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1 Introduction

In 1993, Chen!" introduced d-invariants, and established rela-
tionships between intrinsic invariants and extrinsic invariants
for minimal submanifolds. In 1995, Chen ™ found Chen-like
inequalities for Riemannian submanifolds and gave some ap-
plications of d-invariants. Submanifolds are ideal submani-
folds when Chen-like inequalities are equal and they receive
the least possible tension at each point from ambient spaces.

The Casorati curvature was originally introduced in 1980
for surfaces in 3-dimensional Euclidean space and is defined
as the normalized square of the length of the second funda-
mental form (see Ref. [3]). In 2007, Decu et al. " introduced
the normalized §-Casorati curvatures Sg(n— 1) and 6.(n—1)
and established two optimal inequalities involving the scalar
curvature and the normalized §-Casorati curvature. In 2008,
Decu et al.”! introduced the generalized normalized §-Casor-
ati curvatures S\C(r;n —1)and §.(r;n—1) and proved two sharp
inequalities. In 2017, Park! obtained two types of optimal in-
equalities for the real hypersurfaces of complex two-plane
Grassmannians and complex hyperbolic two-plane Grassman-
nians. In 2020, Choudhary and Blaga™ established some
sharp inequalities involving generalized normalized §-Casor-
ati curvatures for invariant, anti-invariant and slant submani-
folds in metallic Riemannian space forms and characterized
the submanifolds for which the equality holds.

In this study, we establish Chen-like inequalities for gener-
alized normalized §-Casorati curvatures of warped product
submanifolds in a Riemannian manifold of quasi-constant
curvature.

Let N} and Nj be two Riemannian manifolds with positive
dimensions equipped with Riemannian metrics g,» and gy, re-
spectively. Let f be a positive function on N”. Consider the
product manifold NyxN;, with its projections 7 : NYXN; >N/
and 7 : N/xXN;j—Nj. The warped product manifold M" = N/'x
/N; is the product manifold N/XN; equipped with a Rieman-
nian structure such that
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IXIP = . COIF + f2 @)l XOI (1)
for any tangent vector X€T,M". Thus, we have g=gw+
f?gye. The function f is called the warping function of the
warped product manifold.

A Riemannian manifold (1\71’",g) is called a Riemannian
manifold of quasi-constant curvature if the curvature tensor
satisfies the following condition (see Ref. [8]):

R(X.Y.Z W) =a[g(X. 2)3(Y, W) - Z(X.2)g(X. W)|+
bEX.2T(NT(W) - (X, WT ()T (2)+
FYWTX)T(2)-3X.DHTX)T(W)] )

where a and b are scalar functions, 7 is a 1-form defined by

T(X) = 3(X,P) 3)

where P denotes the unit vector field. We uniquely decom-
pose the vector field P on M into its tangent component P*
and normal component P+, that is,

“4)

Theorem 1.1. Let ¢ : M" Nl”fo;’—ﬂW’" be an isometric
immersion of an n-dimensional warped product submanifold
M into an m-dimensional Riemannian manifold of a quasi-
constant curvature Af". Then

(i) the generalized normalized §-Casorati curvature 6.(r;
n—1) satisfies

2 JaAf pp—1a
nn-0"\ f 2

2 Oc(rsn—1
b DI D

P=P +P

q(q ; Da
npr(n® —n+qr—-n)||H|
(n—D{(n* —n—r+qr)*+ p*r*}

(5)
for any real number , such that 0 <r<mn(n—1), where
Pl = L8P, e, 1Pl = X1.,..8(P",e.)%, p is the nor-
malized scalar curvature, ||H| is the squared mean curvature,
a and b are scalar functions;

th(p = DIIP" [+

>
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(i) the generalized normalized §-Casorati curvature
Oc(r;n—1) satisfies

2 gAf p(p—1a re  q9(q—Da
n(n—1)x{T+T+b(”‘””P ot =5+

e L 0cin=1)_ npr(n* =n+qr=r)|HIf
bg-DIIP ”NgIT n(n—1) (n—1){(nz—n—r+qr)2+p2r2}>

(6)
for any real number r > n(n — 1).
Equalities hold in (5) and (6) if and only if the shape oper-
ators for the suitable tangent and normal orthonormal frames
are given by

Aeml_

RO O -0 0 0 0 0

0O m' 0 0 0 0 0

0 0 k" 0 0 0 0

0 0« 0wt 0 0o 0|
00«0 0w, 0 0

00 -0 0 0 -4 0 @)
00 -0 0 0 hl

]’lﬁl R h;;] = przflem_l,

h;;:llp-v»l == h:::n—l = (nz _n+qr_r)rﬁen+l’hj::l =
n(n— 1)’ —n+qr-r)fie,..,

W =0,i % j,

A, ==A, =0

where f; is a function on M.

Let b =0 and a = const. Then we have

Corollary 1.1. Let ¢ : M" = fo_,N;’—>A7I’"(a) be an isomet-
ric immersion of an n-dimensional warped product submani-
fold M intoanm-dimensional Riemannianmanifoldofaconstant
sectional curvature a. Then

(i) the generalized normalized §-Casorati curvature §.(r;
n— 1) satisfies

2 x{ﬂ L Pp—Da alg- l)a}
nn-1) f 2 2
npr(n* —n+qr—r)||H|

(n—D{(n>—n—r+qr)* + p*r*} -

Oc(rsn— l)_
nn—1)

()
for any real number r such that 0 < r < n(n—1); _
(ii) the generalized normalized §-Casorati curvature §.(r;
n— 1) satisfies
2 X{ﬂ+ plp—Na  q(q- l)a}+
nn—-1) f 2 2
npr(n* —n+qr—r)||H|’
(n—D{@—n—r+qry+pr}

Se(rin=1) _
nn—1)

()]
for any real number r > n(n — 1).

Equalities hold in (8) and (9) if and only if the shape oper-
ators for the suitable tangent and normal orthonormal frames
are given by Eq. (7).

Moreover, let p =0,q =n and f = 1. Then we have

Corollary 1.2. Let ¢ : M”—>M’"(a) be an isometric immer-
sion of an n-dimensional warped product submanifold into
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1\71'”(61). We have
(1) for any real number r such that 0 < r <n(n—1),

Oc(rsn—1)+n(n—Daznn-1)p (10)
(ii) for any real number  such that r > n(n— 1),
Sc(r;n—1)+n(n—Dazn(n-1)p (11)

Equalities hold in (10) and (11) if and only if " is an invari-
antly quasi-umbilical submanifold.

Remark: Corollary 1.2 is Theorem 2.1, and Corollary 3.1
in Ref. [5].

2 Preliminaries

Let M be an n-dimensional warped product submanifold of
an m-dimensional Riemannian manifold of quasi-constant
curvature M. Let V and V be the Levi—Civita connection on
M and M, respectively. Then, the Gauss and Weingarten
formulas are given respectively by

(12)

V.Y =V, Y +h(X,Y)
VN = -AX+ViN

for vector fields X, Y tangent to M, and vector field N nor-
mal to M. Here h denotes the second fundamental form, v+
is the normal connection and A is the shape operator. The
second fundamental form and shape operator are related by

g(h(X,Y),N) = g(AyX.Y) (13)

where g and g denote the metric on A/~ and M respectively.
If R and R are the curvature tensors of A and M", respect-
ively, then the Gauss equation is given by

R(X,Y,Z,W) = R(X,Y,Z, W)+ g(h(X,Z), h(Y, W))—

(14)
§(h(X, W), (Y, 2))

for any vector field X, Y, Z, and W tangent to M.

Let {e,,---,e,} be an orthonormal basis of the tangent space
T.M" and let {e,,,,--,e,} be an orthonormal basis of normal
space T* M". The mean curvature vector A at x is

H(x) = %Zm: (ihj] e,

a=n+1 \ i=1

(15)

The squared mean curvature of the submanifold ps" in A is
defined as

2

1 m n
IHIF = ;Z( h;t] (16)

a=n+1 i=1

Also, we set
I = 3(h(ese).e,)
I = 3 S &these)e.) } a7
a=n+1 ij=1

Let K(e;Ae;) be the sectional curvature of the plane section
spanning e, and e; at xeM". Subsequently, the scalar curvature
7(x) of M is given by

(0= KleAe)

L<i<j<n

(18)
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and the normalized scalar curvature p of M at x is defined as -
Af =) ((Viedf-eef) (29)
27(x) :
p(x) = (19) i=1
nn—1)

The Casorati curvature C of the submanifold p is the
squared norm of the second fundamental form % over dimen-

sion n and is given by
1 m n
=— > 2.0y (20)

a=n+1 i,j=1

If L is an [-dimensional subspace of T.M", where [>2 and

{e;,---,e;} is an orthonormal basis of [, the scalar curvature
7(L) of the [-plane section [, is defined as
(L) = Z K(e;/\e/) (21)

1<i<j<l

and the Casorati curvature of the subspace L, denoted by

C(L), is given by
C(L) = Z Z(h (22)

n_n+] i,j=1

The generalized normalized 6—Casorati curvatures J.(r;
n—1) and 6.(r;n— 1) of the submanifold A~ are defined for a
positive real number r#n(n— 1) as

6e(rin—1)], = rC, + P= D@ +2("2 T fCWIL

hyperplane of T .M"} (23)

if0<r<n’—n;and

[5;(’”;”— 1)])( = er_ (n_ 1)(n+r)(r_n2+l’l)

sup{C(L)IL: a

rm
hyperplane of 7T,M"} (24)
ifr>n*-n.
By Gauss equation, we get
Keene) = Rlene)+ Y 0t~ y)  (25)

a=n+1

where K(e;Ae;) and K (e;Ae;) denote the sectional curvatures
of the plane section spanned by e, and e; at x in the submani-
fold p and in the ambient manifold Af”, respectively. By
Egs. (2) and (25), we have

(V) = Z D~

a=n+1 1<i<j<p

(i P)+ F(NY) =

< Da e o
S+ b(p— 1)||PT||Nn+Z > h, = ey
a=n+1 1<i<j<p
(26)
T(NY) = Z Dk = ()) +END) =
a=n+1 p+l1<s<t<n
q(g—Da e LN C e o
S +blg=DIP'Il, +Z Z(hh - ()
(27)

where [|P"[[;, = 37, g(P", €)% 1Pl = X, (P, e.).
Defimtlon 2.1. For the differential function f on Mr, the
Laplacian Af and gradient Vf of f are defined by
g(Vf.X) = X(f) (28)

for any vector field X that is tangent to p".

Lemma 2.1.”) Let M" = N/x,N; be a warped product sub-
manifold of A77. The relation between the sectional curvature
and Laplacian Af of fis

ZZ K(eNey) =

I=1 k=p+1

Lemma 2.2.""" Let N, be a Riemannian submanifold of a
Riemannian manifold (N,,g), ¢ : N,—R be a differentiable
function and consider the constrained extremum problem

ming(x) 31

XEN}

=q(Alnf—|VInfI)  (30)

If x,€N, is a solution of the problem (31), then
(i) (grad @)(x)eTAN;;
(ii) the bilinear form A : T, N,xT, N,—R defined by

A(X,Y) =Hess, (X, Y)+g(h(X,Y),(grad ¢)(x,)) (32)

is positive semi-definite, where 4, is the second fundamental
form of N, in N, and grad ¢ is the gradient of ¢.

3 Proof of the theorem

Proof of Theorem 1.1 From Egs. (26), (27), (30), and the
Gauss equation, we obtain

(x) = 2 anK(e,/\ek)+ D Klene)+ D Klene)=

I=1 k=p+1 I<i<j<p prlss<t<n
A (p—1a - (g—1a .
987 PP =Dy e+ 29D b 1y
f 2 I 2 2
DIDNCLUSISTS W WRUIRIY
a=n+1 1<i<j<p a=n+l p+l<s<i<n
(33)

We define the following quadratic polynomial # in the
components of the second fundamental form as
[ 2 f— [
P—rC+ (n-1)(n+r(@»-n r)
nr

C(L)-27t+2X
q(g—1a
2

f
{q
f
p(p—1a

+b(p-
2 (p

DIP I, + +b(g— DIP"Il}
(34)

where [, denotes the hyperplane of 7.M". Without loss of gen-

erality, we can suppose that [, is spanned by e, e,,---,e,.;.

From Egs. (33) and (34), we have

r C : @ 2
:;Z Z(h,.j)

a=n+l i,j=1

n—1

(n+r)(n -n— r)Z Z(h

a=n+1 ij=1

22 - () - 22 PIRGA P
a=n+1 I<i<j<p a=n+1 p+l<s<t<n
n*—n+nr—2r - -
Z DU+
a=n+l i=1 a=n+l
2y Z k=2 > ik
a=n+1 1<i<j<p a=n+1 p+l<s<i<n
(33)
We consider the quadratic forms
@Y. : R"5R, a=n+1,n+2,---,m (36)

DOI: 10.52396/JUSTC-2021-0217
JUSTC, 2022, 52(3): 6


https://doi.org/10.52396/JUSTC-2021-0217

Zzsrg "

Inequalities of warped product submanifolds in a Riemannian manifold of quasi-constant curvature

Wang et al.

defined by

nn

. L. m—n+nr=2r e o T
‘pa(h][v“"h )_f;(hu) +;l(hnn) -

2w -2 Y (37)
I<i<j<p prl<s<t<n
Then by Egs. (35) and (37), we derive
P>, (38)

Next, for @, we consider the extremum problem

T hi+h,+--+h =K (39)

nn

ming,, subject to

where K is a real constant(see Ref. [11]). The partial derivat-
ives of function ¢, are
2n+r)(n—-1)

0,
Lo o T g 223 e
o, " hy, =230 hg,

% _2m+r)(n-1)

he =257 he
T - s

pr

dp,  An+nm-1) A
8]10 ol = r hp+lp+] - 22.v:]7+lh.vs (40)
II+ p+

0p,  2m+r(n— l)h

@ _ 2 n ha

6h§:7 - 8 r n—In-1 Z s=p+1""ss
P, _ 20n+r) n

= ha — 2 ha

aha n nn Z s=p+1""ss

nn

Applying Lemma 2.2, for an optimal solution (hS,,hS,,- -, %)
of the minimum problem, vector grad ¢, is normal at " and
collinear with the vector (1,1,---,1).

From Eq. (40) and Lemma 2.2, we derive that a critical

point of the problem has the following form:

2

pr o
(n*=n—r+qry+pr

R W —n+qr—ryr .

:...:hnflrﬁ]: r > > 2K
(n*—n—r+qr)*+ p*r

nn—1)(n*—n+qr—r)

¥ — .= hY =
hll_ _hpp_

huf

p+ip+l

(41)

ha = @

nn

(n*—n—r+qr)+pr?
We fixed an arbitrary point xel". According to Lemma 2.2,
2m+r)(n—1)-2r

)
.
, 2n+r)0i—1)—2r
r
Hess,, = 0 0
0 0
0 0

we deduce that the corresponding bilinear form
A : T.I'XT.I'—>R is given by
A(X,Y) =Hess,, (X,Y)+g(h'(X,Y),(grad ¢,)(x)) (42)

where /' is the second fundamental form of " in R* and g is
the inner product on R”.

By Eq. (40), for i, je{l,---,p},i#jand s,t€{p+1,---,n},
s#t, we get

e, 2n+r)(n—-1)=2r

Ak r
Fo.
ohzoh:,
e,
Oh;0hy
(43)
3o,  2n+r(n-1)-2r
Ahey? r
¢,
ohe Ohe -2
de, 2r
ahe ) n
Note that
¢ Oy
H = = e _ferk
(Hess,,);; = (@.):; ool om, (44)
where
1 ,(08: Og; O0g
k _ 2 k| S i J
172 (ah;; o~ o “5)

Since g is the inner product on R*, g;; is constant, and I ‘/ is 0.
Then, we have

P¢,
(Hesswn )ij = (Spn)l,j = 0]’[36117] (46)
The Hessian matrix of ¢, is

0 0 . 0

0 ... 0 0
2m+r)(n—-1)-2r ) 5 (47)

r
_'2 2n+r)(n—-1)-2r _'2
r
2

, 5 2

n
6-4 DOI: 10.52396/JUSTC-2021-0217
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As [ is totally geodesic in R, we consider a vector X = (X,,X,,---,X,) tangent to I" at an arbitrary point x on [, that is, we veri-
fy the relation )}, X; = O(see Ref. [11]). Next, we prove A(X,X) > 0.
(i) For n = 1, we have two possibilities

(a)Hess,, =( 2r ), (b)Hess,, =( -2 ) (48)

Since X, = 0, in this two cases
Hess,, (X,X) =0 (49)

(ii) For n = 2. we have three possibilities

) 4
@Hess, =| * 4 |, Hess, =| 7 O | (0)Hess, = ( LA )
_2 _ 0 r r (50)
For (a),
4+2 4+2
Hess, (X, X) = = (X + X2) = 2(X, + Xa)' = L (X +X3) > 0 (51)
r r
For (b), Hess,, is positive definite, i.e., Hess, (X,X) > 0. For (c), Hess,, is positive semi-definite, i.e., Hess,, (X, X) > 0.
(iii) For n > 3, when n = p, we have
2m+rn-1) o, . , 2n+nn-1) o,
Hess,, (X, X) , (Z X?) 2(;: X)) ; (Z X)>0 (52)
When n > p, let
2n+n(n-1)-2r 5 )
A= r :
_'2 _'2 2n+r)(n—1)-2r
r
2n+n)n-1)-2r ) 5 5 (53)
r
- 2(n+r)(n—-1)-2r 5 -
r
B= : : :
5 _'2 2m+r)(n—-1)-2r _'2
r
) ) ) 2r
n
Note that
OlAE-A| =

L 2t nn- 1)]"‘(/1_ 2n+r)(n- 1)—2pr) _ [,1— 2+ r)(n- 1)]"‘(/1_ 2n(n—1)+2(n—-1 —p)r) (54)
r r

r r
Thus, all eigenvalues of A are greater than 0, i.e., A is positive definite.
Since n > p, when n— p = g = 1, we have

B=(7) 43)

B is positive definite. When n—p = ¢ > 2, we have

0= |AE- B| = [ﬂ_w]‘”[(ﬂ_2(nn+r))(ﬂ_2(n+r)(n—i)—2(q—1)r)_2(_ﬂ+w)] _

2)/1+
-

[/1_ 2(n+r)(n—1)]‘72[/12_(2(n+r) . 2n+r)(n—1)-2(g— Dr B
n r

2(n+r) ><2(n+r)(n—1)—2(q—l)r_4(n+r)(n—l) _
n r r B

(56)

[/l— 2(n+r)(n— 1)]"’2 /12_(2 N 2(n+ry(n—1)-2(q- l)r)/l_'_ 4d(n+r) y rp
r n r r n

Since
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/12_(g+2(n+r)(n—1)—2(q—1)r)/1+4(n+r)xz:O .20, 4,>0 or A,..>0, 2,20 (59)
n r r n
(57) We prove that all eigenvalues of B are greater than or equal to
we have 0, i.e., B is positive semi-definite. Thus, we prove that
Hess,, (X,X) > 0.
A(n + Combining (i), (ii) and (iii), we have
o, = D IP S 00, 40, =
r n
2r  2n+nn=1)=2g=Dr _2r 2n(a-1+2pr A(X,X) > Hess,, (X, X) >0 (60)
n r T n
(58) Hence, by Eq. (41), the point (h$,,hS,, -+, k%) is a global
that is, minimum point. From Egs. (37) and (41), we have

(W —n+nr=2r[p’r+(@q—-Drm* —n+qr—r7](K*y N

P> 3
{2 —n—r+qr)?*+pr’}

ra(n—1y (" —n+qr—r’(K*;"  p(p—D(pr) K"y’
(@ =n—r+qr?+pr) {(n*=n—r+qgr)*+pr})?
{(q=1D)(g=2)(* —n+qr—r7r+2(n*—n+qr—ryrn(n-1)(g-D}K") _

{(*=n—r+gr)*+pr}p
pr(n* —n+qr—r)*(K*)* N prm—n+qr—r}(K)?

{(n*—n—r+qry +]er2}2 {(n*=n—r+qry +pzr2}2

pr(w —n+qr—r){(0* —n—r+qry +p’rj(K) _
{W*=n—r+qr)+prp -

pr(n* —n+qr—r)(K")?

(M —n—r+qr)?*+pr?

(61)

We divide the proof of Theorem 1.1 into two main cases, according to 0 < r < n(n—1) or r > n(n— 1).
Case 1: 0 < r <n(n—1). In this case, using (38) and (61), we derive

= (62)

P>i pr(n’ —n+qr—r)(K*Y  pr(n’—n+qr- || I
- (n*—n—r+qr)*+ p*r? (n*—n—r+qr)*+ p*r?

a=n+1
By Egs. (34) and (62), we derive

A -1 -1
2% {ﬂ ypp—Da +b(p—DIP" [, + M +b(g- 1)||PT||i,g} +rC+

f 2
m-Dn+r)(n*—n- r)C(L)>2‘r+ pr(n*—n+qr— || H|
nr (n*—n—-r+qr)*+p*r?

(63)

Taking the infimum over all tangent hyperplanes 1. of 7,M" in (63), we obtain

2 gAf  p(p—Da e, 4(q—Da -
s+ = +b(p— DIP"Ily, + —5—— +b(g— DIIPll,
n(n_l)x{ 7 T2 +b(p = DIP Iy + =5 +b(g = DIP'lly 1+

6C(r;n—1)_ npr(n* —n+qr—r)|H|
n(n—1) (n— 1){(n2 —n—r+gqr)* +p2r2}

5p (64)

Case 2: r > n(n—1). Similarly, using the same method, we obtain

2 qAf  p(p—Da re | 4g=1a e
n(n—l)X{T-’_T-’-b(p_l)”P ||N{’+ ) +b(q 1)||P ”N'zf}"'

Sc(rsin=1)  npr(w’—n+qr—r)|HI
n(n—1) (n—l){(nz—n—r+qr)2+p2r2}

>p (65)

Equalities hold in (64) and (65) at a point xeM" if and only if inequalities (35) and (61) become equalities. Thus, we have
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Z“;,csrg "
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hﬂ - _ha — prz @
W T T (w2 —n—r 4 gr) + pr?
B o = m—n+qr—rr .
pHip+l T = n-in-1 T (I’lz _n_r+qr)2+p2r2 (66)
b= nn—1)(n’—n+qr-r)

By choosing an orthonormal basis such that e,,, is in the dir-
ection of the mean curvature vector, we have
he,,e))=---= h(ep7ep) = prifie..,
h(eyis€p) =+ = hle,1,e,.) = (0 —n+qr—rrfie,.,

h(e,,e,) =n(n—1)(n* —n+qr—r)fie,.,

h(e;,e;) =0, i#j
(67)
Kn+l
where f; = is a function on M".
(n*—n+qr—r)*+ p*r?
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