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1 Introduction

The density estimation of random variables has always been a
classical problem in statistics. With the continuous develop-
ment of statistics, numerous density estimation theories and
methods have been proposed. Among them, kernel density es-
timation is commonly used to display the shape of a dataset
without relying on a parametric model. Parzen'!, Rosenblatt,
and Silverman® have provided early results on kernel density
estimation, and since then, much research has been conduc-
ted in this area.

In most previous studies, it is assumed that random vari-
ables are independent and identically distributed with a com-
mon density. However, in many stochastic models and statist-
ical applications, the assumption that random variables are in-
dependent is not plausible; therefore, the assumption of de-
pendence is more appropriate. Many useful and interesting
results have been obtained for dependent random variables .
For instance, Yakowitz! showed that the kernel density es-
timator is asymptotically normal when the sample is obtained
from a stationary time series. Bagai et al.>“ proved the point-
wise and uniform consistency of the kernel estimator under
association. Roussas"”, Masry™ and Oliveira” introduced the
consistency results for the kernel estimator under association.
Henriques et al.'” obtained an exponential rate for
pointwise and uniform convergence on compact sets with ad-
ditional conditions for the latter case. Ling et al.'! proved the
strong, uniformly strong, and square consistency of the ker-
nel estimator for negative quadrant dependent variables un-
der some suitable conditions. Su et al."” obtained the strong
and moment consistency of the kernel estimator under suit-
able conditions. Wang and Li"'provided the definitions of
generalized consistency for kernel density estimation and ob-
tained several types of generalized consistency of kernel
density estimation, and so forth.

Recently, Kheyri et al.' studied the kernel density estimat-
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or for negatively superadditive dependent (NSD) random
variables and obtained the exponential inequalities and expo-
nential rate for NSD random variables. As an application, the
corresponding results for Farlie-Gumbel-Morgenstern (FGM)
sequences have been studied. It is known that some depend-
ence structures, such as negatively orthant dependence
(NOD), extended negative dependence (END) and widely or-
thant dependence (WOD), are much more general than NSD.
Notably, the extensibility of the results of Kheyri et al.' to a
more general case is an issue that has attracted much interest.
Moreover, Kheyri et al.""! did not consider the consistency of
the kernel density estimator. Notwithstanding the vast num-
ber of reported studies in the literature on the asymptotic
properties of the kernel density estimator under dependent
cases, there are no reported studies concerning WOD random
variables, which are the most general among the aforemen-
tioned dependent random variables. In this study, we con-
sider samples that satisfy the WOD notion and study the ex-
ponential inequalities, consistency, and convergence rate of
the kernel density estimator. The results obtained in this study
extend and complement those of Kheyri et al." to a much
more general extent. Moreover, some numerical analysis and
a real data analysis are presented to support the theoretical
results.

Throughout this study, we always assume that C denotes a
positive constant that only depends on some given numbers
and may vary from one place to another. The bandwidth and
density function are denoted by h, and f(x), respectively,
while the limits are taken as n — oo unless indicated other-
wise. The remainder of this paper is organized as follows.
The definitions, necessary notations, and some preliminary
lemmas are introduced in Section 2. In Section 3, we prove
the exponential inequalities for pointwise convergence and,
with an extra condition imposed on the kernel function, uni-
form convergence on compact sets under WOD. In addition,
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we derive the convergence rate of the kernel estimator that is
of the order O( \/W , g(n) is the dominating coef-
ficient, which will be discussed later. This convergence rate is
slightly slower than the best-known rate for independent

cases, and it is of the order O(+/loglogn/(nh,)). In Section 4,
we prove some results regarding the consistency of the estim-
ator. Moreover, some numerical analysis and a real data ana-
lysis are presented to support the theoretical results in Sec-
tions 5 and 6, respectively.

2 Preliminaries

Let {X,,n > 1} be a sequence of random variables with the
common unknown density function f(-).

Definition 2.1. Let k() be a fixed probability density func-
tion and A, be a sequence of nonnegative real numbers con-
verging to zero. Then, the kernel estimator of the density
function f(-) is, as usual, defined as

R 1 &, (x-X,
f"("):n_h”;k( h, )

which is well known to be asymptotically unbiased, provided
that the density function is bounded and continuous.
Moreover, the convergence of E[ ﬁ(x)] to f(x) is uniform on
compact sets under these assumptions on f(-).

The concept of WOD random variables was introduced by
Wang et al.l"! as follows:

Definition 2.2. A finite collection of random variables
X, X5, ..., X, is said to be widely upper orthant dependent
(WUOD) if there exists a finite real number g,(n) such that
for all finite real numbers x;, 1 <i<n,

(1

PX,>x, X, >x, ... X, >x,) < gu(n) l—[P(X, > X;).

i=1

A finite collection of random variables X,,X,, ..., X, is said
to be widely lower orthant dependent (WLOD) if there exists
a finite real number g, (n) such that for all finite real numbers
Xis

PX, <X, Xo < Xy ooy X, < X,) < gL(n)]—[P(X, <x).
i=1

IfX,, X, ..., X, are both WUOD and WLOD, then X,, X, ...,
X, are WOD with dominating coefficients g(n) = max{g,(n),
g.(m)}. A sequence {X,,n > 1} of random variables is said to
be WOD if every finite subcollection is WOD.

Recall that when g,(n) = g,(n) = M for some positive con-
stant M, the random variables {X,,n > 1} are said to be END.
In particular, when g,(n) = g,(n) =1 for any n > 1, the ran-
dom variables {X,,n > 1} are said to be NOD or negatively de-
pendent. Joag-Dev and Proschan! pointed out that negat-
ively associated (NA) random variables are NOD. Hu""” intro-
duced the NSD concept and pointed out that NSD implies
NOD. From the statements above, we can see that the class of
WOD random variables includes END, NOD, NSD, and NA
random variables, as well as independent random variables as
special cases. In particular, every n-dimensional FGM distri-
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bution describes a specific WOD structure. Furthermore,
Wang et al.'"! also exemplified that WOD encompasses some
positively dependent structures. Hence, it is of great interest
to study the limiting behavior of WOD random variables and
its applications.

A technical problem arises when dealing with ﬁ(x) for
WOD variables. In fact, WOD is only preserved under mono-
tone transformations; that is, in general, the variables
k((x—X))/h,),k((x—X,)/h,), ... are not WOD. One way to re-
solve this problem is to assume that the kernel k() has
bounded variation. Now, we introduce a set of assumptions to
prove our main results.

Al(i) {X,,n > 1} is a strictly stationary sequence of WOD
random variables with a bounded and continuous density
function f(-).

(i) f(-) has a bounded and continuous derivative of first
and second orders.

A2(i) The kernel function k(-) is a probability density of
bounded variation and Lkz(u)du < oo; furthermore, if
k(-) = k,(-)=k,(-) where k,(-) and k,(-) are non-decreasing func-
tions such that & (-) and k,(-) exist and are integrable.

(ii) L wk(u)du = 0 and py(k) = L Wwk(u)du < co.

A3 The sequence of bandwidth {A,; n> 1} is such that, as
n— oo,0<h,— 0 and nh, > .

Remark 2.1. We state that A1-A3 are highly general as-
sumptions that are frequently used in investigating kernel
density estimation, except A2(i). Kheyri et al.'! first provided
some common examples of the kernel function (-) satisfying
A2(i).

Lemma 2.1."" Let {X,,n > 1} be a sequence of WOD ran-
dom variables.

(1) If {f,(-), n> 1} are all non-decreasing (or non-increas-
ing), then {f,(X,), n > 1} are still WOD.

(i1) For each n > 1 and any real number ¢,

Eexp {IZX,»} < g(n) l_[ Eexpf{tX;}
=1 =1

Lemma 2.2.1") Let X be a centered random variable. If
there exist a,b € R such that P(a < X < b) = 1, then for every
A1>0,

@)

(b —-a)y
—= /)

To obtain the main results, we require the following nota-
tions. Given A2(i), define

. 1, (x-X; A 1, (x-X;
falx) = WZ"(T) NSO EZI«( A )
(3)
such that ﬁ(x) = fl,n(x) —fg,,l(x). Foreachn>1,j=1,...,nand

qg=1,2,1let
x—X; x—X;
T,.=h'lk L |- Ek :
e o) (22

Note that, by Lemma 2.1, we can see that if (X, X;, ..., X,) is
WOD, then (7,,,, ..., T,,.) is also WOD. Finally, for each
g=1,2and n > 1, we define

E€e™) < exp(

“4)

DOI: 10.52396/JUSTC-2021-0136
JUSTC, 2022, 52(2): 2


https://doi.org/10.52396/JUSTC-2021-0136

Zzsrg "

Wang et al.

Zy= Y Ty 5)
j=1
According to (1)<(3), we have f,,(x)— E[f,.(x)] = (1/n)Z,,.
Remark 2.2. If the kernel k(-) satisfies A2(i), the functions
k,(-) and k,(-) may be chosen bounded such that every ran-
dom variable T, is bounded by 24;" || k, ||.., where || - || rep-
resents the supremum norm. Here, we use Lemma 2.2 to con-
trol the moment-generating function of the variables. A
simple application of this lemma yields the following upper
bounds. The proof is straightforward; therefore, it is omitted.
Lemma 2.3." Let X|, ..., X, be random variables, and sup-
pose that A2(i) is satisfied. If T,,,, ¢=1,2,j=1,...,n, are
defined by Eq.(4), then, for every 1> 0,
), qg=1,2.

- 221k, |I3
E(eWnTainy < a7l
[ |&e )_eXP( e
3 Exponential inequalities and conver-
gence rate

J=1

Now, we prove an exponential probability inequality for Z,,
and thereafter for the centered estimator of f(-). Next, we
obtain the exponential convergence rate of the centered estim-
ator of f(-).

Lemma 3.1. Suppose that Al(i) and A2(i) are satisfied.
Subsequently, for every e >0 and g = 1,2,

ne'h’ )

811k, I,

P(%IZM > 8) < 2g(n)exp (— (6)

Proof. By Markov's inequality, (2), (5), and Lemma 2.3,
we find that for every 4 > 0,

1
P(_Zq,n > 8) <e—/lsE(e(/1/n)Z‘,>,,) —
n

Wn) )21 Toin
z

e“E(e ) <

n
g(n)ef,la l_[E(eu/n)Tq,,,,,) <
=1

AR
—_— e 7

g(n)exp( i

where for each n>1,j=1,..,n and ¢ = 1,2. By optimizing
the right-hand side of (7), we have

1 ne*h?
P\-Z,,>¢|< gn)exp(- .
n

gk IR)
Evidently, (7) is also true for —(1/n)Z,,. Thus, we obtain (6),
and the proof is complete.

Here, we extend and improve the results of Henriques and
Oliveira™” and Kheyri et al.'! for associated random variables
and NSD random variables, respectively, to the WOD case.
One of our main results is presented in the following proposi-
tion:

Proposition 3.1. Suppose that A1(i) and A2(i) are satisfied.
Then, for every € > 0 and sufficiently large n,
ne’h’
32C

P(|ﬁ(x)—E[f1(x)]|>s)<4g(n)exP(_ ) ®

where C = max{|[k, |, llk.]|..}.
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Proof. Using Eq. (3), we have
F1x) = ELA(0] =(£,(0) = EL£1,(0D = (5, (x) = EL,(0)])

So for all £ > 0 and applying Lemma 3.1,

PR~ ELA (01> £) <P(1|zl_n| > f)+P(1|Zz,,l| > f) <
n 2 n 2

ne*h? )

4g(n)eXp(— 20

€))
This completes the proof.
Now, we use the decomposition of a compact interval to
derive a uniform exponential rate for the centered estimator.
Proposition 3.2. Suppose that A1(i) and A2(i) are satisfied,
the kernel k(-) is Lipschitzian and ¢,/ — 0 as n — oo. Then,
for every & > 0, a sufficiently large n, and each interval [a, b],

2g(n)(b—a) ne’h’
) < eXp(_ 128C)
(10)

P(sup £ - ELL (01 > &

x€la,b] n

where C = max{||k |, [kl }.

Proof. Let [a,b] be a fixed interval and decompose
la,b] = U} [2,; =t 20y + 1] into s, subintervals of length 2¢,.
Then, it is easy to show that

sup |0 = ELL.(01] < max|f.(z,.) = ELf. (2 )l|+

x€la,b]
|/, = fiz) = LA = fiz)]|-

max  sup
1</<n e

Zn,j=ln> Zn,j+n]

Because k(-) is Lipschitzian, there exists a constant & >0
such that, for all x € [z, —1,,2,;+ 1],

§|X_Zn,j|
h2

I

L= £G) - ELL™ - fiGz)] <2

Therefore, the condition #,/h — 0 as n — oo implies that for
alle >0,

P(sup 1£,(x) = EL£,(01l > s) <

x€la,b]

P|max
1<j<sn

Sn

> (e - Elie > £)

J=1

R R 2
JECHRYAVAC EFS %) <

Thus, by (8),

27,2

A A h
P(sup 0= ELA G > e) < 4g(ms,exp (— ;’;C") (1)

x€[a.b]

and the proof is complete.

We derived some sufficient conditions to prove an expo-
nential rate for the kernel estimator of the density function.
To prove the convergence rate, we choose & depending on n
as

" nh:
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To obtain a convergence series in the right-hand side of (8)
and (10), @ > 0 must be conveniently chosen (it depends on a
constant appearing in the inequality). Note that in Proposi-
tion 3.2, the assumption #,/h> — 0 must be replaced by
t,/l2e, — 0, and this is also verified by the choice made for ¢,
and letting #, = h’/n. Therefore, the convergence rate of the
kernel estimator is of the order O(+/(log(ng(n))/(nh?)). This
convergence rate is slightly slower than the best-known rate
for independent cases, which is of the order
O(+/(loglogn)/(nh,)). Noting that NSD implies WOD,
videlicet g(n) = 1, our result extends that of Kheyri et al.".
Furthermore, the dominating coefficient g(n) can increase
with g(n) = O(n") for any 7 > 0, whereas the convergence rate
remains the same. Even if g(n) increases geometrically, our
results remain robust to some extent.

4 Consistency

In this section, we study the consistency of kernel density es-
timation for the WOD sample. First, we present a lemma that
is useful for proving the main results.
Lemma 4.1.""" Let A1, A2(ii), and A3 be satisfied. Then
Bias(f,(x)) = zhzf (x) L wk(u)du+o(h) (12)
With Lemma 4.1, we can obtain the following results for
weak consistency and the rate of strong consistency of the
kernel density estimator.

Theorem 4.1. (Weak consistency) Let Assumptions
2

h
A1-A3 hold, that is, g(n) = o(n") for some 7 >0, ]Zg”

— 00,

Then, at each point of continuity x of f(-), the estimator ﬁ(x)
is weakly consistent, that is, for each £ > 0,

lim P(|£,(x) = f(x)] > £) = 0.
Proof. It is easy to see that
limP(|f,(x) = f()] > &) =
lim P(1f, () = Ef,(x) + Ef,(x) = f(0)] > &) <
lim P(1f, () = Ef,(0)] > £/2) +1im P(Ef,(x) = f()] > £/2).

It is sufficient to prove that both summands in the last expres-
sion tend to 0 as n — oo. The first summand is stochastic and
the second one is the deterministic component (the bias), both
of which tend to 0 as n — co. By (8), we have that

PUf,(0) ~ Ef(0] > £) <Cn’ exp(_ ';822) <

Cn'exp(—(7+ 1)log(n)) <
Cn' -0 13)
Combining (12) and (13), we can easily obtain lim P(|f,(x)—
f@lI>e) =
proof is complete.

Theorem 4.2. (Strong consistency) Suppose that Assump-

0. Hence, fn(x) is consistent in protnazlgility. The

tions A1-A3 are satisfied; if — 00 as n — oo, then

lo g(ng(n))

14,00 = fF(0)l = O(log(ng(m))/ () + O(R) a.s..

2-4

Proof. According to (12), we have |E[ﬁ(x)]
O(1}). Hence, it suffices to show that

|£.(x) = E[£,(0)]| = O({/log(ng(n))/(nh2)) a.s..

By virtue of the Borel-Cantelli lemma, one only needs to
prove

> P(1£.(0) - EL(0)1 > D Viog(ng(m)/(nh?)) < oo

n=1

-l =

for some D > 0. In fact, from (8), we can easily obtain

> P(1f:x) = ELA(0)1l > D \log(ng(n) [ (nh) <
C Z g(n)ex (

n=1

D? 10g(ng(n))) <
32C =

- i 2
Czn’uc g(n)"zzc < 00,

n=1

provided that D > V32C. This completes the proof.

5 Numerical simulation study

In this section, we conduct a numerical simulation study
using R software to examine the performance of the kernel
density estimation with the WOD samples. The simulation is
conducted for the following two cases.

Case 1 To generate the WOD random variables, for any
fixed n>3, (X, X5, -+, X,) ~N(0,2), where 0 represents
zero vector and

1+6¢ -6 0 0 0 0
-0 1+6¢0 -6 0 0 0
0 -0 1+ 0 0 0
= . : . : :
0 0 0 1+6¢0 -6 0
0 0 0 -0 1+68 -0
0 0 0 0 -0  1+6

Here 0 < 6 < 1. In the following, we consider 6 = 0.5 for sim-
plicity. From Joag-Dev and Proschan!®, it can be seen that
X, X,, .-+, X,) is an NA vector, and it is, therefore, a spe-
cial case of the WOD vector. To examine the performance of
the kernel density estimation with the WOD samples, we con-
sider the kernel estimator with k(u) = (1/ V2r)e™>. We con-
sider the fixed bandwidth A, = n~'° and the bandwidth based
on cross-validation (CV), and we take the sample sizes n as
n =200, 400, 600, respectively. We use R software to com-
pute the estimators 500 times to obtain the final values and
then compare them with f(x) in Figs. 1 and 2 for different
sample sizes.

In Figs. 1 and 2, the black lines represent the true probabil-
ity density function f(x) and the red points are the estimation
values. We can see that the estimator f,,(x) tends to f(x) as the
sample size n increases. These results are in good agreement
with the theoretical results that we establish in this study.

Case2 Let {X,,i = 1,2} and {X,,i > 3} be independent of each
other, where X, and X, are possibly valued at x,, < x;, <:-- <
x,, and {X,,i>3} is a sequence of mutually independent

N
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n=200 n=400 n=600
Fig. 1. Comparison of f,(x) and f(x) for the fixed bandwidth &, = n~'/>.
n=200 n=400 n=600
Fig. 2. Comparison of f,(x) and f(x) for the bandwidth based on CV.
random variables. From Liu®", it follows that (X, X, ---, X,) 4 _
is the END vector; therefore, it is WOD. To examine the per- Table 1. The GRMSE of the kernel density estimator.
formance of kernel density estimation with the WOD n=100 n =200 n =400 n =800
samples, we generate a sample of the simulations chosen as Fixed 0.021705 0.017502 0.015432 0.014240
~ 2 1 1 =
X ~ x*(3), with the sample sizes n =100, 200, 400, 800. cv 0.023198 0.018441 0.015190 0.012305

Other settings are the same as those in Case 1. For every point

i
T 12s , , ,
ware to compute the estimator N =500 times to obtain the
global root mean square error (GRMSE), as presented in

Table 1 for different sample sizes, where the GRMSE is

l N m . ,
defined as GRMSE = \/ v Z Z( FxD = f(x, D) To ex-

=1

-4,i=1,2,--,m, m=100, we also use R soft-

i=1
press this tendency more clearly, we also obtain the boxplots
of f,(x)— f(x) in Fig. 3.

From Table 1, we can see that the GRMSE decreases for

0.004

@o

0.002
1

0.000
1

®of----

-0.002
1

-0.004
L

T T T T
n=100 n=200 n=400 n=800

(a) the fixed bandwidth h,, = n~%/°
Fig. 3. Boxplot of f,(x) - f(x) for n = 100, 200, 400, 800.

2-5

each bandwidth as the sample size increases. For n <200, the
GRMSE with a fixed bandwidth is slightly smaller than that
with CV. For n > 400, the GRMSE with CV reduces. Fig. 3
shows the similar results. Overall, the fixed bandwidth and
the bandwidth based on CV do not have evident differences.

6 Real data analysis

In this section, we perform a real data analysis for kernel
density estimation based on the urbanization rate time series

0.004

®o

0.002
1

--foo

0.000
1

I
o
8

-0.002
1

-0.004
L

T T T T
n=100 n=200 n=400 n=800

(b) the bandwidth based on CV
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of China (denoted as X,). Fig. 4 shows 67 yearly urbanization
rates from 1949 to 2015. The data are obtained from the web-
site of the National Bureau of Statistics of China. First, we
plot the sample autocorrelation function (ACF) and partial
autocorrelation function (PACF) in Fig. 4. From Fig. 4, it is
evident that the sample is not stationary. For the best model-
ling, we must transform the data. The results of the first-or-
der difference y, = x, — x,_, are shown in Fig. 5. The trend of y,
and its ACF and PACF in Fig. 5 show a stationary process.
Thereafter we perform the unit root test and find that this time
series is stationary. According to the Akaike information cri-
terion (AIC) and Fig. 5, MA(2) process ¥, =Z,+60,Z._, +6,Z,_,
with §, =0.3075, 8, =—-0.6925 is the best model, where
{Z,t > 1} is a Gaussian white noise sequence with i, =0 and
62 =0.38. Apparently, Y, is normally distributed, with &, =0
and 62 = (1 + & + 662 ~0.5982. It is evident that ¥, is not
negatively dependent; therefore, it is not NSD. Based on
Wang et al.™, we know that WOD comprises not only negat-
ively dependent structures but also some positively depend-
ent structures. Therefore, it is more reasonable to use WOD to
describe the data. Because the distribution of linear trans-
formations or linear combinations of multivariate normal
variables are again multivariate normal, the difference in real
data has a multivariate normal distribution with a zero mean

vector and covariance matrix
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where p, = 1+6 + 62, p, =6,(1-0,), p, = —0,.

For the fixed bandwidth A, = n™'”° and the bandwidth based
on CV, the kernel estimator ﬁ,(x) using k(-) as the standard
normal distribution is presented in Fig. 6. The black line in
Fig. 6 is the probability density function f(x) of N(0,0.5982),
where 0 and 0.5982 are the estimation values of y, and o,
respectively, and the red dotted lines are the kernel estima-
tion values. We can see that the kernel estimation has a good
fitting effect in real data analysis. Overall, the fixed band-
width and the bandwidth based on CV do not have evident
differences.
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Fig. 4. (a) Urbanization rate yearly series; (b) Autocorrelation function; (c) Partial autocorrelation function.
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Fig. S. (a) Differences of urbanization rate yearly series; (b) Autocorrelation function; (c) Partial autocorrelation function.
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Fig. 6. Comparison of f,(x) and f(x) for different bandwidths.
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