle morphism, thus it has no torsion
along D,ND,, where je I —1I. This completes the proof of
the claim.

Remark 3.1. The first sublemma illustrates that weight
equals to the number of times of the irreducible components
of the divisor intersect (in other words, the depth of the strati-
fication). The second provides a local description of the
weight filtration along divisor in terms of the coordinates.

We now return to the proof of the main theorem.

Proof of Theorem 3.1. Without loss of generality, we as-
sume that r = n.

Clearly, we have IC* (X, ¢) C IC; (X, &), because the restric-
tion of V, on D; is exactly the residue map Res,.

Conversely, we considerany s € IC! (X, &) (U)( 24 (log D)®
&(U). Taking a = |I| in the diagram (5), we will obtain a sec-
tion e € &(U) such that Res, oy,(e) = 5,(s), by the comutitiv-
ity of the diagram we have s—V,(¢)Qw, € e®kerf3,, and we
denote it as s,. Taking m = a in the exact sequence (4), we
know that kerf, is equal to W<'(2:(logD)); hence,
5, € @ W'(£ (log D)).

Replacing s with s,, by the definition of res-intersection
complex, one has [,®pB(s)ecIm(Res,V:el, = &lp)®
2, < (og(D—-3,D))lp,) and one has s, € e® W' (2 (log D))
by the construction. Then we can chase in the diagram (5) for
index set J with |I|=a—1, by Eq. (6), we obtain a section
e, € e®82 ¢ such that s, —V,(e))w, € e®kerp,, therefore, we
have

5, =5, — Z V,(e))dlogt, € e®@ker(@B)),
1

where [ is a of cardinal (a—1). Therefore, we have
s, € W2( (log D)) ® € by (4).

Repeat the processes above a times, we obtain
5, €6®@W° = QF and ¢, € e® 2 with ] C T, satisfying

§= Z Vi(e)w, + s,
Icr
which implies s € IC(X,e)( 2% (logD)®e. This completes
our proof.

4 Surface case

In this section, we provide an explicit calculation for the sur-
face case and present an example to the main theorem without
bundle morphism conditions.

Let X = Spec(k[t,,1,]) be a surface and let D=D,+D,
defined by #,¢, = 0. The divisor gives rise to a stratification the
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surface as X = D; [[ D; [ D; [ D;,- With the help of the co-
ordinates #,, we can write V = V,dlogt, + V,dlog?,.

@O IC°(X,&) = IC° (X, &), because both are equal to &.

@ In the one-degree term, note that the sections of the
sheaf IC' (X, ¢) are of the form:

§=V,(e)dlogt, + Vs(e,)dlogt, + f,dt, + fdt,.

Let s € IC(X,&)' (X). To verify s € IC! (X,¢), we aim to find
e, and e,. By definition, s satisfies §;(s) € Im(Res,,): Con-
sider a commutative diagram

& 5 £®Q' (log(D)),
Ll L1 ®p
Resp, (V)
5|D. 8|D1 .

The first vertical arrow is surjective, so we can find a sec-
tion ¢, € € such that s — V(e,)dlogt, in the kernel of the second
vertical, which is e® Q) (log(D,)), replacing 1 with 2, and we
obtain a section e, of &, by the exact sequence (4),
s; = 5—(V,(e))dlogt, + V,(e,)dlogt,) is of weight zero. In
other words, it is regular, which allows us to write:

s =V,(e)dlogt, + V,(e,)dlogt, + fidt, + f,dt,,

where e, e,, fi, f> € &(U).
(3 Using the same pattern, a section w in IC*(X, &) (X) is of
the form

t =(Vy(ey))dlogt, Adlogt, +V,(e,)dlogt, Adt,+

V.(ey)dlogt, Adt, + fdt, Adt, (7

by definition. For any section s € IC*(X, &)(X), we aim to get
section ey, e,,¢e,, f. By (5), we have the following commutat-
ive diagram:

e 5 e (log(D)),
Iyl LI®p,

Resya

8|Dsz £|Dsz7

where both vertical arrows are surjective, we obtain e, € &
such that s, := s—(V(e,,))w,, € kere®p,,, which is of weight
one by short exact sequence (4).

Then consider diagram (5) and set a =2, I ={1,2}. Using
the same argument as above, we obtain &, and &, € e® Q},
such  that s, —V,(e)dlogt, Adt,—V,(e,)dlogs, Adt,  in
ker(B, ®B,), which is exactly Q ®e by (4). Therefore,
en,e,,e,, [ are the section we want. This completes our proof.

In the sequel of the section we will present an example,
which is provided by Zebao Zhang, to show that the main

3-4

theorem will be wrong if the residue morphisms are not
assumed to be bundle morphisms. Let k be a perfect field of
character p, (X,D) is as above. Define logarithmic connec-
tion over

V: 0y — Q,,(logD),
fodf (-
1

One can verify that V is integral, and the residue morphisms
are as follows:

Res,(V)=#, Res,(V)=0. (8)

One can see that Res, (V) has torsion at 7, = 0, hence it is not a
bundle morphism. By definition, we have IC* = (¢} - dlogt, A
dr,)Oy + (dt, A dt,)Ox. Consider the section fdlog#, Adlogt,, it
is a section in /C? but not in /C*.
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